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1 Introduction

Our knowledge about the fermion masses and mixing parameters has improved signifi-
cantly in the last years. For instance in the lepton sector, the mixing angle 673™* of the
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix has recently been measured [1-5], and
the precision for the other leptonic mixing angles has increased [6]. In parallel, also the re-
sults for light quark masses have improved significantly, as reported recently by the Flavour
Averaging Group (FLAG) [7] and as stated in the recent update of the Particle Data Group
(PDG) review [8]. The combined results have become powerful constraints on models for
fermion masses and mixing.

To construct models, it is very useful [9-11] to have the running fermion masses
(or Yukawa couplings) and mixing parameters at hand at the (high) energy scale where
the model is defined, or, alternatively, at a common low energy scale (e.g. at the scale My
of the Z boson mass) where it is convenient to compare the model predictions with the ex-
perimental data after their renormalisation group (RG) evolution from high energy to My
has been performed. In the former case, an example is provided by Grand Unified Theories
(GUTs) where the model is defined at Mqyr ~ 2 x 10'® GeV. GUTS are often formulated in
the framework of supersymmetry (SUSY), which implies that the supersymmetric radiative
threshold corrections [12-17] have to be included when deriving the running parameters
at Mgyr.

In this paper, we calculate the values and allowed ranges of the running quark and
charged lepton parameters at various energy scales from the experimental results pro-
vided at low energies, to provide useful input for model building. Above TeV energies,
we assume the minimal supersymmetric extension of the Standard Model (MSSM), and
include the tan S-enhanced one-loop supersymmetric threshold corrections. Their effects
are parametrised in a simple way, such that they can readily be included in model building
considerations.



The paper is organised as follows: in section 2 we describe our numerical procedure
and specify the used low energy input values. Section 3 contains our parametrisation for
including the SUSY threshold corrections. In sections 4 and 5 we present our results for the
parameters at u = Mz, 1 TeV, 3TeV and 10 TeV and at Mgy, respectively. In section 6
we give a summary.

2 Numerical analysis

Using the same notation as in [18], with M; denoting pole masses and m;(x) the running
masses, the low energy input values used in our analysis are as follows:

For the light quark masses (at p = 2GeV, with ny = 2 + 1 active flavours), we
use the values from the latest PDG review [8], ms/myq = 27 £ 1 (with myg = (my +
ma)/2), mqg = 4.870FMeV, and ms; = 95 + 5MeV. Furthermore, also from [8], we use
me(me) = 1.275 £ 0.025GeV (ny = 4), my(my) = 4.18 £ 0.03GeV (ny = 5), M; =
173.15£1.4 GeV (pole mass), as(Mz) = 0.118440.0007 (with ny = 5 active flavours), M, =
0.510998928 + 0.000000011 MeV, M, = 105.6583715 + 0.0000035 MeV, M, = 1776.82 £
0.16 MeV, 1/a(Mz) = 127.944+0.014, and §§W = 0.2311640.00012. For the quark mixing
parameters, we use the values from the UTFit collaboration [20]: sin#;2 = 0.2254 £0.0007,
sin a3 = 0.04207 £ 0.00064, sin f;3 = 0.00364 £ 0.00013, and § = 1.208 £ 0.054. The Higgs
self-coupling is extracted from its measured mass m; = 125.8 £ 0.8 from [19].

The input values for the QCD parameters (quark masses and «a;) are evolved to My =
91.1876 GeV [8] using the Mathematica package RunDec [18], integrating in the top quark
at My as described therein. The running lepton masses at My are computed from their
pole masses as in [21]. The masses are then converted to Yukawa couplings according to
my = yyv with the Higgs VEV v = 174.104 GeV as obtained from G, while oy, o and
sin Ay are used to calculate the gauge couplings g;.

The parameters at My are passed to a modified version of the Mathematica package
REAP [22], which is calculating the running to the desired higher scales. The modifications
introduced to the current version of REAP include two loop SM and MSSM RGEs [23, 24]
for all quantities, automatic conversion of MS to DR quantities [25] at the SM-MSSM
threshold as well as the handling of tan 8 enhanced threshold corrections as described in
the next section.!

3 Inclusion of the SUSY threshold corrections

For calculating parameters at high energies in a SUSY theory, the SM has to be matched
to its SUSY extension. The common approximation, which we will also use in this study,
is to do this at a single threshold scale Mgysy where all superpartners are integrated out at

!'We will assume that neutrino masses are generated via the seesaw mechanism at high energies, and that
we are in a regime with small neutrino Yukawa couplings such that their effects on the RG evolution can
be neglected. For obtaining the neutrino masses and leptonic mixing parameters at the GUT scale, which
depend on various additional parameters, we recommend to solve the RGEs for a given model directly with
REAP or to use as approximations the analytical formulae presented in [22].



once. In particular for moderate or large tan 3, the radiative threshold corrections [12-17]
can be large since some of the contributing diagrams are tan 8 enhanced. Due to this
enhancement, they can even exceed the one-loop running contribution. It is therefore
mandatory to include them when analysing the running quark and charged lepton masses
in SUSY models.

In our calculation of the parameters at the GUT scale, we will include the tan g
enhanced 1-loop threshold effects. They result in a correction to the Yukawa matrices
of the down-type quarks and charged leptons at the matching scale between the SM and
the MSSM. This correction is most conveniently described in the basis where the up-type
quark Yukawa matrix Y, is diagonal. Then one can write the matching conditions with
some simplifying approximations as [15]

YOM o~ Y MSMgin 3
YoM ~ (]1 + diag (nq, Mg 77,’1 + 77A)) Y, "M cos 3,
YSM ~ (]l + diag (m, e, 772)) YM55Mcos B . (3.3)

We drop here contributions which are not tan 8 enhanced. They are expected to give
further corrections at less than percent-level. Neglecting them is consistent since we will
not claim better accuracy for the GUT scale masses (respectively Yukawa couplings). We
also approximate that the first two generations of down-type quarks and charged leptons
each receive the same threshold corrections, which is a good approximation as long as their
superpartners, i.e. the down squark and the strange squark respectively the selectron and
the smuon have nearly the same mass, which is a common feature of many SUSY scenarios.

Eqgs. (3.1)-(3.3) contain six parameters: 7, and 7, are dominated by the gluino contri-
bution but also receive corrections from loops with Winos and Binos. The parameters 7y
and 77, only stem from electro-weak gauginos and are thus often smaller than 7, and 77;. NA
is a correction due to the trilinear soft SUSY breaking term A, (cf. [15]) which we assume
to be hierarchical (as the quark and charged lepton Yukawa matrices). An analogous cor-
rection does not appear for the charged leptons due to the absence of light right-handed
neutrinos. All the 7’s contain a factor of tan 8, and are often written as 1; = &; tanf.
They can be calculated explicitly once a SUSY scenario is specified. Formulae for the
1-loop results in the electroweak-unbroken phase can be found e.g. in [12-14, 16].

From egs. (3.1)—(3.3) one can see that the Yukawa matrices only depend on four combi-
nations of the six parameters, while two can be absorbed: the parameter 7, can be absorbed
in a re-definition of 5 — 3, such that

cos = (1 + 772) cos 3, (3.4)

or equivalently (to a good approximation) tan 3 := (1 + 1)~ ! tan 3. Introducing further-
more the parameters 7, , 7, and 7, as

Ty == 1y +na —np, (3.5)
Ng = Mg _7727
Ne:=mne—1np,



we can rewrite the matching conditions of egs. (3.1)—(3.3) as

YM ~ yMSSMgin 3
VM~ (1 4 diag(iy, g, ) Ya'** cos 3,
Y o (1 4 diag(ie, ¢, 1)) Y'Y cos B . (3.10)

We consider moderate or large tan/ here (i.e. tan3 > 5), where we can approximate
sin B ~ sin 8. We remark that, as mentioned above, the lepton correction parameters 7, un
are typically smaller than 7, 77[1 and are therefore often neglected. In our parametrisation
neglecting 7,7, would simply mean that § = 5. However, since the effects of 1, and 7
can be relevant (cf. e.g. [16]), we prefer to include them in the analysis.

In table 2 we will give the values of the running SM parameters, converted to the DR
scheme used in the analysis above Mgygsy. They can be used to calculate the MSSM Yukawa
matrices Yy, Yy and Y, at Msygsy, with threshold corrections included, from egs. (3.8)—(3.10).
Explicitly, in the basis where Y, and Y. are diagonal we obtain the Yukawa matrices from
table 2 as (using PDG parametrisation for the Yukawa matrices)

YoM = diag (2", y2™, ™) (3.11)
YN = Vo (015,085, 095, 69 diag (u3™, 95™, u5™) (3.12)
YoM = diag (v, 9", 05 - (3.13)

With these expressions for the SM Yukawa matrices, the MSSM Yukawa matrices at Mgysy
are then given as

1
YMSSM o ysM (3.14)
sin 3
1 1 1 1
Y SM ~ diag ( — > Yot —, (3.15)
140 1+n, 141 cos 3
1 1 1
YSM ~ diag (_, e 1> YoM — (3.16)
1+7 147 cos f3

Finally, we note that the parameters ), and 7, only correct the Yukawa couplings of the
first two generations of down-type quarks and charged leptons, whereas 7, affects the third
generation. This has the following advantage: since 7, and 7, only induce a correction to
Yukawa couplings which are comparatively small, their effect can be neglected in the beta-
functions when calculating the RG evolution of the parameters. To a good approximation,
the RG evolution thus only depends on 7, and tan 3. This will be useful to simplify the
discussion of the effects of the SUSY threshold corrections on the running parameters at
Mgy in section 4.

4 Results at p = Mz, 1 TeV, 3TeV and 10 TeV

The results at 1 = My, 1 TeV, 3TeV and 10 TeV, calculated within the SM in the MS
scheme, are given in table 1. The values converted to the DR scheme can be found in



table 2. To calculate the uncertainties, we took the uncertainties of the input parameters
as stated in section 2 and performed a Monte Carlo analysis to obtain the (marginalised)
highest posterior density (HPD) intervals (corresponding to the 1o uncertainties) for the
parameters at the desired scale.

5 Results at the GUT scale

To obtain the running parameters at the GUT scale (using Mqyr = 2 x 10'6 GeV) we per-
form the matching from the SM to the MSSM at the scale Mgysy, as described in section 3.

From egs. (3.14)—(3.16), in leading order in small mixing approximation, one can explic-
itly obtain the relations between the eigenvalues of the SM and MSSM Yukawa matrices as

Yoot = Yo sin 3, (5.1)
Ve = (L+17ig) ys ' cos B , (5.2)
v = (1+ 1) 4= cos 3, (5.3)
Yo =~ (1410) y2'5™ cos 3, (5.4)
Y o NS o B (5.5)

The relations between the SM and MSSM mixing parameters of the CKM matrix are (again
in leading order in a small mixing approximation)

egéSM ~ 117(1 egéMSSM , (5.6)
M
SM _ nq,MSS
GISM gL 5.7

5(],51% ~ 6q,MSSI\1 .

To a very good approximation, H‘f’QSM and d7°M are not affected by the threshold corrections
and are also stable under the RG evolution. After having calculated the MSSM quantities,
their running between Mgysy and Mgyt depends to a good approximation only on 7 and
tan /3, as discussed in section 3. This allows to present the GUT scale values of the quantities
on the right sides of the equations as functions of 7, and tan 3 only (for a fixed Mgysy).

Our results for the GUT scale quantities (assuming Msysy = 1TeV) are shown in
figures 1 to 5, and the relative 1o uncertainties for the GUT scale parameters are given
in table 3. For the third generation Yukawa couplings, the allowed ranges depend on 7
and tan (3, and are given in figure 4. The relative uncertainties for the other parameters
are practically independent of 7, and tan 3 for most of the parameter space. Only in the
parameter regions in figure 1, 2, 3 and 5 very close to the grey area, where one of the third
generation Yukawa couplings gets non-perturbatively large, the uncertainties also increase
accordingly. In addition, we also show the values of the GUT scale ratios v /y, and y, /yp as
functions of tan 3 and 7j, in figure 6. The GUT scale ratios y,/ys and y./yq are insensitive
to tan 3 and 7 to a good approximation, since the factor tan 3 cancels out in the matching
conditions and since 7, affects the RG evolution of both quantities in the same way (via the
trace terms in the RGEs). The ratios at Mgy (assuming Mgysy = 1 TeV) can be obtained



from the following formulae:

.
A+ 4364003, LAY

~ (0.4110-02 5.9
(1 +7q)ys (1 +7q)ya 0.06 (5.9)

One can also derive the following relation at Mqyr,

Yu Ya

vy ~ 10.715%, (5.10)
S €

where the dependence on the threshold correction parameters has dropped out. Further-
more, the relation in eq. (5.10) is also not affected by a change of Mgygy.

Let us briefly comment on the dependence of the other GUT scale quantities on
Msysy. Generally speaking, changing Mgysy from 1TeV to 10 TeV can lead to changes
of the GUT scale quantities at the few %-level, which furthermore also depend on tan
and 7,. We provide our results also in the form of data tables, available at http://
particlesandcosmology.unibas.ch/RunningParameters.tar.gz, which in addition to
Msysy = 1 TeV also include the results for Mgysy = 3 TeV and 10 TeV. From these tables,
using a numerical interpolation (cf. example Mathematica notebook provided in the above
mentioned RunningParameters.tar.gz file), one can easily obtain the GUT scale quanti-
ties as functions of the relevant parameters such that they can be used conveniently for
model analyses.

6 Summary and conclusions

In this paper, we have calculated the values of the running quark and lepton masses as
well as of the quark mixing parameters at various energy scales, to provide useful input for
model building. The results at p = Mz, 1 TeV, 3TeV and 10 TeV, calculated within the
SM in the MS scheme, are given in table 1. The values converted to the DR scheme can
be found in table 2. They can be used as convenient input for fitting a model after having
performed the RG evolution of the parameters to the respective scale.

In the second part of the analysis, we calculated the GUT scale values of the running
parameters in the DR scheme, assuming the MSSM above Mgysy = 1TeV. We present
our results using a novel parametrisation for including the tan S-enhanced one-loop SUSY
threshold corrections. The GUT scale parameters can be obtained in a simple way as
functions of 7, and tan 3, with 3 and 7, defined in egs. (3.4) and (3.5), respectively.

We furthermore provide the numerical results for the running parameters at
Mgyr in figures 1 to 5 and table 3, and also in form of data tables (at http://
particlesandcosmology.unibas.ch/RunningParameters.tar.gz). The latter allow to
reproduce the GUT scale quantities as numerical functions for convenient use in model
analyses. In addition to the case Mgysy = 1TeV, the data tables also contain the results
for Mgysy = 3TeV and 10 TeV. With these results, the fit of GUT scale models to the
experimental data can be greatly simplified and accelerated.


http://particlesandcosmology.unibas.ch/RunningParameters.tar.gz
http://particlesandcosmology.unibas.ch/RunningParameters.tar.gz
http://particlesandcosmology.unibas.ch/RunningParameters.tar.gz
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93 12143 T00% 1.0560  £0.0023 | 1.0017  40.0020 | 0.9510  +0.0017
92 0.65184 000018 10.63935  +0.00016 | 0.63383  +0.00016 | 0.62792  +0.00015
9 0461425 *G00004 | 0467774 OGN0 | 0470767 00000k | 0474110 60056

Table 1. Values of the running SM quantities in the MS scheme at selected renormalisation
scales p and their marginalised highest posterior density (HPD) intervals (corresponding to the lo
uncertainties). The gauge coupling g is given in SU(5) normalisation g? = 5/3¢g’2. The uncertainties
are calculated with a Monte Carlo analysis from the uncertainties for the input parameters as given

in section 2.



SM Quantity u=1TeV =3TeV =10TeV

Y3 /1076 16.3 2 6.0 ey 5.6 s
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o™ 1022736 Thgeor |0-22736 Togogrr 022736 “Gia07
0™ /1072 |4.296 Q08 14330  40.066 |4.364  T500
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STSM 1.208  £0.054 [1.208  +£0.054 [1.208  +0.054

yeM /1070 12.8501  Togopr  |2.8664  Togoss 128800 oo
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g3 1.0597  TO002%  11.0049  40.0020 |0.9538  40.0017
92 0.63990 +0.00016 | 0.63436  +0.00016 | 0.62844 +5-90012
g1 0.467774 T0:000047 10.470767 090048 1 0.474110 5550009

Table 2. Values of the running SM quantities at © = 1TeV,3TeV and 10TeV, converted to
the DR scheme for use in an analysis above Mgysy = p1, and their marginalised highest posterior
density (HPD) intervals (corresponding to the 1o uncertainties). The gauge coupling g; is given
in SU(5) normalisation g7 = 5/3¢’%. The values can be used when applying the matching rules of
egs. (3.14)-(3.16) which include the tan S-enhanced SUSY threshold corrections. The parameter 3
is defined in eq. (3.4) such that it absorbs the threshold correction parameter for the tau lepton. If
the threshold effects for the charged leptons are neglected, 5 simply reduces to the usual 3. When
calculating the uncertainties for the Yukawa couplings of the charged leptons, we recommend to
use a relative uncertainty of 0.5% instead of the smaller statistical error given above, in order to
account for theoretical uncertainties, e.g. from the non-tan S-enhanced SUSY threshold corrections.
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MSSM Quantity z; | Relative uncertainty o(z;)/z; at Mgur
yMSSM 31%
yySSM 11%
yyssM 5.4%
ySsM 3.5%
yposM see figure 4
S see figure 4
9y 0.32%
a5"5M 1.6%
. 3.6%
HLMSSM 4.5%
YRS 0.6%
YoM 0.6%
yyssM see figure 4

Table 3. Relative uncertainties o(z;)/z for the running GUT scale parameters z; assuming
Msysy = 1TeV. For the third generation Yukawa couplings the relative uncertainties depend
on tan 3 and 7, as shown in figure 4. As explained in the caption of table 2, we have used 0.5%
relative uncertainty for the charged lepton Yukawa couplings at Mgygy (which get enlarged to 0.6%
uncertainty at Mgy, as shown in the table, due to RG effects and the uncertainties for the other

parameters).
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tan F

(c) yMSSM gin 3 / 1076,

Figure 1. Results for the running Yukawa couplings yMS5M, yMSSM and yMSSM at Meyr in the DR

scheme, multiplied by sin 3 (assuming Msysy = 1 TeV). As discussed in section 3, the GUT scale
quantities can be given to a good approximation as functions of only tan 5 and 7. The parameters /3
and 7, are defined in egs. (3.4) and (3.5), respectively. If the threshold effects for the charged leptons
are neglected, tan 8 simply reduces to the usual tan 5. In the dark grey regions of the plots, at least
one of the Yukawa couplings becomes non-perturbative before Mgyr. The relative uncertainties
for the parameters are summarised in table 3. The dependence of the relative uncertainties for the
third generation Yukawa couplings on tan 8 and 7, is shown in figure 4. For the other parameters
the relative uncertainties are practically independent of tan 3 and 7,. For convenience, we also
provide data tables for our GUT scale results at http://particlesandcosmology.unibas.ch/
RunningParameters.tar.gz, which also contain the cases Mgysy = 3 TeV and 10 TeV. From these
tables one can easily obtain the GUT scale quantities as numerical functions of tan 8 and 7, which
can be conveniently used for model analyses.
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Figure 2. Results for the running Yukawa couplings yy'SSM, yMSSM and ¢¥5SM at My in the DR
scheme (assuming Msysy = 1TeV), multiplied by the respective threshold correction factor and
cos B (cf. egs. (5.2) and (5.3)). As discussed in section 3, the GUT scale quantities can be given
to a good approximation as functions of only tan 3 and 7;,. The parameters 3 and 7, are defined
in eqs. (3.4) and (3.5), respectively. If the threshold effects for the charged leptons are neglected,
tan 3 simply reduces to the usual tan 3. In the dark grey regions of the plots, at least one of the
Yukawa couplings becomes non-perturbative before Mqyr. Further explanations can be found in
the caption of figure 1.
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Figure 3. Results for the running Yukawa couplings yy*5™, y15™ and y'5™ at Mayr in the DR

scheme (assuming Msysy = 1TeV), multiplied by the respective threshold correction factor and
cos B (cf. egs. (5.4) and (5.5)). As discussed in section 3, the GUT scale quantities can be given
to a good approximation as functions of only tan 3 and 7;,. The parameters 3 and 7, are defined
in eqs. (3.4) and (3.5), respectively. If the threshold effects for the charged leptons are neglected,
tan 3 simply reduces to the usual tan 3. In the dark grey regions of the plots, at least one of the
Yukawa couplings becomes non-perturbative before Mqyr. Further explanations can be found in
the caption of figure 1.
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Figure 4. Relative uncertainties for the GUT scale values of the running third generation Yukawa
couplings yp™S5M, yMSSM and yMSSM (assuming Mgysy = 1TeV). As for the GUT scale Yukawa
couplings themselves, also their uncertainties can be given to a good approximation as functions of
only tan 3 and 7,. The parameters 3 and 7, are defined in eqgs. (3.4) and (3.5), respectively. If the
threshold effects for the charged leptons are neglected, tan 3 simply reduces to the usual tan 3. In
the dark grey regions of the plots, at least one of the Yukawa couplings becomes non-perturbative
before Mguyr. Further explanations can be found in the caption of figure 1. The relative errors for

the other parameters are summarised in table 3.
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Figure 5. Results for the CKM mixing angles §%;"%*™ and 69;"**" at Mgyr in the DR scheme
(assuming Mgysy = 1 TeV), multiplied by the respective threshold correction factor (cf. eq. (5.6)).
The results of the mixing angles at the GUT scale can be obtained by multiplying the values in
the plots by [(1+17,)/(1+ )] ~". As discussed in section 3, the GUT scale quantities can be given
to a good approximation as functions of only tan 3 and 7;,. The parameters 3 and 7, are defined
in eqs. (3.4) and (3.5), respectively. If the threshold effects for the charged leptons are neglected,
tan 3 simply reduces to the usual tan 3. In the dark grey regions of the plots, at least one of the
Yukawa couplings becomes non-perturbative before Mqyr.
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Figure 6. Values of the GUT scale ratios y}MSSM /yMSSM apd yMSSM /) MSSM a4 functions of tan 3 and

iy for Msysy = 1 TeV. The parameters 3 and 7, are defined in egs. (3.4) and (3.5), respectively. If
the threshold effects for the charged leptons are neglected, tan 8 simply reduces to the usual tan 3.
In the dark grey regions of the plots, at least one of the Yukawa couplings becomes non-perturbative
before Mgyt
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