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Abstract

In this thesis, we investigate several ways how the structure of a high energy parti-
cle physics model constituting a grand unification theory (GUT) in supersymmetry
(SUSY) can be inferred from multiple types of information obtained at low energy.

First, we calculate the values and 1o ranges of the running quark and lepton Yukawa
couplings as well as of the quark mixing parameters at various energy scales to provide
useful input for flavour model building in GUTs and other scenarios while including
tan 0 enhanced SUSY threshold corrections in a simple way.

Next, we analyse the naturalness of the Minimal Supersymmetric Standard Model
(MSSM) in the light of the discovery of the Higgs boson at the Large Hadron Collider
(LHC). In particular, we find that among possible departures from the constrained
MSSM (¢cMSSM) non-universal gaugino masses represent the most promising way to
find parameter regions with a fine-tuning of only O (10) even for a Higgs mass of about
126 GeV, compared to O (100) for the cMSSM. In this context, we also discuss the
preference for certain GUT-scale Yukawa coupling ratios over others based on fine-
tuning.

Following that, we study how also the recent determination of the leptonic mixing
angle 075 can be accommodated in a simple scenario for GUT models of flavour via
charged lepton corrections. This leads us to four conditions that can easily be imple-
mented. In addition, the interplay of the value of 97MN5 with future determinations of
the Dirac CP phase §"MN5 is discussed using lepton mixing sum rules.

Finally, we study how the double missing partner mechanism as a solution to
the doublet-triplet splitting problem can be incorporated into SU(5) GUT models
of flavour to comply with the bounds on proton decay. In this context, we argue that
the introduction of two adjoints of SU(5) is a compelling idea and calculate its con-
straints on the GUT scale and dimension five proton decay suppression scale at two
loops. We close with general comments on the calculation of the proton lifetime in the
considered scenario for flavour models.

Multiple appendices are included detailing non-obvious aspects of the calculation
and other kinds of valuable information for GUT model building.






Table of Contents

Basics and Notation

The Standard Model

1.1  Gauge Symmetries and Field Content . . . . . . . . . . ... ... ...
1.2 The Standard Model Lagrangian Density . . . . . . .. ... ... ...
1.3 Fermion Masses and Mixing . . . . . . . . .. ... .. ... ......
1.4 Open Questions . . . . . . . . . .

Neutrino Masses and Mixing
2.1 Dirac Masses . . . . . . . . ..
2.2 Majorana Masses . . . . . . ...

Supersymmetry

3.1 The Hierarchy Problem . . . . . . . .. .. ... .. ... .. ......

3.2 Supersymmetric Theories . . . . . . . . .. ... ... L.
3.2.1 The Minimal Supersymmetric Standard Model . . . . . . . . ..

3.3 Breaking of Supersymmetry and SU(2), x U(1l)y . . . ... ... ...
3.3.1 Supersymmetry Breaking Schemes . . . . . ... .. ... ...

Grand Unification

4.1 Motivation . . . . . ..o

4.2 Embedding of the Standard Model . . . . . . . ... ... ... ...
4.2.1 Embedding into SU(5) . . . . . .. ... oo
4.2.2  Embedding into SO(10) and Pati-Salam . . . . ... ... ...

4.3 Soft Supersymmetry Breaking in GUTs . . . . . .. ... .. ... ...
4.3.1 Soft Scalar Masses . . . . . . .. ... L
4.3.2 Gaugino Masses . . . . . . . ..

4.4 Proton-Decay and Doublet-Triplet Splitting . . . . . .. .. ... ...



iv

Table of Contents

II Insights on Unified Theories 37
5 Running Flavour Parameters 39
5.1 Motivation . . . . . . ..o 39
5.2 Numerical Analysis . . . . . . . . .. ... 40
5.3 Inclusion of the SUSY Threshold Corrections . . . . . . ... ... ... 41
54 Results at Low Scales . . . . . . . . ... 44
5.5 Results at the GUT Scale . . . . . ... ... ... ... ... ..... 44

6 Hints from Electroweak Fine-tuning 59
6.1 Motivation . . . . . . .. 29
6.2 Fine-Tuning in the MSSM . . . . . . . .. ... ... ... ... 60
6.2.1 Fine-Tuning with pMSSM Parameters . . . . . . .. .. .. .. 62

6.2.2 Our Strategy . . . . . . . . . 64

6.2.3 Fine-Tuning from the Scalar Sector Parameters . . . . . . . .. 65

6.2.4 Fine-Tuning from Gaugino Masses and Trilinears . . . . . . .. 68

6.3 Comments on SUSY Threshold Corrections. . . . . .. ... ... ... 70
6.4 Numerical Analysis . . . . . . . . ... . 71
6.4.1 Before LHC Higgs and SUSY Results . . . . .. ... ... ... 72

6.4.2 Results including LHC Higgs and SUSY Searches . . . ... .. 75

6.4.3 Favoured Non-Universal Gaugino Mass Ratios . . . . . .. . .. 77

7 Large OPMNS in Unified Theories 85
7.1 Motivation . . . . . . . ... 85
7.2 Non-GUT Conditions and Assumptions . . . . . . . .. .. ... .... 87
7.3 Conditions on Flavour GUT Structures . . . . . ... .. ... .. ... 89
7.3.1 Predictive Setups for 0PMNS in Pati-Salam Theories . . . . . . . 91

7.3.2  Predictive Setups for 00N in SU(5) GUTs . . . .. ... ... 92

7.4 Scenario Overview . . . . . . . . . ... 94
7.5 Corrections . . . . . . . ... 95
7.6 The Mixing Sum Rule and Underlying Mixing Patterns . . . . . . . .. 100

8 Proton Decay and the Double Missing Partner Mechanism 103
8.1 Motivation . . . . . . . .. 103
8.2 Single and Double Missing Partner Mechanism for Flavour Models . . . 104
8.2.1 The Missing Partner Mechanism . . . . . . .. .. ... .. ... 104

8.2.2 The Double Missing Partner Mechanism . . . . .. ... .. .. 106

8.2.3 Dealing with Planck-Scale Suppressed Operators . . . . . . .. 107

8.2.4 The Double Missing Partner Mechanism with an Adjoint of SU(5)108

8.2.5 Introducing a Second Adjoint Field . . . . . .. ... ... ... 111

8.3 Gauge Coupling Unification and the Effective Triplet Mass . . . . . . . 112
8.3.1 Gauge Coupling Unification with the Additional Fields . . . . . 112

8.3.2 Superpotentials with Two Adjoints of SU(5) . . . . . ... ... 115



Table of Contents \%

8.4 Proton Decay in Models with Fixed Ratios . . . . . . .. .. ... ... 119
III Summary and Conclusions 123
IV  Appendix 131
A Quark Masses at the Z Mass Scale 133
B Electroweak Corrections to Running Fermion Masses 137
C Useful Statistical Relations 141
D Yukawa Coupling Ratios in SU(5) 143

D.1 Explicit Tensor Decomposition in SU(N) . . . . . .. ... ... .. .. 143

D.2 Yukawa Coupling Ratios for Higgs Doublets and Triplets . . . . . . . . 146
E Two-loop Beta Functions of Extensions to the MSSM 155
Bibliography 157



vi

Table of Contents




Introduction

The Standard Model of elementary particle physics (SM) [1, 2] is one of the most
accurately tested models in physics and successfully describes the electroweak and
strong interactions of all observed particles to a remarkable precision. Nevertheless,
there remain unresolved issues like the hierarchy problem, the non-unification of gauge
couplings, the unexplained structure of fermion masses and mixing or the inclusion
of neutrino masses. All these issues point to the conclusion that the SM is not the
fundamental theory of particle physics, but has to be extended in some aspects by new
physics.

One popular extension of the SM is the concept of low energy supersymmetry
(SUSY). It stabilises the electroweak scale [3] against quantum corrections and modifies
the renormalisation group running of the gauge couplings in such a way that they
almost exactly unify at a high energy scale [4]. This makes the idea of grand unified
theories (GUTs) viable.

Once the gauge couplings are unified, additional relations between the previously
unrelated Yukawa couplings of the SM fermions are possible. However, exactly which
relations are realised and how they can be incorporated into more extensive models of
flavour is far from obvious. One possible approach — the one taken in this thesis — is
to try to infer as much information as possible about the high-scale structure of GUT
models (of flavour) from multiple sources at lower energies.

To this end, this thesis is organised as follows: part I gives an overview of the
basics needed for part Il and establishes some conventions, with chapter 1 briefly
discussing the SM, chapter 2 introducing fundamental concepts for neutrino masses
and mixing, chapter 3 discussing SUSY, the formulation of supersymmetric theories,
SUSY breaking and the minimal supersymmetric standard model (MSSM). Lastly, in
chapter 4 we give a quick overview over grand unification. Part II shows different
examples of information on high-scale structures one can obtain from low energy data.
In chapter 5, we derive the quantities relevant for SM flavour physics and flavour
models at multiple scales, extending it to the MSSM and going as high as the GUT
scale ~ 106 GeV. Chapter 6 shows how the growing weakness of SUSY as a solution to
the hierarchy problem can be alleviated by going beyond the trodden paths of universal
high-scale boundary conditions for SUSY breaking such as the constrained MSSM, how
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the Large Hadron Collider (LHC) so far influences this discussion beyond not finding
any new particles predicted by SUSY and what consequences non-universalities can
have on GUT-scale Yukawa coupling ratios. In chapter 7, we show how the more
recent observation of the reactor neutrino mixing angle makes it possible to constrain
the flavour structure of GUTs and other unified models, leading to a set of four simple
conditions for reproducing the experimental values. Finally, in chapter 8, we investigate
how the non-observation of proton decay can be accommodated in GUT models using
the so-called double missing partner mechanism. In part I1I, we summarise the findings
and conclude.

This thesis is based on the publications [5], [6, 7], [8, 9] and [10], and presents a
partially updated view on their findings.



PART 1

Basics and Notation






CHAPTER 1

The Standard Model

The Standard Model (SM) [1, 2] is the quantum field theory that describes the funda-
mental interactions of elementary particle physics. It does so to a remarkable precision
and has so far been very successful in describing and explaining the measurements
done at particle colliders and other types of experiments.

In this section, we will discuss its details as far as they concern the findings in this
thesis and will also give a short overview of its shortcomings of aesthetic and technical
nature.

1.1 Gauge Symmetries and Field Content

The SM is formulated as a renormalisable chiral gauge theory [11] with the contin-
uous gauge symmetry group Gsy = SU(3)e x SU(2)r x U(1l)y. The SU(3) factor
is responsible for quantum chromodynamics (QCD) [2], which is the theory of strong
interactions between quarks and gluons, while the SU(2) x U(1) factor describes the
electroweak theory (the Glashow-Weinberg-Salam model [1]), which is responsible for
weak decays and electromagnetism.

The interactions between matter fermions and gauge bosons enter the Lagrangian
density by replacing ordinary space-time derivatives with their gauge-covariant equiv-
alents,

Oy — Dy =08, +ig, T,G, +igmW, +ig' YB, (1.1)

where G%, W' and B are the gauge vector boson fields and gs, g, ¢’ are the gauge
couplings, corresponding to the three respective factors of Ggy. The matrices Ty, 7;
and Y are the generators of the respective gauge group factor. Their particular form
depends on what representation they act on, e.g. T, = \,/2 for SU(3)c-triplets or
7; = 0;/2 for SU(2)-doublets with the Gell-Mann matrices A, and the Pauli matrices
0;.



6 1. The Standard Model

SU(?))C SU(2)L U(l)y spin

Q(d - dL> 3 2 6 2
Cc __ % Q 2 1
c * Q 1 1
d° = dg 3 1 5 3

~

I
7~ N
o
N—

I
N
SRS
o~ ™~
N—
[t
[\V)

|

N |+
NI= N

aQ
[}
Il
D
5 *
[t
[t
—_

=
I
N
g
SN—
-
[\
|
@)

Table 1.1: Irreducible representations of the SM fermion and scalar fields, includ-
ing definitions of left-handed Weyl spinors in terms of chirality components of Dirac
spinors. There are three copies of all shown fermion fields grouped together as ‘gen-
erations’ or ‘families’.

As the SM is a chiral theory, the left- and right-handed components of fermion fields
transform differently under the gauge symmetry, as described by the field representa-
tions given in tab. 1.1. As alluded therein, instead of Dirac spinors, one can also work
purely with left-handed two-component Weyl spinors by converting the right-handed
component fields to left-handed spinors via conjugation and implicit multiplication
with the two-dimensional Levi-Civita tensor € = —ioy to take care of the pseudo-
reality of the two dimensional SU(2) irreducible representation’
see [12]. For convenience, we will make use of this scheme.

. For more details,

1.2 The Standard Model Lagrangian Density

In addition to the gauge invariant kinetic terms for the SM fermion and scalar fields,
the Lagrangian density contains the following parts:
The self-interactions and kinetic terms of the vector bosons are contained in

1 1 1
'Cgauge = —5 tr GM,,GMV — 5 tr WM,,WMV — Z BM,,BMV s (12)

where the field strength tensors follow the definition, e.g.

G, = 0,Gy — 0,G) + gsf“chZGf, , (1.3)

!The same e-tensor is also implied for products of two doublets of SU(2)r.
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with G, = T,G%,, the gluon fields G¢ and the SU(3) structure constants f**°. Anal-
ogous relations also apply to the vector boson fields W/i and B,,.

The potential for the electroweak doublet scalar H is given by
A
Vi = p*HVH + Z(HTH)2 with p?> <0, A>0. (1.4)

Since, for % < 0, the minimum of the potential lies at H # 0, the electroweak doublet
develops a vacuum expectation value (VEV) of the form

_i v =2 _T’ﬂ
<H>—ﬁ< f) (1.5)

which breaks the electroweak SU(2)., x U(1)y part of Gsy down to the electromagnetic
gauge symmetry U(1)en. Thereby, three of the four electroweak gauge bosons, the W
bosons W+ and the Z boson Z°, and the radial component? of the electroweak doublet
H around the VEV, the Higgs boson h°, develop masses of the form

1 1

My = 59V My = 59v (cos Oy ), (1.6a)
1

mi=§/\2)2, M,=0, (1.6b)

whereas the photon v stays massless. Here, the angle 6y, is the weak mixing angle
given by

g/2

This mechanism for the generation of gauge boson masses, which constitutes spon-
taneous electroweak symmetry breaking (EWSB), is called the Englert-Brout-Higgs-
Guralnik-Hagen-Kibble mechanism [13]. Experimental measurements of the Fermi
constant G = g?/(8M3,) determine the VEV to v ~ 246 GeV.

In addition to its gauge and self-interactions, the electroweak doublet scalar also
has Yukawa interactions with the fermion fields, as encoded in the Lagrangian density
part given by

‘CYukawa = _(Yd)ij Qz de — (}/e)ij Lz H@; + (Yu)m Qz I:Iu§ + h.C. s (18)

where H = eH* denotes the charge conjugate of the electroweak doublet H.

2The other would-be Goldstone boson components of H are ‘eaten up’ by the gauge bosons.
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1.3 Fermion Masses and Mixing

After EWSB, the terms in eq. (1.8) become — in addition to Yukawa interactions with
the physical Higgs boson field h° — mass terms for the fermion fields with mass matrices
given by

M,=—-Y,, My=--Y;, M =-=Y, (1.9)

u — ~ =Lu, d— — = 4d> e — ~—~1le- .
V2 V2 V2

Since these mass matrices are not generically diagonal in generation space, one has to
rotate the fermion fields to the mass eigenbasis using unitary matrices as in

’Qbf — Vf Q/Jf , wfc — Vfc wfc , (110)

where the matrices Vy and Vy. satisfy, e.g.
VuT Y, V,c = diagonal and positive. (1.11)

However, as V,, and Vj; are not required to be the same, they will in general not cancel
out in the weak isospin changing vertex of W= vector bosons to fermions. This means
that the mentioned vertices will transform under eq. (1.10) as

gul ;W +he.  —  gul (VIVy),d; W +he. . (1.12)

The unitary matrix Vogy = Vi Vy is called the Cabibbo-Kobayashi-Masukawa (CKM)
mixing matrix [14] and parametrises the mixing between the three generations in each
interaction vertex of fermions with a W* boson.

Since Vegy is a unitary 3 x 3 matrix, it generally has nine degrees of freedom —
three mixing angles and six phases. However, using the fact that V,. and Vj. are not
physical, one can remove five phases and is left with only four parameters, leading to
the standard parametrisation [15] of Voky given by

—id

C12€13 512€13 513€
_ i0 i0
Verkn = | —S12C23 — €12523513¢€" C12C23 — S12523513¢€" 523C13 ) (1-13)
i6 i6
512523 — C12C23513€" —C12523 — S12C23513¢€" C23C13

with 6 = KM, ¢;; = cos 0™ and s;; = sin M. The angle 7™ is also called the
Cabibbo angle 6.

Note that, as far as the SM goes, there is no mixing matrix analogous to Vokw for
leptons as there is only one Yukawa matrix involving lepton fields, namely Y., and thus
only one left-handed lepton mixing matrix V. is used. This changes if we introduce
right-handed neutrino fields v along with their Yukawa interaction terms L;H V5 into
the SM, as we will see in the next chapter.
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1.4 Open Questions

Despite its success, the SM has a couple of shortcomings that are frequently cited
as motivation to study physics beyond it. In this thesis, the following ones will be
relevant:

Neutrino Masses and Mixing In the present formulation of the SM, neutrinos are
massless also after EWSB. However, experimental data tells us that clearly at least
two of the neutrinos have very small but nevertheless non-zero masses [16]. Thus a
viable extension of the SM must be able to incorporate a way to have non-zero neutrino
masses and preferably explain why they are so small.

Hierarchy Problem As is general for quantum field theories including scalar par-
ticles, the scalar boson of the SM receives quantum corrections to its mass that make
it as heavy as the largest scale of physics coupling to it (assuming O(1) couplings).
If this scale of new physics is too high, e.g. the Planck scale ~ 10 GeV, the Higgs
boson mass can only be lowered back to its measured value at the electroweak scale by
tuning all contributions to some degree — 1 part in 103* in the case of the Planck scale.
This is usually regarded as unnatural and is frequently made unnecessary or severely
improved in models going beyond the SM.

Flavour Puzzle The SM is incredibly simple as long as all fermion masses are taken
to vanish, since it then only has the three gauge couplings, the electroweak VEV and
the Higgs boson mass as free parameters®. However, as soon as one introduces Yukawa
interactions to generate the fermion masses, we must introduce several new parameters,
namely the nine fermion masses, the three plus one CKM mixing parameters and
possibly even more leptonic mixing parameters and neutrino masses. It would therefore
be very desirable to not only find some connection between the gauge couplings, but
also to find some general structure in the SM flavour quantities.

3There is one additional parameter, the QCD angle ¢ from a term GG in L, with the gluon
field strength tensor G and its dual G. Its experimentally required smallness is, however, a whole
different puzzle in itself, which we will not address in this thesis.
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CHAPTER 2

Neutrino Masses and Mixing

Neutrinos are special within the SM as they are the only fundamental fermions that
are completely uncharged under symmetries respected by the vacuum. This restricts
their interactions with other particles through gauge interactions, as they can only
interact through the heavy vector bosons W= and Z° and the Higgs boson h°, which
makes them hard to detect but otherwise not very interesting.

Fortunately, it was realised in the 1960s by Pontecorvo [17] and by Maki, Nakagawa
and Saki [18], that if lepton family numbers are not conserved — analogous to, for ex-
ample, strangeness violation in the quark sector — and neutrinos have non-zero masses
contrary to the SM, this can lead to observable neutrino flavour oscillations. Analo-

gous to quark mixing, this can be parametrised with the unitary Maki-Nakagawa-Saki
(MNS) matrix,

_‘5
C12€13 512C13 s13€™"
_ i6 i6
Vans = | —s12¢23 — c12523513€ C12C23 — 512523513€ 523C13 ) (2-1)
i6 i6
512823 — C12€23513€ —C12523 — 512€23513€ C23C13

with § = §MNS| ¢, = cos foNS and s;; = sin Depending on the parameters,
electron neutrinos will then oscillate into muon neutrinos during their flight from the
sun to the earth, for example. Indeed, it was found around the same time experimen-
tally [19] that the measured solar (electron) neutrino fluxes fell short of the predictions
by the standard solar model.

Nowadays, there are several experiments studying not only solar neutrinos [20],
but also atmospheric ones [21] and even reactor neutrinos [22], and provide valuable
information on the most straight-forward branch of flavour physics beyond the SM.
Due to the fact that even the most recent global fits, e.g. [16], do not make definite
statements on all quantities, it is possible to make easily falsifiable predictions for their
values within models of flavour. Of particular importance in this respect are the only
rather recently measured reactor angle 635 the still to be determined sign of the

MNS
07/‘] .
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neutrino mass square difference Am3; = m3 — m? and the only vaguely determined
Dirac CP phase 6™MNS,

In the following, we will give a brief overview how to incorporate neutrino masses
into the SM.

2.1 Dirac Masses

The way to generate neutrino masses that most resembles the pre-existing structure of
the SM is to simply add the missing right-handed neutrino fields ¢ to the spectrum.
After EWSB, neutrinos obtain masses from the new Yukawa interactions added to the
SM terms of eq. (1.8),

EYukawa D) (Yy)ij Ll FIV; + h.c. s (22)

which make it clear that the fields v{ must be full gauge singlets, if this term re-
spects the SM gauge symmetry group Gsy. Using the same convention for unitary
transformations to the mass eigenbases as before, the MNS matrix is then given by
Vans = VIV,

However, one aesthetical drawback of this mechanism becomes apparent when one
determines the Yukawa couplings necessary to reproduce the neutrino masses consistent
with current bounds, namely m, < 2eV from § decay experiments [23]. Assuming no
large cancellations in the [ decay mass, this implies a neutrino Yukawa coupling of
at most about 107!2. Compared to an electron Yukawa coupling of about 1079, this
seems unusually small.

2.2 DMajorana Masses

An alternative way to generate neutrino masses works via the non-renormalisable Wein-
berg operator [24],

1 ~ ~ 1
LD Z—Lliij (LzH)<L]H) + h.c. M) —i(my)ij ViV + h.c. s (23)
where x and m, = —kv?/4 are complex symmetric 3 X 3 matrices and now also total

lepton number is broken explicitly. Due to the structure of the m, term, neutrinos are
then Majorana particles, i.e. they do not have separate right-handed components or
anti-particles, but those are given directly by the conjugate of the left-handed ones.
One consequence of this is that two phases in the leptonic mixing cannot be absorbed
and the unitary mixing matrix is thus given by the Pontecorvo-Maki-Nakagawa-Saki
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(PMNS) matrix Vpyng = VIV, parametrised as

ié

C12C13 512C13 S13€
_ i i
VeMmns = | —S12C23 — C12523513€ C12C23 — 512523513€ $23C13 P¢ ) (2-4)
i) i6
512823 — C12C23513¢€" —C12523 — $12C23513€" C23C13
with § = §PMNS and ‘
__ i, PMNS
e 2%1
i _PMNS
de = 8_5802 9 (25)
1

as well as the previous definition of s;; and ¢;;. Due to their origin, the phases ¢; and
o are called Majorana phases. Note, however, that they are not observable in neutrino
oscillation experiments. The unitary matrix V,, is determined from the condition that
VTkV, is diagonal and positive. Assuming k ~ M~! this structure can explain the
smallness of neutrino masses with a hierarchy between the electroweak scale and the
supposedly high scale M.

However, since the Weinberg operator is not renormalisable, one has to worry about
physics beyond the scale M. Fortunately, there is an elegant and simple solution [25]
called the seesaw mechanism (strictly speaking type I): if we introduce right-handed
neutrino fields as total gauge singlet fields as before and drop conservation of total
lepton number, they can have Majorana mass terms themselves,

1 c,,C
LD _§<MV(‘>Z]V,L Vj —+ h.c. R (26)
even before EWSB. Thus these masses are not directly constrained in their magnitude
and we can assume that they are so large that the new fields can be integrated out
for calculations around the electroweak scale. This generates a contribution to the
Weinberg operator of the form

k=2Y, MY, (2.7)

where Y, is the neutrino Yukawa couping matrix as in eq. (2.2). Alternatively, the
type II seesaw mechanism uses a scalar SU(2),, triplet field to generate the Weinberg
operator [26], while type III uses a SU(2), triplet fermion field [27]. A general feature is
that this directly connects the mass scale M associated with the Weinberg operator to
the mass of the new heavy fields. So, for example, a Yukawa coupling of O(1) together
with a light neutrino mass of m, ~ 1 eV leads to a right-handed neutrino mass of
about 10'3 GeV, which — as we will see later — is not too far from other supposed high
scales in so called grand unified theories, see chap. 4.
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CHAPTER 3

Supersymmetry

3.1 The Hierarchy Problem

As mentioned in chap. 1, in the SM the Higgs boson mass parameter has to be tuned
in order to obtain a hierarchy between the electroweak scale O(100 GeV) and much
higher new-physics scales. To be explicit, with a Yukawa interaction term of the form
L D —\; Hff for the scalar boson to a Dirac fermion f, the following correction arises

" " |/\f|2 2 2 Auv
- - - I Agy + O | mjlog m ) (3.1)

where a simple regularisation! with a momentum cut-off Ayy was performed. If this
cut-off is of the order of the Planck scale Mp; ~ 10* GeV, this makes tuning of the
order of 1 part in 10** necessary to cancel the quantum correction and arrive back
at an electroweak scale of O(100 GeV). One possible solution to make this tuning
unnecessary is motivated by the observation that introducing a complex scalar S with
the interaction £ D +\g|H|?|S|? leads to an additional correction of the form

S
l/»\
H Ny Ht )\5 A
N — 472 A2 2] SV )
+167r2 Uv—i—(’)(ms og(ms , (3.2)

In other regularisation schemes, such as MS, the cut-off dependence is replaced with a dependence
on the mass of a heavy particle in the loop, e.g. when it is integrated out. The problematic instability
of the hierarchy remains.
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As we can see, if we introduce two scalars per Dirac fermion — or one per two-component
Weyl spinor — together with the relation A\g = |A;|?, both quadratic cut-off dependen-
cies cancel each other, leaving only a manageable logarithmic dependence. Thus the
hierarchy between scales is stable.

Fortunately, this relation between couplings does not have to be tuned or assumed
ad-hoc, but can result from the so-called supersymmetry (SUSY) that (roughly speak-
ing) turns bosons into fermions and vice versa,

@ |fermion) = |boson) , @ |boson) = |fermion) . (3.3)

In the following, we will present a very quick overview over the ramifications of su-
persymmetry and how to quickly write down a manifestly supersymmetric theory. For
more details, see e.g. [28]. To be explicit, this thesis uses N = 1 global supersymmetry,
meaning there is only one such operator () and SUSY transformations are taken to be
independent of space-time.

3.2 Supersymmetric Theories

As sketched in eq. (3.3), supersymmetry connects fermions and bosons. More ex-
plicitly, every Weyl fermion v, every complex scalar ¢ and every vector boson V),
is partnered with a field of complementary statistics each. We will call partners of
fermions ‘sfermions’; e.g. ‘stop’ or ‘squark’. Partners of bosons are suffixed with an
‘“ino’, e.g. ‘Higgsino’ or ‘gaugino’. In both cases, the new fields are labelled with a
tilde on top, while the full supermultiplet containing both will be denoted with a hat
on top. In cases, where the distinction between original field and supermultiplet is not
necessary or obvious, the hat will be dropped.

Finally, this means that fields in the original theory become components in so-called
supermultiplets that contain all fields that are connected by SUSY

==, 0, F), (3.4a)
6= 6=(6,0F), (3.4b)
V,»V=(\V,D,...), (3.4¢)

where A, gg and 1 are two-component Weyl spinors, ¢, 772} and F' are complex scalars
and D is a real scalar. The introduction of the auxiliary fields F' and D is necessary
to balance the number of fermionic and bosonic components and make supersymmetry
also survive against quantum corrections. The dots stand for additional degrees of
freedom that are related to the supersymmetric generalisation of gauge symmetries.
They can all be set to zero in the Wess-Zumino gauge [29], which we will assume
to be the case in the rest of this thesis. Both eqs. (3.4a) and (3.4b) give a ‘chiral’
supermultiplet, while eq. (3.4c¢) gives a ‘real’ supermultiplet.
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Note that this embedding of component fields into a supermultiplet can also be
done more rigorously using superspace and superfields, see e.g. [28]. However, for
the sake of simplicity, we will only review the resulting rules for the building of a
supersymmetric theory. We remind the reader again that all considered fermion fields
are assumed to be left-chiral two-component Weyl spinors. Additionally, we will use
the term ‘superfield’ synonymously with ‘supermultiplet’.

Using chiral and real supermultiplets, a supersymmetric theory is most easily built
using the three pre-potentials:

Superpotential W = W (¢): A holomorphic function of all chiral supermultiplets.
Kahler potential K = K (¢, ¢*): A real function of all chiral supermultiplets.

Gauge kinetic function f,, = fu(¢): Another holomorphic function of the chiral
supermultiplets.

All three can be formulated as functions of superfields or alternatively of the scalar
components of each supermultiplet. Both cases follow the same rules for commutation
of fields. The superpotential and Kahler potential must be singlets under all imposed
symmetries, while the gauge kinetic function must transform as the symmetric product
of two adjoints of the imposed gauge symmetry, symbolised by the two indices a and
b. The superpotential has mass dimension 3, the Kahler potential has mass dimension
2 and the gauge kinetic function is dimensionless.

Based on these pre-potentials, the part of the Lagrangian density resulting from K
is given by

PK L )

L = 96106, [((%@)*(8“@) + i 0, + F; Fj} (3.5a)
agK * —

 06:00,000 [%’%’Fz — U”%’au@} (3.5b)

+h.c., (3.5)

where ¢;, 1;, F; are the scalar, fermionic and auxiliary component of the 7’th supermul-
tiplet respectively and K is treated as a function of only the scalar component fields.
As can be seen, fully holomorphic plus anti-holomorphic parts of K O f(¢) + h.c. do
not enter the Lagrangian density. In superfield formalism, it can easily be shown that
they only result into total derivative terms that do not change the action.

Similar to K, the superpotential W generates terms in the Lagrangian density of

the form v -
bW = =3 agag, Vi T g T e (3.6)
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while the gauge kinetic function generates the terms

Refab a b - oyat = b a b Imfab a pob
Ef = — 167 FuVFuV_Z4)\ O'MDM)\ +2D°D”| — 167 F;WF;W
1 Ofaw b &0
_ b pyent fhe+ .
167 8@ e

where F7, is the field strength tensor of the a’th gauge vector boson field, F L 18 1ts
dual and A\* is the corresponding gaugino. In both cases, the pre-potentials are again
interpreted as function of the scalar supermultiplet component fields. Neglecting non-
renormalisable operators for the moment, we can summarise this to the following: the
Kahler potential is responsible for kinetic terms of chiral supermultiplets (and gauge
interactions, though not shown here), the superpotential generates fermion masses and
Yukawa couplings, and the gauge kinetic function yields the kinetic terms for gauge
fields and influences the gauge couplings?.
In the following, it is convenient to define the Kahler metric,

PK

Kij=on,
T 0010,

(3.8)
and its inverse K7 i.e. K K = .

As the Lagrangian density does not depend on derivatives of the auxiliary fields Fj,
we can integrate them out by substituting them using their equations of motion,

ow* PK 1 of
Fi=K7 (- m =N\ NP ) 3.9
(=65 + Goanas om0 9
With this substitution, we obtain the F-term scalar potential,
ow .. OW*
Ve = K" 3.10
" =50 " g (310
and field-dependent fermion ‘masses’,
2 3K »
M;; = calll 0 ija—w. (3.11)

2
00, " 06106 00! Obm

Since the kinetic terms contained in eq. (3.5a) are not canonical, we have to nor-
malise them with a transformation matrix P,

i — Pij 5, (3.12a)
Vi = Py, (3.12b)
5 . . 0, . .
At the renormalisable level, one sets fop = | — +1 5 dqp in the gauge boson field normalisation
9a m

where g, is set to one in the covariant derivative.
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with

This procedure is called canonical normalisation and is general to every situation where
kinetic terms are not in their canonical form.

If we only consider renormalisable interactions the situation simplifies in the fol-
lowing way:

e As the Kéhler potential has mass dimension two, the Kahler metric is just a field-
independent numerical matrix that can be transformed away using eq. (3.12).
This leads to the trivial Kahler potential,

K=Y ¢, (3.14)

and automatically canonical kinetic terms. Often, this Kahler potential is im-
plicitly assumed and not stated.

e The superpotential takes the form

1 1
W= Ligi + 5mijdi¢ + éyijk¢i¢j¢k , (3.15)
where L; # 0 is only allowed for total singlet fields ¢;.
In this case eq. (3.10) and (3.11) simplify to

ow
VF:Z‘8¢ : (3.16)
and
M;; = mij + Yijrdr - (3.17)

Thus, the parameters of the superpotential directly correspond to fermion masses and
Yukawa couplings.

For completeness, note that also the gauge interactions are extended in a super-
symmetric theory, with additional Yukawa-type couplings to the gauginos \%,

L > -2, (¢j(T@)ij¢j)A“ +he. (3.18)
and the additional D-term scalar potential,
1 2
Vo =53 (9D 6l(T)es) . (3.19)

where T is the generator corresponding to the a’th gauge boson and g, is its gauge
coupling. However, we will make only little use of these interactions in this thesis. For
more details, see e.g. [28].
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3.2.1 The Minimal Supersymmetric Standard Model

It is now straight forward to write down the minimal supersymmetric version of the
SM, the MSSM [30]. The only direct complication is that one cannot use the charge
conjugate H of the SM Higgs doublet to generate the up-type quark masses, since
Yukawa couplings are generated by the holomorphic superpotential. Instead, we replace
the original electroweak doublet field H with a pair of charge conjugate doublet fields
H, and Hy, leading to the field content stated in tab. 3.1. Note that this also means
that the spectrum of scalar particles coming from Hy, H, contains two neutral CP-even
ones (the lighter one is usually SM-like), one neutral CP-odd pseudoscalar boson A°
and a pair of charged scalar bosons H*.

Let us repeat that, in the following, superpartners of SM fermions are denoted by a
tilde above their symbol and an ‘s-’ prefixed to their name. The fermionic partners of
H, and H, are suffixed with ‘-ino” and also receive a tilde on their symbol. Supermulti-
plets generally use the same symbol as the corresponding SM field, except when stated
explicitly. The superpotential is to be understood as function of the supermultiplets.

Both H, and H; acquire non-zero VEVs and we define

tanf = - with 02~ 02 + 02 = (246 GeV)? | (3.20)
Vg
and (HY) = v¢/+/2. Thus, the superpotential of the MSSM is given by
Wassm = (Ya)ijQiHad; + (Ye)ijLiHae§ — (Ya)i Qi Hyu§ + pH, Hy (3.21)
with the tree-level relation to the SM Yukawa matrices of eq. (1.8) given by

YUSM — YUMSSM Sil’lﬁ ’ }/dSM — dMSSM COSﬁ 7 YSM — }/eMSSM COS/B ] (322)

e

Requiring both the bottom and the top Yukawa coupling to be perturbative sufficiently
above the electroweak scale, one roughly finds the constraint [28]

1<tan <60 . (3.23)

However, as will be important later, the matching conditions particularly for Y; and
Y, can receive one-loop corrections that are enhanced by a factor tan 5 [31, 32, 33, 34]
— interpretable as a coupling to the other larger Higgs VEV — and can thus be of
significant size.

One further point is that Wygsy is not the most general superpotential consistent
with the SM symmetries. The following terms are also allowed

)

1 1

However, as these terms mediate (so far unobserved) proton decay very efficiently [35],
leading to bounds such as [Mga];s| S O(10721), these terms are commonly assumed
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SUB)e SUR) U(l)y  Pu
Q 3 2 |
u 3 1 -2 -1
de 3 1 i -1
L 1 2 - -1
e 1 1 1 -1
H, 1 2 —3 1
H, 1 2 2 1

Table 3.1: Irreducible representations of the chiral supermultiplets of the MSSM.
Generation indices are implicit.

to be absent. This is achieved by enforcing another global Z, symmetry called R-
parity [36] under which the SM fields are even while all the superpartners are odd or
equivalently

Pr = (_1)3(B—L)+25 ’ (3_25)

with the baryon number B, the lepton number L and the particle spin s. As long
as angular moment is conserved, Pgr conservation is equivalent to the conservation of
matter parity [37],

Py = (—1)3E-1) (3.26)

which is also included in tab. 3.1.

Seesaw type I in the MSSM When incorporating the seesaw type I mechanism
into the MSSM, one proceeds analogously to the SM. Additional particles called right-
handed neutrinos ¢, total singlets under gauge symmetries and odd under P,;, are
added together with their superpotential terms,
c 1 c,,C

Wy = _(Yy)ij LiHuVj + §(Muc)ij v; Vj . (327)
Below the scale of the right-handed neutrino masses, they are integrated out to obtain
the supersymmetric equivalent of the Weinberg operator of eq. (2.3)

1

exactly mirroring the form of the usual Weinberg operator.
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3.3 Breaking of Supersymmetry and SU(2);, x U(1)y

Supersymmetry respected by the vacuum would imply that the scalar mass matrices are
given by MTM with M from eq. (3.11) or (3.17), leading to the same mass eigenvalues
as for the fermions. However, we have not yet observed any scalar elementary particles
beyond the Higgs boson [15], not even to speak of a scalar electron at 511 keV. Thus
supersymmetry has to be broken in the vacuum ground state.

In this context, the term ‘soft SUSY breaking’ appears. This means that SUSY
is broken only by mass differences between scalars and fermions, while the relation
between interaction couplings, necessary to ensure the cancellation in sec. 3.1, is still
left unperturbed [38].

Attempts to directly break supersymmetry leads to the condition that at least one
of the auxiliary fields ' or D must acquire a non-zero VEV. Achieving this with the
spectrum of the MSSM and Wyssm given by eq. (3.21) does unfortunately not work
satisfactorily, for details see e.g. [28]. Thus, one usually assumes that SUSY is broken
in an unknown ‘hidden sector’ and is simply transmitted to the visible sector by some
mechanism of choice. We then parametrise the general soft SUSY breaking of a general
supersymmetric gauge theory as

1 1 1 -
—Loft = EMa)\a)\a + éaijk¢i¢j¢k + ébij¢i¢j + 6 + (mQ)ij¢j¢j +hec., (3.29)
where A\* are gaugino fields, ¢; are scalar components of superfields and the linear
couplings t; are only non-zero for singlets ¢; under all imposed symmetries. In the

MSSM, the soft breaking terms thus take the form

1 . o
~Lsopr = 5(MIBB + My WW + My gg + h.c.) (3.30a)
+ (M) Qi Qf + (m} )y Li L (3.30b)
+ (miae )i U505 + (m3,)g; d5* dS + (mle )i €5 €5 (3.30¢)
+ (Ag)ij Qi Had§ + (Ac)ij Li Hy €] — (Ay)i; Qi H, U5 + h.c. (3.30d)
+miy |Hol” + miy, | Hl* + (BuH,Hy + h.c.) | (3.30e)

The average scale of superpartner masses resulting from this is commonly denoted as
the SUSY scale Mgygy. All of these terms potentially lead to additional flavour (FV)
and CP (CPV) violation effects. To parametrise this properly, the relevant matrices
are first rotated to the so-called Super CKM (SCKM) basis, see e.g. [39], where the
Yukawa matrices for the fermions are diagonal and positive. Additional FV or CPV
effects — like contributions to BR(b — sv), BR(Bs — putp~) or BR(B, — 7v,) — are
then generated by surviving phases and non-diagonal matrix elements. In total, the
soft breaking sector gives rise to 105 new and independent parameters [40] this way.
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Another important aspect of the MSSM is the fact that without the terms in
eq. (3.30), the Higgs mechanism for electroweak symmetry breaking does not work as
the Higgs self-interaction A comes exclusively from gauge couplings and the SM mass
square parameter p? cannot be negative. Fortunately, including soft breaking terms
even makes EWSB more natural in that it happens ‘radiatively’. This means that
the renormalisation group running of the soft term m7; makes it turn negative at the
electroweak scale if done from a sufficiently high scale. Thus m%{u plays a role similar
to the parameter p? in the SM and has usually a mass scale similar to the soft breaking
terms. In summary, this leads to electroweak symmetry breaking of the (tree-level)
form [28, 39]

2Bu
sin2p = ; (3.31a)
my;, +mi, + 2lp?
M2 ) qud—m%{ tan? 3
-z _ _ v .31b

meaning that one can trade the parameters By, || for tan 5, M. Note that eq. (3.31b)
only determines the modulus of the superpotential parameter u, leaving its phase as a
free parameter. However, usually u is assumed to be real and this reduces to only an
ambiguity in its sign.

3.3.1 Supersymmetry Breaking Schemes

In the following, we will give a brief overview over several SUSY breaking mediation
schemes and structures that are used to bring the staggering amount of 105 new pa-
rameters under control.

Gravity-mediated SUSY breaking In this scenario, the breaking of SUSY is me-
diated by Planck-scale suppressed operators and supersymmetric gravity effects [41] to
the visible sector. Assuming gauge coupling unification, as detailed in the next chapter,
and SUSY breaking by the appearance of a non-zero F-term in Planck-scale suppressed
operators with the visible sector, this leads to the minimal supergravity (mSUGRA)
scenario or to the constrained MSSM (cMSSM) [42]. Then the soft breaking terms at
a renormalisation scale y =~ Mp; are given by

M1 = M2 = M3 = M1/2 s (332&)
Ay =AY, Ag=AYy, A =AY, (3.32b)
m% =mi =mi =m3 =mi=mi 1, (3.32¢)
Bu=DBypu, (3.32d)

where p is the mass parameter in Wyssu-
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In the context of supergravity, mgo = mg/s is also the gravitino mass and we have
the additional relation
BO = AO — My . (333)

Thus, in mSUGRA, tan (3 is actually fixed in terms of the soft breaking parameters due
to eq. (3.31), while it is considered a free parameter in the cMSSM. Note that it is a
common approximation to implement these boundary conditions at the renormalisation
scale © = Mgyr and not at the Planck scale Mp;.

Gauge-mediated SUSY breaking Here, the breaking of SUSY is transmitted to
the visible sector via the ordinary gauge interactions coupling to a new set of parti-
cles [43]. These generate the soft breaking terms of the MSSM via one- and two-loop
level Feynman diagrams. We only state this mediation mechanism for completeness
and will not make use of it in this thesis.

Anomaly-mediated SUSY breaking In this scheme, SUSY is broken on a sepa-
rate brane (in a theory with extra dimensions) and then mediated to the visible sector
via the superconformal anomaly [44]. The soft breaking terms are then parametrised
at the renormalisation scale p &~ Mp; (or u = Mgur)

Ma = % mg/2 , (334&)
YJa
Ap = —By, mas (3.34b)
1 oy oy
mfg =1 (ﬁgaa—ga + ﬁya—y) m§/2 +mg (3.34¢)

where y collectively denotes all Yukawa couplings, [, is the renormalisation group
equation for the quantity  and v is the anomalous dimension matrix for the chiral
superfields as a function of the gauge couplings and superpotential parameters. The
introduction of my analogous to mSUGRA is necessary, because slepton masses are
tachyonic otherwise. In the MSSM, this leads to gaugino mass ratios of the form
My : My : M3 =33/5:1:—3 at the scale of gauge couplings unification.

Phenomenological MSSM  Another complementary approach for soft SUSY break-
ing is the so-called phenomenological MSSM (pMSSM) [45]. It is defined directly at the
low energy scale and parametrises the superpartner spectrum almost directly via their
masses. This means that there is no renormalisation group (RG) evolution involved.
In addition to tan 3, it has the following parameters:

e m} , my : the Higgs soft mass parameters.

e M, My, Mjs: the bino, wino and gluino mass parameters.
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® Mms , Mge, M, M7 , Mg: the first and second generation sfermion soft mass
Q1 1’ ds» Ly» 1
parameters.

® Mg, Mag, Me, M, Meg: the third generation sfermion soft mass parameters.
o A,, Ay, A.: the first and second generation trilinear couplings.
o A;, Ay, A,: the third generation trilinear couplings.

Here the trilinear couplings follow the alternative convention where the trilinear ma-
trices are given by (A,);; = diag(AuYu, Auye, Aryt) in the basis where Y, is diagonal,
i.e. for the pMSSM trilinear parameters the Yukawa coupling is assumed to be factored
out. Often the parameters m%{u, qud are also traded for the parameters p and the
mass of the pseudoscalar Higgs boson M 40, which have a more clear interpretation.
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CHAPTER 4

Grand Unification

4.1 Motivation

Similar to the idea of electroweak unification, one can also try to find structure in all
of the three gauge interactions of the SM. Surely, the most appealing possibility in
this regard would be that at a high scale the three gauge groups unify into a single
one or at least into fewer group factors. In the case of one simple group, one speaks of
a grand unified theory (GUT). A theory with more than one group factor is called a
unified theory. A GUT would lead to equality of the three gauge couplings at a high
scale denoted as Mgyr. Below this scale, similar to EWSB, the larger gauge symmetry
group is then broken down to the SM gauge group giving rise to the low scale observed
gauge couplings through quantum effects, i.e. renormalisation group running.

However, before one can analyse the equality of gauge couplings, the right normal-
isation for the U(1) charges must be found. Looking at the generators for the SM
symmetry groups T, for SU(3), 7; for SU(2), and Y for U(1)y, one finds

tr(T,T,) =2, (4.1a)
tr(rm) =2, (4.1b)
tr(Y?) = %O : (4.1c)

where there is no summation over a or ¢ and the trace runs over one full genera-
tion of SM fermions. Due to the relation trr(TaTs) = I(R)dap for the irreducible
representation R of a simple Lie group with the Dynkin index I(R), the three right-
hand sides must all be equal if the group factors are to be unified to one simple Lie
group and each generation can be evenly divided into a number of irreducible GUT
representations without remainder. This leads to the so-called GUT normalisation of
hypercharge,

Y/:\/EY, gn=1/29". (4.2)
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Figure 4.1: Running of all three gauge couplings of the SM (left) and MSSM (right)
at the two loop level. Line thickness corresponds to the 1o range. The structure

constants oy = g% /4w, ag and g are red, green and blue respectively. The threshold
between MSSM and SM was set to 1 TeV for the right plot.

Analogously, we define go = g and g3 = gs. Grand unification would thus imply

g1 =92 =93, (4.3)

at a high renormalisation scale Mguyr.

Within this normalisation and identification, we can now analyse whether eq. (4.3)
is satisfied at some scale when taking into account renormalisation group running. As
shown in fig. 4.1, in the SM the three gauge couplings come close to each other at
a scale of about u = 10'* GeV, but do not meet within their uncertainty. On the
other hand, in the MSSM with a SUSY scale of about 1 TeV, the gauge couplings
meet to a good accuracy at about u ~ 10'® GeV, however not exactly within their
uncertainty requiring some small finite threshold corrections. We will come back to the
subject of gauge coupling unification later in chap. 8, where a more in-depth analysis
is performed.

Thus, GUTs are usually considered most natural and motivated as a high-scale
extension of the MSSM. In the following, we will give a quick overview over how such
extensions work. All considerations are to be taken in the context of the MSSM.

4.2 Embedding of the Standard Model

While the relation in eq. (4.3) is already a very good start, it does not determine how
the various SM gauge group representations are embedded into the larger unified gauge
group. For analysing representations, we will use the notation (rq,73), for r; under
SU(3)¢, ro under SU(2)r, and ¢ under U(1) with an additional global normalisation
change compared to U(1)y to obtain integer charges for all representations. Then, the
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chiral fields of the MSSM transform as
Q~ (3,2, L~(1,2)3,
u~(3,1)y, d°~(3,1)2, e ~(1,1), (4.4)
Hy~(1,2)3, H,~(1,2)3,
U

which means that the U(1) differs from U(1)y by a factor of —6. Likewise, the SM
gauge bosons transform as

G~ (81), W~(1,3), B~(11). (4.5)

4.2.1 Embedding into SU(5)

The smallest possible group for grand unification of the SM gauge group is the simple
Lie group SU(5) [46]. It embeds the three gauge boson representations into the adjoint
representation,

24 = (8,1)g + (1,3)0 + (1,1)0 + (3,2)_5s + (3,2)s , (4.6)

where the last two representations form an additional pair of vector-like leptoquark
vector boson fields that acquire a mass My ~ Mgyt from spontaneous symmetry
breaking to the SM gauge group. In total, a 24-plet can be most easily represented
by a hermitian traceless 5 x 5 matrix. The breaking of SU(5) to the SM gauge group
can be achieved by a VEV of an additional Higgs field in this 24 representation in the
direction of hypercharge.

Each generation of matter superfields of the MSSM is embedded into the two rep-
resentations 5 and 10 as in

5:(172)3+<371)—2:L+d67

10 = (1,1) g + (3, 1)1 + (3.2) = ¢+ + Q. (4.7

which can be modelled as a 5-dimensional vector F* and an antisymmetric 5 X 5 tensor
Tap respectively.

The doublet fields H,, Hy can either be embedded into a pair of 5, 5 or alter-
natively also into 45 or 45 respectively. For details on the branching of 45 into SM
representations, see e.g. [47].

As shown above, beyond eq. (4.3), one major feature of GUTs is the embedding of
multiple SM matter field representations into one GUT representation. This naturally
leads to GUT-scale relations between previously unrelated Yukawa couplings. At the
renormalisable level, the two choices for the SU(5) representation of Hy lead to two
distinct and predictive ratios between charged lepton and down-type quark Yukawa
couplings,

W DOANFTHs — N (LieS +Q;dS) Hy (4.8a)
W D AFTH — NA(=3LieS + Q;d) Hy (4.8b)
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where A is some normalisation factor and i, j are generation indices. As can be
seen, the matrix Y, will be connected to the transposed matrix Y} by a factor that
is not a free parameter, in this case 1 or —3, and purely originates from the ratio of
two group theoretical Clebsch-Gordan coefficients. Hence, we will call such factors
Clebsch-Gordan (CG) factors. The first CG factor of above is often used for the third
family where it leads b-7 unification y, = y,. The latter can be used for the muon to
strange Yukawa coupling ratio, where it can lead to the so-called Georgi-Jarlskog mass
relations [48], m, ~ 3ms, m. ~ my/3 (at the GUT scale).

Beyond the renormalisable level, one can also introduce powers of GUT breaking
VEVs of Higgs superfield in the 24 representation. This leads to index structures
(before contracting to an SU(5) singlet) of, e.g.

F Ty (Haa)5(Hs)” (4.9)

where now all upper indices have to be contracted with lower ones to obtain an SU(5)
invariant term for the superpotential. One way to fix this otherwise undetermined
structure of index contractions is to generate such a non-renormalisable operator using
heavy vector-like messenger fields, as shown in [49], see also [50]. As the structure of
the VEV of Hy, is fixed by the breaking of SU(5) to the SM gauge group, once an
index contraction is fixed, the resulting ratio between Yukawa couplings is also fixed
to a value that can again be interpreted as ratio of two Clebsch-Gordan coefficients
and is thus also included in our denotation of CG factors. One interesting example is
given by [49]

where the index below the brackets specifies the representation of the index contraction
of the fields inside, which coincides with the representation of the messenger field. Using
this approach, ratios between (Y.);; and (Yy);; can be fixed to the values': —1 1, 43,
-3,2,6,9.

At the renormalisable level and without involving 24-plets, the up-type quark
Yukawa matrix originates from operators of the form

W D T,T;Hs , (4.11)

which simply leads to the relation Y, = Y,I', or alternatively Y,, = —Y.! in the case of
H, transforming as a 45 representation.

For a more exhaustive list of possible ratios and more details, see app. D, ref. [49]
or also [51].

I This list also includes the alternate representation for the GUT breaking Higgs field, 75, and the
electroweak doublet Higgs field, 45.
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4.2.2 Embedding into SO(10) and Pati-Salam

About as old as the idea of SU(5) grand unification is the one of grand unification
to SO(10) [52]. Here the three matter field generations are each unified into a single
spinorial representation 16 of SO(10),

16 =(1,2)3+(3,1) 2+ (1,1) 6+ (3,1)s+ (3,2)_1 + (1,1)

C C c c (4.12)
=L+d+e +u+Q+r°,

where merely symmetry requirements already force us to introduce three generations
of right-handed neutrinos v¢. Likewise, the two electroweak doublets H; and H, are
most easily embedded into a 10 of SO(10),

10 = (1,2)5 + (1,2) 3+ (3,1)_o + (3,1),

(4.13)
= Hy+ Hy+ ...,

where the dots stand for additional colour triplet fields, analogous to the embedding
of Hy, H, into fiveplets in SU(5). Note that we will not state the branching rules for
adjoints or other GUT breaking Higgs choices for SO(10) as the breaking to the SM
can be quite complicated and goes beyond the scope of this thesis.

At the renormalisable level, the MSSM Yukawa couplings stem from operators of
the form

W 2 Xij(P16)i(P16) ;P10

4.14

with generation indices 7, 7 and the dots stand for additional couplings involving right-
handed neutrinos. As can be seen, this leads to the relation Y, = Y; = Y, as well as
symmetry for all three Yukawa matrices.

Of particular interest is also a subgroup of SO(10) that only leads to partial unifi-
cation of SU(3)c and U(1)y, but incorporates some left-right symmetry missing from
the SM: the Pati-Salam (PS) symmetry group SU(4) x SU(2), x SU(2)gr [53]. The
PS representations are embedded into SO(10) as in

16 = (4,2,1)+ (4,1,2), 10=(1,2,2)+(6,1,1), (4.15)

where (11,79, 73) denotes the three representations corresponding to the PS group fac-
tors. The PS field representations, in turn, branch into the SM representations follow-
ing

(4,2,1) = (3,2)_1 + (1,2); =Q+L, (4.16a)
4,1,2) = (3, ,2+( A+ (1,1) 6+ (1,1)y =dFu+e+v°,  (4.16Db)
1,2,2) = (1,2);+ (1,2)_3 =H;+ H, , (4.16¢)
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where we again see the existence of three right-handed neutrino fields v implied by
the PS symmetry. Yukawa matrices are then generated by terms of the form

W D Xij (Paz1)i(Para) P12z

4.17

with generation indices 7, 7 and the indices of ® signifying PS group representations.
As in the case of SO(10), this yields the relation Y, = Y; = Y,. However, the matrices
are not required to be symmetric anymore, although such symmetry can come as
a consequence of embedding PS into SO(10). Analogously to the case of SU(5), the
above relation, valid at the renormalisable level, can be modified using a VEV breaking
PS to the SM gauge group and fixing index contractions with the use of messenger
fields. In particular for this thesis, the most interesting CG factors between (Y );; and
(Yy):; are given by: %, 1, 2, =3, 9. For more details, see [49, 54].

4.3 Soft Supersymmetry Breaking in GUTs

Since, in unified theories, multiple MSSM superfield representations are put together
in a smaller set of irreducible representation of the unified gauge group, this naturally
also has some consequences for the soft breaking terms, given in their most general
form in eq. (3.30). In particular, if we do not assume a very restrictive SUSY breaking
scheme such as the cMSSM, the restrictions from certain symmetries can still provide
breaking schemes that are not as arbitrary as the parametrisation of the pMSSM. In
the following, we will give a very brief review over the structures obtained this way, as
will become important later in chap. 6.

4.3.1 Soft Scalar Masses

We divide the effects that unified symmetries have on the scalar soft masses mfg into
two categories: the ones caused by the unified symmetry itself and those caused by
symmetry breaking patterns.

The first category is rather trivial. Namely, if two or more MSSM fields ¢; are part
of one single unified irreducible representations ®, the unified symmetry imposes the
condition that their soft SUSY breaking scalar masses are equal,

2 2
mi: =m5 =---=m
1 ¢2

: (4.18)

S

at the scale of unified symmetry break-down.

Another possibility, as discussed in [55], is that the larger unified symmetry group
contains a U(1) factor as subgroup, which is broken both by a regular scalar component
VEV and by a VEV in the D component of some field. The latter constitutes direct
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SUSY breaking which is mediated to the visible sector via the D-term potential, leading
to contributions to their soft scalar masses proportional to their U(1) charge,

Am? = q(6)D . (4.19)

where ¢(¢;) is the charge of the field ¢; under the broken U(1) symmetry and D is the
SUSY breaking D component VEV. Assuming unification at most to the exceptional
Lie group Ejg, which contains two U(1) factors in addition to hypercharge U(1)y, this
yields a basis of three linearly independent D-term contributions Dg, Dx and Dy,
with charges defined in [55], that have the form

1 1 1

AmézéDY_gDX_gDS’ 1 1
1 9 Améc:Dy—gDX_gDSa
Am%:—ﬁDy+DX—§DS, ] 5 5
Am~c:——Dy——DX__DS
u ’ 1 2

13 3 5 3 Am%,d:—EDY—gDXWLDSa

Am§c=§Dy+Dx—§DS,

with D; being of the order Mg gy, i.e. of the size of usual soft SUSY breaking terms.
In the absence of effects that leave the unified symmetry in tact and give universal
contributions, this results in ratios between the soft term fixed by the symmetry group
structure. For more information, we refer the reader to [55].

4.3.2 Gaugino Masses

The case of gaugino masses proceeds quite similar to the one of soft scalar masses. In
the case of purely symmetry based situations, the MSSM gaugino masses are required
to be equal,

Ml = MQ = M3 , (421)

at the scale of GUT symmetry break-down, or some subset of these equations in the
case of non-grand unification.

Symmetry breaking effects for gaugino masses, on the other hand, can enter via
GUT non-singlet fields that develop SUSY breaking VEVs in their F component and
appear in the gauge kinetic function. This way, as can be seen from eq. (3.7), they can
generate possibly non-universal gaugino mass terms [56]. Since the VEVs of such F-
terms are determined by the structure of symmetry break-down, these gaugino masses
exhibit fixed ratios between the different MSSM gaugino mass parameters. For exam-
ple, following the F-term VEV of a GUT Higgs field H in the 200 representation of
SU(5), we obtain gaugino mass ratios of

My :My:Ms=10:2:1, (4.22)
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assuming the field H appears to linear order in f,;, D H. For more information and a
review over possible ratios generated this way, we refer the reader to [56].

Another possibility is provided in string theories via contributions to f,;, related to
anomalies and string threshold corrections [57]. In this thesis, we will only consider a
simplified model based on orbifold compactification, called the O-IT model. It generates
gaugino mass ratios of the form

33
M1 : MQ : M3 = (—(5(;5 + E) : (—5(;5 + 1) : (—(5(;3 - 3) y (423)
with a negative integer constant dgs as required by an anomaly cancellation condition.
This is effectively a combination of universal gaugino masses and the ratios found in
anomaly mediation, see sec. 3.3.1. For more details, see [57].

4.4 Proton-Decay and Doublet-Triplet Splitting

Unfortunately, GUTs also have a problem where they possibly clash with experimental
results: they break baryon and lepton number explicitly since they incorporate baryons
and leptons into joined representations under the gauge symmetry. This in turn leads
to the instability of the proton which has not been observed yet [15] (even if matter
parity is conserved as assumed here). In the following, we give a very brief review over
what contributions to the proton decay width can be expected. We will restrict our
discussion to the unification to SU(5) — unification to SO(10) encompasses the same
contributions and more as it contains SU(5) as a subgroup.

Mediation via Vector Bosons From eq. (4.6), we know that the adjoint repre-
sentation of SU(5) contains a vector-like pair of leptoquark superfields with mass
My ~ Maur. As gauge bosons, they have interactions where they couple at the same
time to quarks and leptons contained in the same GUT multiplet. Thus, when they
are integrated out, they give rise to dimension six operators in the Kahler potential of
the form )
K> % (Q'Qluce” + QTLidue) + hec. , (4.24)
v
where we suppressed generation indices and g5 is the SU(5) gauge coupling. They give
rise to proton decay via diagrams of the form shown in fig. 4.2. The naively expected
structure of vector boson couplings involving o, can be reconciled with eq. (3.5) via
the identity (0#),;(0u) . = 2€ac€j as is relevant for two component spinors. Using a
naive estimate for proton decay width,

~ A2

(4.25)

p

5& ‘ “Bgcn
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Figure 4.2: Schematic diagram of proton decay via a four fermion dimension six
operator (dark grey dot) originating from the terms in eq. (4.24) (but not exclusive
to supersymmetry).

with the unified structure constant as & g2 /47 and the proton mass m,, together with
the experimental constraint 7(p — 7%™) > 1.6 - 1033 years, we find a lower bound on
the mass of the leptoquark vector boson My of

My > 310" GeV (4.26)

where we used a5 = 1/25 as motivated by fig. 4.1 and also chap. 5, see also [58]. Since
the GUT scale is about 10'® GeV, GUT models usually have no problem with this
bound.

Mediation via Higgs Triplets Another additional superfield that couples to quarks
and leptons is given by colour triplet partners T' and T of the Higgs doublet H, 4 as
implied by their SM decomposition in eq. (4.7).2 These colour triplets couple to the
MSSM multiplets via Yukawa interactions of the form

1 _ _ _
WD~V QQT + Yy QLT + Yy u'e'T = Vogud'T +mr TT , (4.27)

where we again suppressed generation indices for simplicity. These Yukawa coupling
matrices Y, Yy, Yy and Y4 are automatically implied by the SU(5) Yukawa couplings
of egs. (4.8) and (4.11) when taking into account T and T. As gauge coupling unifica-
tion assumes only the MSSM spectrum up to the GUT scale, these colour triplets must
be quite heavy and split from the doublets, leading to the “doublet-triplet splitting
problem”. When they are subsequently integrated out, they generate dimension five

2Note that this assumes the embedding H,,, H; — 5,5. In the case of 45 dimensional representa-
tions, the following also applies and is even exacerbated by the additional SM multiplets contained in
the representation 45.
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Figure 4.3: Example diagram of superpartner dressing for dimension five operators
(dark grey dot) originating to arrive at dimension six operators for use in fig. 4.2. For
more details, see [58].

and six operators that lead to proton decay and are schematically given by

1 |1
W o — §Y}1qY;ﬂ QQQL + Y, Yyqueusde| , (4.284a)
mr
Y*Y,e Y*Y,
K D 9 iQtuce’ + L QT LTd*u’ + h.c. (4.28D)
mr mr

again with generation indices suppressed. Similar to the case of leptoquark vector
bosons, we can again make a naive estimate of the lower bound on the triplet mass due
to the dimension six operator: since Y, and Y4 are related to Y; by GUT relations,
we substitute s in eq. (4.25) with the square of the GUT-scale Yukawa coupling
yq ~ 0.5-107°/ cos 3 as taken from chap. 5. For tan 8 = 30, this yields a equally naive
bound of

mp 2> 2-10" GeV . (4.29)

For the dimension five operators, the situation is not as straight forward as they do
not directly lead to proton decay. Only when the superpartners of the SM fields are
integrated out at their mass scale Mgugy, ‘dressing’ of the dimension five operators with
loops of superpartners (see fig. 4.3 for an example) leads to dimension six proton decay
operators similar to the four fermion interactions resulting from the other dimension six
operators. However, this dressing only results in a suppression mass scale of my- Msysy
instead of m?%. Subsequently, the lower bound for the colour triplet mass (appearing
in the dimension five operators) was found to be [59]

myp > 10" GeV (4.30)

for which Msysy < 1 TeV was considered. Thus, the doublet-triplet problem (DTS)

~

is one important shortcoming of GUTs, as (naively) the colour triplets must not only
be split from the Higgs doublets but also partially from the GUT scale itself.
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CHAPTER 5

Running Flavour Parameters

5.1 Motivation

For finding the structure of a theory that implements grand unification and tries to
explain the structure of the fermion masses and mixing parameters, one important
ingredient is the determination of the Yukawa couplings and other quantities at the
relevant renormalisation scales. This is done using renormalisation group (RG) running
with intermediate thresholds between different effective theories where appropriate.
GUT models of flavour can then be compared with experimental data at the scale
where the model is defined or alternatively at a single energy scale without the need
to explicitly replicate experimentally determined quantities from more accessible ones.
Both of these approaches have been recognised as useful [60].

Concerning experimental data, over the last years, while precision has increased in
the lepton mixing sector with the measurement of the mixing angle 672~ [22] and
subsequent improvement in global fits [16], also in the quark sector, the precision for
light quark masses has improved significantly, as reported by the Flavour Averaging
Group (FLAG) [61] and as stated in the more recent update of the Particle Data Group
(PDG) review [15]. Combined, both sectors have now become powerful constraints on
models for fermion masses and mixing.

Therefore, it is worth to revisit what consequences these advancements in precision
have on the values and allowed ranges of the running quark and charged lepton flavour
parameters at various energy scales. After a calculation of this strictly in the SM up
to a few TeV, we match the SM to the MSSM and take into account tan § enhanced
threshold corrections [31, 32, 33, 34] and run all flavour parameters up to the GUT
scale Mgyt = 2 - 10'6 GeV. For this, the threshold corrections are parametrised in a
simple way, so that they can easily be included in GUT model building considerations.

This chapter is therefore organised as follows. After describing the numerical input
and procedure in sec. 5.2, our parametrisation for the inclusion of SUSY threshold
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corrections is shown in sec. 5.3. In sec. 5.4 and 5.5, we present our results for the
flavour parameters at the renormalisation scales y = My, 1 TeV, 3 TeV and 10 TeV
and at Mqyr, respectively.

5.2 Numerical Analysis

Using the same notation as in [62], with M, denoting pole masses and my(u) the
running MS masses, the low energy input values used in our analysis are as follows:

For the light quark masses (at y = 2 GeV, with ny = 2+ 1 active flavours), we use
the values from the PDG review of 2014 [15],

=2754+1, my=48"3MeV, m,=954+5MeV, (5.1)

where myq = (m,, + mg)/2. Furthermore, also from [15], we use

me(my) = 1.275 £ 0.025 GeV (ny =4) (5.2a)
mp(mp) = 4.18 £ 0.03 GeV (nf=5), (5.2b)
M, =173.21 £ 1.22 GeV (pole mass) , (5.2¢)
a(My) = 0.1185 £ 0.0006 (with n; = 5) , (5.2d)
M, = 0.510998928 £ 0.000000011 MeV (5.2¢)

M,, = 105.6583715 4= 0.0000035 MeV , (5.2f)

M, = 1776.82 + 0.16 MeV | (5.28)
1/a(My) = 127.940 £ 0.014 , (5.2h)
52 = 0.231258 + 0.000089 . (5.21)

For the quark mixing parameters, we use the values as determined by the UTFit
collaboration [63] as of summer 2014:

sin 612 = 0.2255 £ 0.0005 , sin 653 = 0.0417 £ 0.0006 , (5.3a)
sin 613 = 0.00363 £ 0.00012 , 0 =1.211 +0.059 . (5.3b)

The Higgs self-coupling is extracted from its mass my, = 125.7 + 0.4 GeV [15].

The input values for the QCD parameters (quark masses and ;) are evolved to
My = 91.1876 GeV [15] using the Mathematica package RunDec [62], as described
in app. A. The running lepton masses at My in the low energy theory of QED are
computed from their pole masses as in [64]. All fermion masses are then matched from
QCD x QED to the standard model, taking into account electroweak and Higgs boson
contributions to the running masses as described in app. B. Subsequently, the running
fermion masses are converted to Yukawa couplings according to my = ysv/ V2 with
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the Higgs VEV v = 246.220 GeV as obtained from G, while g, a and sinfy, are
used to calculate the gauge couplings g; (in GUT normalisation, see sec. 4.1).

The parameters at M are passed to a modified version of the Mathematica package
REAP [65], which performs the running to the desired higher scales. The modifications
compared to the standard version of REAP include two loop SM and MSSM RG equa-
tions [66, 67] for all quantities, automatic conversion of MS to DR quantities [68] at the
SM-MSSM threshold as well as the handling of tan 8 enhanced threshold corrections
as described in the next section.

Note that all quantities are calculated in the context of the SM or MSSM, i.e. with
vanishing neutrino masses. Due to the fact that the Weinberg operator does not enter
the running of Yukawa couplings in the MSSM with Majorana neutrino masses, it is
straight-forward to generalise our results also to models with seesaw mechanism at
high energies. Only above the seesaw scale, where neutrino Yukawa couplings appear
in the effective theory, this approach is merely an approximation. We will come back
to this sec. 5.5.

5.3 Inclusion of the SUSY Threshold Corrections

Most commonly, to obtain parameters at high energies in a supersymmetric theory,
the SM has to be matched to the MSSM at some scale. A common approximation,
which we will also use in this study, is to do this at one single threshold scale Mgsysy,
where all superpartners and fields beyond the SM are integrated out simultaneously.
In particular for moderate or large tan 8, radiative threshold corrections to Yukawa
couplings [31, 32, 33, 34] can be large since some of the contributing diagrams are
enhanced by a factor tan 3. Due to this enhancement, they can even exceed the one-
loop running contribution and all relevant uncertainties. It is therefore mandatory
to include them for the analysis of the running quark and charged lepton Yukawa
couplings in SUSY models.

These tan § enhanced corrections are most conveniently described in the basis where
the up-type quark Yukawa matrix Y, is diagonal. Then one can write the matching
conditions for the quark Yukawa couplings as

YIM ~ yMSSM i 3| (5.4a)

VM~ (14 Ay + A YMSMeos | (5.4b)

with the matrices (1672)A% = VormTgVicy tan 8 and (167%)A% = T, tan 8 defined
in terms of the matrices I'y and I', as defined in [32]. Contributions without tan /3
enhancement have been dropped from eq. (5.4) as they amount to corrections at less
than percent-level. In the following, we neglect them since we will not claim better
accuracy for the relevant GUT-scale Yukawa couplings. The correction matrix I'y
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corresponds to the contribution from gluinos, while I', gives the contribution coming
from charginos and up-type squarks — in particular it contains the correction involving
the trilinear soft breaking matrix A,. Note that the formulae given in [32] do not
include correction due to neutralinos, i.e. the bino and one wino, which we do include
in the following discussion.

Neglecting effects from inter-generation mixing in Ay and A, and extending the
concept to charged leptons, the matching conditions can be simplified to

YSM ~ yMSSM i 3| (5.5a)
YoM & (1 + diag (g, ng, 1y +14)) YN cos 3 (5.5b)
YeSM ~ (1 + diag(ne, ne,my)) YeMSSM cos 3 . (5.5¢)

Additionally, we approximate that the first two generations of down-type quarks and
charged leptons each receive the same threshold corrections, which is a good approxi-
mation as long as there is no significant mass difference between first and second gen-
eration squarks and sleptons respectively, which is a common feature of many SUSY
scenarios.

Six parameters appear in egs. (5.5): 7, and 7; are dominated by the gluino contribu-
tion but also include the corrections from loops with winos and binos. The parameters
ne and 7, only parametrise corrections from electroweak gauginos and are thus often
smaller than n, and 7. The parameter 74 originates from chargino-stop loops and
depends mainly on the trilinear soft SUSY breaking term A,. Assuming the trilinear
soft breaking matrix A, to be hierarchical (like the quark and charged lepton Yukawa,
matrices), the correction only enters for the third generation. An analogous correction
does not appear for the charged leptons due to the absence of right-handed neutrinos.
As the n’s all contain a factor of tan 3, they are often also written as n; = ¢; tan 3.
They can be calculated explicitly once a SUSY scenario is specified. For formulae
for the one-loop results in the electroweak-unbroken phase, we refer the reader to
e.g. [31, 32, 33].

From egs. (5.5) one can see that the Yukawa matrices only depend on four combi-
nations of the six parameters, which means two can be absorbed. First, the parameter
1, can be absorbed in a re-definition of 3 — f3, such that

cos B := (1+mn))cosf3, (5.6)

or equivalently (to a good approximation) tan 3 := (1 +n,)~tan 8. Introducing fur-
thermore the parameters 7, 7, and 7, as

My =1y + 14— 1), (5.7a)
Mg = Ngq — 772 ) (5-7b)
ﬁg =Ny — 7’]2 s (570)
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we can rewrite the matching conditions of eqgs. (5.5) as

YSM ~ yMSSM i 3| (5.8a)
YdSM = (]l + diag(ﬁ(b ﬁlb ﬁb)> YdMSSM cos B ’ (58b)
VM ~ (1 + diag(7, 7, 1)) Y5 M cos 5 (5.8¢)

In the following, we consider moderate or large tan 3, i.e. tan /3 > 5, where we can
approximate sin  ~ sin 5. As mentioned above, the lepton correction parameters 7,
n, are typically smaller than 7,, 7}, and are therefore often neglected. In our parametri-
sation neglecting 7., 1, would simplify egs. (5.8) with 5 = . However, since the effects
of n, and 7, can be relevant (cf. e.g. [33]), we prefer to include them in the analysis.

In tab. 5.2, we give the values of the running SM parameters, converted to the DR
scheme as used in the analysis above Msysy. They can be used to calculate the MSSM
Yukawa matrices Y,, Y; and Y, at Msysgy, with threshold corrections included, from
egs. (5.8). Explicitly, in the basis where Y, and Y, are diagonal, we obtain the Yukawa
matrices from tab. 5.2 as

YoM = diag(yy ve " w) (5.92)
VM = Ve (012, 035, 0157, 675M) diag(yd™, o5, 15™) | (5.9b)
YO = diag(y™, v v2 ) (5.9¢)

in the parametrisation of chap. 1, i.e. conjugated compared to PDG parametrisation
for Yukawa matrices [15]. Using these expressions for the SM Yukawa matrices, the
MSSM Yukawa matrices at Mgysy are then given as

1
yMSSM ~ ySM_— (5.10a)
sin 3

1 1 1 1

YMSSM (g, ( : , ) YoM 5.10b

! S\Tta, T+a T+m/) ¢ cosh (5100)

1 1 1

YMSSM ~ diag ( — ,1) ySM — (5.10¢)

14+, 141 cos 3

Finally, we emphasise that the parameters 7, and 7, only correct the Yukawa couplings
of the first two generations of down-type quarks and charged leptons, whereas 7, affects
the third generation. This has the following advantage: since 7, and 7, only induce
corrections to Yukawa couplings which are comparatively small, their effect can be
neglected in the S-functions when calculating the RG evolution of the parameters. To
a good approximation, the RG evolution thus only depends on 7, and tan 3. This will
be useful to simplify the discussion of the effects of the SUSY threshold corrections on
the running parameters at Mgyr in sec. 5.5.
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5.4 Results at Low Scales

The results at renormalisation scales up = Mz, 1 TeV, 3 TeV and 10 TeV, as calculated
within the SM in the MS scheme, are given in tab. 5.1. All quantities converted to the
DR scheme can be found in tab. 5.2. The stated uncertainties were obtained from a
Monte Carlo analysis based on the uncertainties of the input parameters as stated in
sec. 5.2. They are given as (marginalised) highest posterior density (HPD) intervals
(corresponding to the 1o uncertainties). For more information on the used statistical
relations, see app. C.

5.5 Results at the GUT Scale

To determine the running parameters at the GUT scale Mgyt = 2 - 106 GeV, we
perform the matching between the SM and the MSSM at the scale Mgygy, as described
in sec. 5.3. From egs. (5.8), in leading order in small mixing approximation, one can
explicitly obtain the relations between the eigenvalues (or rather singular values) of
the SM and MSSM Yukawa matrices as

Vit = Yuop sinf (5.11a)
Yas = (L+1) ygy " cos 3, (5.11b)
o (L+ ) gy cos 3 (5.11c)
Yoy = (L+7) g2y cos B (5.11d)
M = M cos 5 (5.11e)

The relation between the SM and MSSM mixing parameters of the CKM matrix is
given by (again in leading order in a small mixing approximation)

L

o5 ~ i[ T st (5.12a)
UL

o1 ~ 015" (5.12b)

§2SM ~ §EMSSM (5.12¢)

In addition to not being affected by threshold corrections (for the given parametri-
sation) to a very good approximation, Q‘f’QSM and 095M are also stable under the RG
evolution. Having calculated the other MSSM quantities, their running between Msysy
and Mgyt indeed depends to a good approximation only on 7, and tan 3, as already
mentioned in sec. 5.3. This allows to present their GUT-scale values as only two-
dimensional plots of functions of 7, and tan 3 only (for a fixed Mgygy). Since the left
hand sides of egs. (5.11) and (5.12) do not depend on any threshold correction param-

eters, the 7, and tan $ dependence of the quantities on the right side at the GUT scale
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is given purely by the non-commuting of RG evolution and application of the matching
conditions and is therefore not as strong.

The resulting GUT-scale quantities for Msysy = 1 TeV are shown in figs. 5.1-5.6,
and the relative 1o uncertainties for the GUT-scale parameters are given in tab. 5.3.
For the third generation Yukawa couplings, the uncertainties depend on 7, and tan 3,
and are given in fig. 5.4. The relative uncertainties for the other parameters are
practically independent of 7, and tan 3 for most of the parameter space. Only in the
parameter regions in the GUT-scale figures very close to the grey area, where one of
the third generation Yukawa couplings becomes non-perturbatively large, i.e. larger
than /47, also these uncertainties can increase accordingly.

In addition, we also show the values of the GUT-scale ratios v;/y, and y./y, as
functions of tan 3 and 7, in fig. 5.7. As one can see both the ratios y./y, = 1 and
the alternative ratio y,/y, = 3/2 [49] are accessible for reasonable SUSY threshold
correction and tan 3 values. The SO(10) relation y, = vy, = vy, would imply 7, =
—0.159, tan f = 49.8. It is interesting to note that the GUT-scale Yukawa coupling
ratios v, /ys and y./yq do not depend on tan $ and 7, to a good approximation. This
happens because the factor cos/ from the matching conditions cancels out and 7,
affects the RG evolution of both the numerator and denominator quantities in the
same way, i.e. via the trace terms in the RG equations. The ratios at Mgyr (assuming
Msysy = 1 TeV) are then given by

1417 L+ 10)ye
( ""W)yu %4'38410.22 ( +n€)y %0.41+0'02 (513)

(14 ﬁq)ys 0257 m -

One can also derive the following relation at Mguyr,

Yu Ya

v 10.715:3 (5.14)

where the dependence on all threshold correction parameters and even on Mgygy drops
out to an excellent approximation®.

Effect of Neutrino Yukawa Couplings As mentioned earlier, due to the use of
the SM and MSSM only, the shown results are only valid for vanishing neutrino masses.
However, in the case of Majorana neutrino masses generated by the Weinberg operator
of eq. (2.3) or its SUSY equivalent, the RG equations for all dimensionless quantities
remain unchanged. When the Weinberg operator is generated by a seesaw mechanism?,
at the high scale of right-handed neutrino Majorana masses My the theory has to be

matched with one that also contains neutrino Yukawa coupling matrices Y, in its RG

INote that, of course, this is not the case if first and second generation threshold corrections are
not approximately equal.
2To be specific, we assume a seesaw type I mechanism hereafter.



46 5. Running Flavour Parameters

equations. If we estimate their relative effect on the RG running from the scale My
to Mgyt as

1 My
0, ~ Y, |[?ln [ —— 1
el () | (5.15)

with the Euclidean norm of the neutrino Yukawa matrix ||Y,||, and the heaviest light

neutrino mass by
v

SN

Al
My

my =

(5.16)

b |

we arrive at the relation

my MN 1 MN
0, ~ 0.0041 1+ —— 14+401ln ——— ) . 5.17
2 eV 1012 GeV ( * tan26> ( LTI GeV) (5.17)

Thus, assuming tan 2 5 and light neutrino masses saturating the limit of 2 eV
given by [15], demanding 6, < 0.5%, i.e. an effect on the charged lepton Yukawa
couplings below the allotted relative uncertainty, requires right-handed neutrino masses
of the order My < 10 GeV, or in other words Y, < O(0.1), following eq. (5.16).
Since the other flavour quantities have larger uncertainties or are affected less directly
than the charged lepton Yukawa couplings, they provide no further constraints on the
applicability of our results.

Dependence on the SUSY Scale Of course, the GUT-scale quantities also depend
on the SUSY scale Mgygy. To quantify this, we performed the same analysis also for
Msusy = 3 TeV and 10 TeV. Generally speaking, we find deviations from the values in
the figures at the few percent-level, which additionally also depend on the parameters
tan 3 and 7j,, while the relative uncertainties as given in tab. 5.3 do not change signifi-
cantly. It is unfortunately not possible to simplify the data and eliminate one of those
two parameters by a change of parametrisation due to the fact that different quantities
depend differently on y™M and yM5M | thereby picking up independent combinations
of tan B and 7.

Thus, the only possibility to show an accurate picture of the deviation is to replicate
all figures for the other SUSY scales, which we will do not do in this thesis for the sake
of briefness. Nevertheless, one can find some trends in the change of the GUT-scale
quantities from Mgygy from 1 TeV to 10 TeV:

e CKM mixing angles 63 and #y3 generally increase by about 3 to 5% in most parts
of the shown parameter space, but also up to 10% in parts where one Yukawa
coupling is large, i.e. near the non-perturbativity (NP) region.

e The top Yukawa coupling decreases by about 2 to 5%, with up to ~ 10% near
the NP region.
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e All other Yukawa couplings tend to increase by varying amounts, but can nev-
ertheless also decrease near the NP region, although the parameter space where
this happens is quite small (in the parametrisation shown in the figures). The
effect for the first two generations of down type quarks, up type quarks and
charged leptons is equal to a good approximation, respectively.

For further details, we refer the reader to the full data set available online at
http://particlesandcosmology.unibas.ch/files/maurerv/RunningParameters-thesis.tar.gz ,

which should be used when actual numbers rather than trends are necessary.
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| SM Quantity | =My =1TeV =3 TeV =10 TeV
ySM /1076 6.9 Y 6.0 iy 5.6 e 5.3 Ay
ySM /1070|1577 0L 1362 T0oei 1280  Thoa 1220 oo
ySM /107 | 3.12 o1s 2.70 s 2.55 o1 2.42 +0.13
ySM /1073 [3.59 o1 3.008 o0 2.928  To08 2.770  T50%
yp™M /1072 |1.643  +0.015 |1.390  4+0.013 [1.305 5012 1.226  +0.012
YoM 0.9833  Ho0m 0.8656  TO9076  10.8248  +0.0075 |0.7864  40.0075
oM 0.22746  =£0.00051 |0.22746 +0.00051 [0.22746 +0.00051 |0.22747 +0.00051
oM /1072 | 4171 +0.060  |4.258  F9062 4.291 0060 14325 40.062
oM /1073 |3.63 +0.12 3.71 +0.12  |3.73 +0.12  |3.76 +0.12
§9SM 1211 +0.059 [1.211  £0.059 [1.211  40.059 |1.211  +0.059
ySM /107¢ |2.795169 +0.000016 |2.8479  TOo018  |2.8640  FOoT  |2.8773  To00%
yM /107 15.900762 T00000i0  |6.0121 OO0 [6.0461 9008 [6.0742  £0.0073
y3M /1072 |1.003101 Tooo00es | 1.02204  Fo000ee  [1.02781  Foiotes | 1.0326  +0.0012
g3 1.2148 10003 1.0563  40.0020 |1.0020  40.0017 |0.9513  =£0.0014
g 0.65171 =£0.00013 |0.63923 +0.00012|0.63371 +0.00012|0.62781 =£0.00012
9 0.461462 *J0000%8  10.467812 T0 o000 |0.470806 F39000s8 | 0.474150 =£0.000040

Table 5.1: Values of the running SM quantities in the MS scheme at multiple renor-
malisation scales p together their marginalised highest posterior density (HPD) inter-
vals (corresponding to the 1o uncertainties). The gauge coupling g; is given in GUT
normalisation, i.e. g7 = 5/3 ¢’*>. The uncertainties are calculated with a Monte Carlo

analysis from the uncertainties for the input parameters as given in sec. 5.2.
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’ SM Quantity‘ pw=1TeV =3 TeV =10 TeV
ySM /1076 |5.9 e 5.6 e 5.3 e
ySM /1075 |1.351  FO143 1279 *ouse 1212 04
ySM /1074 |2.67 s 2.53 o 2.40 BT
ySM /1073 |3.072  H00%0 2.907  Toos 2.752 10080
ypM /1072 [1.379  £0.013 1296 1302 1.218  +0.012

YoM 0.8584  *00072  o.8187 99072 |o.7812 0007

oM 0.22746  40.00051|0.22746 40.00051|0.22747 40.00051
0LoM /1072 |4.258 0002 4.291  +0000 4.325  +0.062
puM /1073 |3.71 +0.12  [3.73 +0.12  |3.76 +0.12

54SM 1211 +0.059 [1.211  40.059 |1.211  =+0.059
ySM /1076 |2.8498 o008 128658 FO002T 128791 +0.00%
yM /107 16.0161 TR0 |6.0500 0028 [6.0779  £0.0073
ySM /1072 11.02271  FO00065 11.02847  FO9%0%8  11.0332  40.0012

gs 1.0601  #+0.0020 [1.0052  +0.0017 |0.9540  =0.0015
9 0.63978 =£0.00012{0.63425 =0.00012|0.62833 40.00012
g 0.467812 0000039 10.470806 T00000se | 0.474150 40.000040

Table 5.2: Values of the running SM quantities at renormalisation scales u = 1 TeV,
3 TeV and 10 TeV, converted to the DR scheme for use in an analysis above Mgysy,
together their marginalised highest posterior density (HPD) intervals (corresponding
to the 1o uncertainties). The gauge coupling g; is given in GUT normalisation g7 =
5/3¢%2. The values can be used when applying the matching rules of eqs. (5.10)
which include the tan S-enhanced SUSY threshold corrections. When calculating the
uncertainties for the Yukawa couplings of the charged leptons, we recommend to use
a relative uncertainty of 0.5% instead of the smaller statistical error given above, in
order to account for theoretical uncertainties, e.g. from the non-tan S-enhanced SUSY
threshold corrections.
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0.6 -
0.4}

0.2}

~0.6
10 20 30 40 50 60 70
tan 8 tan 8
(a) yp5M sin B (b) y5M sing /1073

10 20 30 40 50 60 70

tan 8
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Figure 5.1: Results for the running Yukawa couplings y%VISSM, y}:\/ISSM and y}YISSM

at Mgyt in the DR scheme, multiplied by sin 3 (assuming Mgysy = 1 TeV). As
discussed in sec. 5.3, the GUT-scale quantities can be given to a good approximation
as functions of the two parameters tan 3 and 7, only. They are defined in egs. (5.6) and
(5.7), respectively. If the threshold effects for the charged leptons are neglected, tan 3
simply reduces to the usual tan 8. In the dark grey regions of the plots, at least one
of the Yukawa couplings becomes non-perturbative before or at Mgyr. The relative
uncertainties for the parameters are summarised in tab. 5.3. The dependence of the
relative uncertainties for the third generation Yukawa couplings on tan /3 and 7, is
shown in fig. 5.4. For the other parameters the relative uncertainties are independent
of tan 8 and 7, to a very good approximation.
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10 20 30 40 50 60 70 T10 20 30 40 50 60 70
tan 8 tan B
(a) (1+m) y})\/ISSM cosf3 /1072 (b) (14 7q) yE/ISSM cosf3 /1074
0.6 [~

0.4

10 20 30 40 50 60 70

tan B8
(c) (1+1q) yg/ISSM cos 3 / 107

Figure 5.2: Results for the running Yukawa couplings y},\/ISSM, y}g\/ISSM and y

Mgyt in the DR scheme (assuming Msysy = 1 TeV), multiplied by the respective
threshold correction factor and cos 3, cf. egs. (5.11b) and (5.11c). As discussed in
sec. 5.3, the GUT-scale quantities can be given to a good approximation as functions
of the two parameters tan 3 and 7, only. They are defined in eqs. (5.6) and (5.7),
respectively. If the threshold effects for the charged leptons are neglected, tan 5 simply
reduces to the usual tan 5. In the dark grey regions of the plots, at least one of the
Yukawa couplings becomes non-perturbative before or at Mgyr. For further details,
see the caption of fig. 5.1.

é\/ISSM at
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(a) MM cos 7 / 1072 (b) (1+70) 915 cos 3 / 10~

0.6
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tan 8
(c) (1+1) yMMcos 3 / 1076

Figure 5.3: Results for the running Yukawa couplings yMSM y}YISSM and yMSSM at

Mgyt in the DR scheme (assuming Mgysy = 1 TeV), multiplied by the respective
threshold correction factor and cos 3, cf. egs. (5.11d) and (5.11e). As discussed in
sec. 5.3, the GUT-scale quantities can be given to a good approximation as functions
of the two parameters tan 3 and 7, only. They are defined in egs. (5.6) and (5.7),
respectively. If the threshold effects for the charged leptons are neglected, tan § simply
reduces to the usual tan 8. In the dark grey regions of the plots, at least one of the
Yukawa couplings becomes non-perturbative before or at Mgyr. For further details,
see the caption of fig. 5.1.
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10 20 30 40 50 60 70 ) 10 20 30 40 50 60 70
tan 8 tan 8
(a) o(yp5M) /55N (b) o(yy"55M) /yy"55M
0.6 [~

0.4
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(€) a(p1ss) sy

T

Figure 5.4: Relative uncertainties for the GUT-scale values of the running third
generation Yukawa couplings y55M y})\/ISSM and yM3M (assuming Mgysy = 1 TeV).
Analogous to the GUT-scale Yukawa couplings themselves, their uncertainties can also
be given as functions of only tan 3 and 7, to a good approximation. The parameters
B and 7y, are defined in egs. (5.6) and (5.7), respectively. If the threshold effects for
the charged leptons are neglected, tan 3 simply reduces to the usual tan 3. In the
dark grey regions of the plots, at least one of the Yukawa couplings becomes non-
perturbative before or at Mgyr. For further details, see the caption of fig. 5.1. The

relative errors for the other parameters are summarised in tab. 5.3.
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10 20 30 40 50 60 70 10 20 30 40 50 60 70

tan 8 tan B

() (1+7ig)/(1+17) 035"™M /1073 (b) (1 +7) /(1 + i) 03" M / 1072

Figure 5.5: Results for the CKM mixing angles H(féMSSM and H%MSSM at Mqur in
the DR scheme (assuming Msysy = 1 TeV), multiplied by the respective threshold
correction factor, cf. eq. (5.12a). The results of the mixing angles at the GUT scale
can be obtained by multiplying the values in the plots by [(1 4+ 7,)/(1 + )] L. As
discussed in sec. 5.3, the GUT-scale quantities can be given as functions of only tan j3
and 7, to a good approximation. The parameters 3 and 7, are defined in eqs. (5.6)
and (5.7), respectively. If the threshold effects for the charged leptons are neglected,
tan 8 simply reduces to the usual tan 3. In the dark grey regions of the plots, at least
one of the Yukawa couplings becomes non-perturbative before or at Mgyr.
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10 20 30 40 50 60 70

tan 8

(c) g3

Figure 5.6: Results for the gauge couplings g1, g» and g3 at Mgyt = 2-10'% GeV in
the DR scheme (assuming Mgysy = 1 TeV), in GUT normalisation, i.e. g% =5/3g".
As discussed in sec. 5.3, the GUT-scale quantities can be given as functions of only
tan 3 and 7, to a good approximation. The parameters 3 and 7, are defined in
egs. (5.6) and (5.7), respectively. If the threshold effects for the charged leptons are
neglected, tan § simply reduces to the usual tan 8. In the dark grey regions of the
plots, at least one of the Yukawa couplings becomes non-perturbative before or at

Mgur.
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MSSM Quantity z; | Relative Uncertainty o(z;)/z; at Mgur

yMSSM 29%
y15SM 8.5%
yMSSM 5.3%
yMSSM 3.3%
Y SSM see fig. 5.4
yMSSM see fig. 5.4
g9 M5M 0.22%
04,\15M 1.5%
g9, M155M 3.3%
§9MSSM 4.9%
yMSSM 0.6%
Yy 0.6%
yMSSM see fig. 5.4
93 0.09%
9> 0.025%
% 0.020%

Table 5.3: Relative uncertainties o(z;)/z; for the running GUT-scale parameters z;,
assuming Mgygy = 1 TeV. For the third generation Yukawa couplings the relative
uncertainties depend on tan 8 and 7, as shown in fig. 5.4. As explained in the caption
of tab. 5.2, we have used 0.5% relative uncertainty for the charged lepton Yukawa
couplings at Msysy. This is enlarged to 0.6% uncertainty at Mgy, as shown here,
due to RG effects and the uncertainties for the other parameters.
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10 20 30 40 50 60 70 ’ 10 20 30 40 50 60 70
tan 8 tan 8
MSSM /, MSSM MSSM /, MSSM
(@) vy (b) ¥ [y

Figure 5.7: Values of the GUT-scale Yukawa coupling ratios yiVISSM /y},VISSM and

leV[SSM / y})\/ISSM as functions of tan 8 and 7, for Msysy = 1 TeV. The parameters 3
and 7, are defined in eqgs. (5.6) and (5.7), respectively. If the threshold effects for
the charged leptons are neglected, tan 3 simply reduces to the usual tan3. In the
dark grey regions of the plots, at least one of the Yukawa couplings becomes non-
perturbative before or at Mgyr.
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CHAPTER 6

Hints from Electroweak Fine-tuning

6.1 Motivation

For quite some time, the LHC experiments ATLAS and CMS only found negative
results in their search for new particles, e.g. in direct searches for superpartners [69],
based on ~ 5 fb~! of data. Fortunately, they did find a new resonance, mainly based on
excesses of events in the vy and ZZ* channels. Soon after the report of this discovery,
found to be consistent with a SM Higgs boson with a mass of m;, = 125.7£0.4 GeV [15],
it was realised that such a mass was compatible with low-energy SUSY, specifically
the MSSM, provided quite heavy top squarks (with masses 22 O (1) TeV) and/or large
left-right stop mixing (see for instance [70]) are present.

At first glance, the negative results of direct SUSY searches and the comparatively
heavy Higgs boson mass are thus consistent with each other. However, since a major
motivation for the postulation of SUSY is the solution of the hierarchy problem —
naively requiring superpartner masses of the electroweak symmetry breaking scale — it
suggests itself to ask whether the MSSM can accomplish this task in a still satisfyingly
natural way.

Regarding high-scale (i.e. GUT-scale) SUSY breaking scenarios, it turns out that
in the cMSSM a significant amount of fine-tuning (at least 2 O(100)) is unavoidable
to explain a Higgs mass of m;, ~ 126 GeV for stabilising the electroweak scale. We
thus want to investigate this issue of naturalness in the context of models where one
or more of the soft breaking parameter universality assumptions of the cMSSM are
relaxed.

To find promising and simple GUT-scale SUSY breaking schemes that deviate from
the cMSSM, we adopt the following strategy: we start by considering a generic setup
with 17 independent parameters, resembling the phenomenological MSSM (pMSSM)
(see sec. 3.3.1), but defined at the GUT scale, in order to identify the parameters
that are most significant for the fine-tuning of the electroweak scale. This allows
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to find rigid relations among the parameters where fine-tuning is decreased. After
discussing multiple possibilities, we mainly focus on non-universal relations among
gaugino masses, whose possible impact on fine-tuning has also been studied before the
LHC results by [71, 72, 73].1

In this context, we will then study the interplay between fine-tuning, model pre-
dictions for the Higgs boson mass and the GUT-scale ratios of gaugino masses as well
as third family Yukawa couplings. In our numerical analysis, we include various ex-
perimental constraints, e.g. from BR(b — sv), BR(Bs — ptp~) and BR(B, — Tv;).
We do not impose strict constraints from requiring that the (g — 2), deviation from
the SM is reconciled using SUSY particles.

The rest of this chapter is organised as follows: in the next section we present a
semi-analytical way to study the dependence of the electroweak scale on the parameters
of the GUT-scale boundary conditions as inspired by the pMSSM. Thanks to this, we
can examine regions with low fine-tuning and identify non-universal gaugino masses as
most promising candidate. In sec. 6.3, we briefly revisit the dependence of GUT-scale
Yukawa coupling ratios on low energy SUSY threshold corrections and the dependence
of the latter on the SUSY spectrum. Subsequently in sec. 6.4, we present the results of
an extensive numerical analysis of fine-tuning in the MSSM scenario with non-universal
gaugino masses (at the GUT scale) and compare the results to various experimental
constraints, most importantly the discovery of the Higgs boson at around 126 GeV.

6.2 Fine-Tuning in the MSSM

Fine-tuning in the MSSM has been extensively studied in the literature, starting
with [77].2 In the following, we present a brief review of the problem in order to
introduce the concepts of our analysis and comment on the corrections beyond tree-
level that we have included [73, 79)].

As shown in eq. (3.31b), in the MSSM, the Z-boson mass can be expressed in
terms of tan 3, the supersymmetric mass parameter p and the soft SUSY breaking
mass terms of H, and Hy. For moderate and large tan 3, the relation can be simplified
(to a good approximation) to

M7

L |l = miy, + O,/ (tan B)) (6.1)

The right-hand side can be expressed in terms of fundamental parameters of the SUSY
breaking scheme by considering the renormalisation group evolution of y and m%{u
from the GUT scale to the low energy scale. Since experimental constraints force the

LA discussion of the fine-tuning price of a 126 GeV Higgs after the first hints in December 2011
within several SUSY models has been also given in [74] (see also [75, 76]).
2For an extensive list of references, see e.g. [78, 74].
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soft SUSY breaking parameters to be somewhat larger than M, a certain amount

of tuning between p and m%{u is needed. In order to quantify this fine-tuning, the

following measure has been introduced [77]

0 10g M VA
dloga

A, = (6.2)

| a oM
B ’2M§ da
The value of A, gives the dependence of My on variations of a given fundamental —
i.e. presumably GUT-scale — Lagrangian parameter a. The value of such a quantity has
an intuitive interpretation: for instance A, = 100 implies a necessary cancellation to 1
part in 100. This definition not only covers the obvious fine-tuning needed for p needed
to fulfil eq. (6.1), but also the tuning needed for cases where cancellations between large
fundamental parameters result in a small quu via competing RG evolution effects. The
global measure of fine-tuning for a given point in parameter space is then defined as
the maximum of all single parameter A,’s as in

A =max A, . (6.3)

Going through the single parameter contributions A, one by one, one first sees that
the fine-tuning in p is special as its low energy value is determined by demanding the
experimentally measured value of M. Hence, neglecting RG effects for the moment,
A, can be approximately expressed in terms of m7, as

miy
22—+ 1

Mz
Of course, in our numerical analysis later, the running of y is included.

The discussion of the fine-tuning measures A, of other parameters is more involved
as they enter eq. (6.1) only via the RG evolution of m7 . It is, however, possible
to approximately express quu as a polynomial in the high-energy parameters of the
theory, such that

A =~

'LLN

. (6.4)

a omy
M Oa

A, =~ , (6.5)

for all parameters a # p.
The coefficients of this polynomial depend strongly on the top Yukawa coupling
y; and the strong gauge coupling constant a,. Therefore it was argued in the litera-
ture that these two parameters should be included in the fine-tuning measure as well,
see, e.g. [80, 81]. However, since they are measured — in contrast to the parameters
introduced in the SM to MSSM transition — there are different approaches for includ-
ing them in the global fine-tuning measure A. In this study, we will follow previous
works [80, 81] and use the approach to weight them with their experimental uncertainty
o, e.g. for y,,
oy OM2
2M2% Oy,

oy Y OMj
Yt 2M§ oy,

: (6.6)

Yt
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and similarly for the strong coupling constant. Note that we have to use the RG evolved
experimental error at the GUT scale, which is bigger than the lower energy one for the
top Yukawa coupling and smaller for the strong coupling constant. In our numerical
analysis later on, we used the mean values at low energies M; = 172.9 £+ 0.6 £ 0.9 GeV
(the top quark pole mass) [82] and as(Mz) = 0.1184 &+ 0.0007 [82] with the relative
uncertainties a;fl = 4% and o= = 0.2% at the GUT scale.

In the following, we present semi-analytical formulae for the dependence of the low-
scale quu on the assumed fundamental soft SUSY breaking GUT-scale parameters,
which can be used to tell where one can expect a reduction in fine-tuning. Note
that, for the sake of simplicity and manageable equation size, we do not include the
parameters y; and a4 in our semi-analytical discussion. Nevertheless, their effect will
be included in the numerical analysis as described above.

Going beyond tree level, one has to take into account loop effects [73, 79], which
modify the original eq. (6.1). The effect of this is two-fold. On the one hand, the
Higgs potential is obviously modified; on the other hand loop corrections also affect
the Higgs vacuum expectation value v. We will not go into a detailed discussion here,
but we notice that taking into account all the relevant corrections roughly reduces the
fine-tuning by a factor M%/m?, where my, is the light Higgs boson mass. Such an effect
is clearly sizeable in the parameter region of interest, where my ~ 126 GeV.

Before we come to the semi-analytical discussion, we would like to remark that a
fine-tuning measure should be taken with some caution. It is a matter of personal taste
how much fine-tuning one accepts as “natural” and also the used definition might differ
according to preference. Thus, we want to stress that the aim of this study is mainly
a comparison of different parameter regions. A relative difference in fine-tuning would
then render one region more attractive to us than another one.

6.2.1 Fine-Tuning with pMSSM Parameters

As mentioned above, we express m%{u in terms of the GUT-scale parameters inspired
by the pMSSM low energy parametrisation, shown in sec. 3.3.1. In particular, we
consider the same parametrisation with one scalar soft mass for the first and second
generation and one for the third generation per sfermion type and take the gaugino
masses to be non-universal also at the GUT scale. Regarding the trilinear couplings,
we ignore the parameters for the first two generations and set them equal to the third
generation one. Instead of low-scale p and the CP-odd Higgs mass mg,, we use the
GUT-scale value of m7; and mj; as free parameters and denote them by mj and mj
respectively the minimise the potential for confusion.

Due to the form of the RG equations of the soft breaking parameters (see e.g. [67]),
the dependence of the low energy scale quu on the GUT-scale parameters can be
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written as ]

2 2
where the parameters m? are soft scalar masses and the parameters N; = (My, My, M,
Ay, Ay, A;) are the gaugino masses and trilinear couplings®, which we assume to be real.
The parameters a; are real and the matrix b;; is a general symmetric (and real) 6 x 6
matrix.

To make the deviation from the universality assumptions of the cMSSM more ob-
vious, we introduce the following dimensionless quantities:

Na = My /My with a=1,2,3, n;,=A;/Ms withi=1¢b,7, (6.8)
which, of course, implies n3 = 1. Thus we can write

Ni - M3 : (77177727 773777t777b777‘r) . (69)

The fine-tuning measure as introduced in eq. (6.3) can now be easily written down as

m;
20—

A, =
i M%

, A =max A, , (6.10)

for the scalar masses, and for the other soft terms

A Zj NZbZ]N] .
N, = |5 | (nosumoveri), Ay =maxAy,, (6.11)
M7 ¢
and for p
AM ~ 221 2217] J*"] + 1 (612)

M

Having this in mind, we turn to expressing quu at the SUSY scale in the mentioned
parameters. For this, we use the best fit point found by the global cMSSM parameter
fit Fittino [83], corresponding to M3 = 1.016 TeV, m; = 0.504 TeV for every ¢, n; =
N;/M; = (1,1,1,—2.825, —2.825, —2.825), tan § = 18 and u positive. Using softSUSY
3.2.3 [84], we find the semi-analytical expansion
M, | ygeuey = 0-655mp, +0.026mj,
—0.048m3, +0.108mz; — 0.049m% +0.051m3 — 0.051mg
1 1 ¢ 1 1
—0.342m% — 0.267m3z, — 0.022m3, +0.025m7 — 0.025mg,
3 3 S 3 3

3To be explicit, the trilinear parameters A, are defined such that, e.g., the trilinear matrix A, is
given by A, = A;Y, at the GUT scale. They are thus a generalisation of the cMSSM parameter Ag.
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+ Mz (0.0030 7 — 0.1191n7 + 0.0018 n?)
+ M2 (0.0008 11, 4 0.0006 1 1 + 0.0003 1, 1) (6.13)
+ M2 (0.2790 7; + 0.0066 13 + 0.0118 7,
+ M2, (0.0131 7, + 0.0001 1 + 0.0001 7,
+ M2 15 (0.0713 1, — 0.0006 17, — 0.00127,)
— MZ (1.3460 + 0.0346 17, — 0.0165 77
+0.1392 75 — 0.2256 15 + 0.0052 1 175) ,

where 73 has already been replaced with 1. Already at first glance, it is easy to see that
the most significant contributions come from the stop and Higgs soft mass parameters
and from the gluino mass.

The coefficients a; of eq. (6.7) can be directly read off from eq. (6.13). In order to
show the terms involving the parameters 7; = N;/Mj3 in a transparent way, we also
display the coefficients b;; as a (symmetric) matrix:

0.033 —0.0052 —-0.0346 0.0131  0.0001 0.0001
0.4512 —0.1392 0.0713 —0.0006 0.0012
b — —2.6920 0.2790  0.0066 0.0118 (6.14)
" —0.2382  0.0008 0.0003 | - '
0.0060  0.0006

0.0036

Even though the coefficients a; and b;; were numerically obtained in the vicinity of a
specific point in parameter space, we checked that they provide a reasonably accurate
estimate of m%{u in wide regions of parameter space. The corresponding uncertainty
of the coefficients can be estimated as roughly of the order of 10 — 20%. This is good
enough for the qualitative discussion we present on possible strategies to reduce the
fine-tuning in the following subsections. Nevertheless, the results we present in sec. 6.4
are based on a full numerical analysis, with the RG evolution and fine-tuning of all
parameters computed in each point of the parameter space separately.

6.2.2 Our Strategy

In order to find SUSY breaking schemes with reduced fine-tuning, we assume that the
underlying model of SUSY breaking predicts certain fixed relations between the SUSY
breaking parameters at a high energy scale (e.g. at the GUT scale). As a consequence,
cancellations among different terms in eq. (6.13) can occur naturally, which can lead
to a reduced fine-tuning. Such a behaviour is a well-known property of models with
universal scalar masses (like the cMSSM), for which the coefficients a; in eq. (6.13)
cancel almost completely.?

4This property is known as “focus point” [85, 86].
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As mentioned above, the coefficients a; and b;; depend strongly on the top Yukawa
coupling and the strong coupling constant and thereby both enter the fine-tuning
measure. Following our discussion before, we weight the individual fine-tuning in these
quantities by their experimental uncertainty. It turns out that the fine-tuning in the
strong coupling constant is then very small and only the fine-tuning in y; plays a role.
Due to the rather involved dependence of the coefficients on these two parameters
we will only include their effects in the numerical results. For the semi-analytical
discussion here, we have fixed 3; and «g, and checked that varying them within their
experimentally allowed ranges does not change the results qualitatively.

In the light of the Higgs discovery, the cMSSM unavoidably has a certain amount of
fine-tuning either from quite heavy squarks or from a large A-term (in maximal mixing
scenarios). In this study, we therefore consider the possibility that the underlying
theory predicts different, non-universal (but fixed) boundary conditions at the GUT
scale, namely non-universal scalar masses (NUSM) and non-universal gaugino masses
(NUGM). Although such relations may not hold exactly in realistic models, they may
guide towards more natural SUSY scenarios.

6.2.3 Fine-Tuning from the Scalar Sector Parameters

We will now discuss possible NUSM scenarios motivated by different unified theory
symmetry groups. First, let us point out that the assumption of sfermion soft mass
universality as in the cMSSM features a significant reduction of fine-tuning due to an
almost-complete cancellation between the largest Contributions in eq. (6.13), i.e. be-

tween the term with m} and the terms with m2 & and mZ.. From the point of view of

naturalness, a similar relation between mj and m% s’ m2
3

¢ Is therefore desirable.

Let us now consider non-universal fixed ratios for the soft scalar masses motivated
by unified theories: if we assume that the gauge couplings and the SM fields are
(partially) unified into a smaller set of couplings or irreducible representations as shown
in sec. 4.2, this automatically also means that certain soft breaking terms are related by
symmetry, i.e. they have a fixed ratio. The three candidates for the defining symmetry
groups we consider are SU(5) [46] and Pati-Salam [53], which can in turn both be
embedded in SO(10) [52]. For simplicity, we assume that possible higher order GUT
symmetry breaking corrections that induce further splittings within one irreducible
representation can be neglected in each case and that there is no splitting between the

soft terms of the first two generations as before.
e In the case of SU(5), eq. (6.13) reduces to

_ 2 2 2 2
= —0.009m% +0.002m% — 0.634m2 +0.003m%,
+0.655mj, 4 0.026 mj,, (6.15)

+ gaugino masses and trilinear terms ,

Hy |MSUSY



66

6. Hints from Electroweak Fine-tuning

where m%,_ stands for the masses of the tenplets of SU(5), which contain the
coloured doublet, the up-type coloured singlet and charged lepton singlet fields

(m> 5 = =mi. =mi = m2T) and m% of the fiveplets of SU(5), which contain the
down-type coloured singlet and the lepton doublet fields (m~ = m% = m?%).

We allow an arbitrary splitting of the Higgs fields from the other scalar mass
parameters and also between up and down Higgs themselves. One can clearly

see that the simplest option in order not to strongly increase the fine-tuning is to
2

impose a fixed relation where ms & m;, , because otherwise one has to consider

the fine-tuning from each parameter separately and has to deal with the two
large coefficients, cf. eq. (6.3).

Turning to the case of Pati-Salam, we find

my | . =0.003m? +0.008m7 —0.317m; — 0.314mZ, + 0.681mj,
w SUSY 1 1 3 (616)

+ gaugino masses and trilinear terms ,

where, in this case, [ denotes the left-handed doublet fields (mg2 =mi =m?), T
denotes the right-handed doublet fields (m3 m?l«c = mZ = m7,) and h denotes
the Higgs bi-doublet (mj = mj = mj;). The conclusions are similar to the

SU(5) case. The simplest fixed relation one can impose in order not to increase
fine-tuning compared to the cMSSM is m? ~ mg, ~ mj.

Finally, let us discuss the situation in SO(10) GUTs. Here, our assumptions

allow for independent soft mass terms of the matter fields, mis and mis, and

for the Higgs fields mj, = mj = mj, , yielding

2
Mgy,

2 2 2
+ gaugino masses, trilinear terms ,

which implies that again, a fixed relation beyond the ones from the GUT itself
would have to be imposed (e.g. between m?, and mig, ) in order to not to strongly
increase fine-tuning.

A further more advanced possibility is given by the possibility that the sfermion
soft mass terms are given predominantly by D-term potential contributions, see
sec. 4.3.1. Parametrising the three possible linearly independent D-term contri-
butions as Dy, Dx and Dg as defined in [55], one finds

m? = 0.217 Dy + 0.634 Dx + 0.668 Dg

Hul Mgusy

. . (6.18)
+ gaugino masses, trilinear terms .
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Demanding that all D-term contributions to the sfermion soft breaking terms
remain non-negative, there is a unique fixed relation between the D; that min-
imises the resulting coefficient in eq. (6.18): Dx = —Dg, Dy = 0. This can be
achieved via the existence (and spontaneous breaking) of a U(1) symmetry with
charges ¢(Q) = q(u®) = q(e?) = 0 = q(H,) and ¢(d°) = q(L) = 1 = —q(Ha)
up to normalisation. It might thus be compatible with SU(5) and would imply
vanishing sfermion soft mass terms for all component fields inside ten-plets (as
well as H,) at the GUT scale. Unfortunately, this simply means that there is no
fine-tuning because the parameters with the largest coefficients are zero.

A few further comments are in order. First, one can see that the soft terms for
the first two families enter with small coefficients into m7, . This illustrates the well-
known fact that these soft masses can be significantly larger than the third family ones,
without paying a large price in fine-tuning. Furthermore, in the above discussion, we
have focused on fixed relations from GUT structures. As we have shown, with most
fixed relations alone one would increase fine-tuning compared to the cMSSM case.
From the above equations one can imagine additional fixed relations on top of these
structures which could come from a more fundamental theory and can in principle
reduce fine-tuning by leading to a cancellation in the contributions to m%{u However,
we will not investigate such cases in more detail here.

Another relevant point is that we have only discussed “direct” effects on the fine-
tuning, i.e. the effects on the fine-tuning measure around a given SUSY parameter
point. We note that there can also be “indirect” effects: namely when introducing a
non-universality allows to avoid certain constraints on the SUSY parameter space and
makes regions with lower fine-tuning accessible (e.g. a “compressed” spectrum helps
to evade constraints from direct SUSY searches at the LHC [87]).

Finally, let us note that small splittings in models where the soft parameters are
universal (cMSSM-like) at the leading order and get only corrected by small addi-
tional contributions (e.g. by higher dimensional operators in flavour models, see, for
instance, [88]) can have a certain degree of non-universality without increasing the
fine-tuning too much. However, large non-universalities (O(1)) again lead back to the
same situation as in the general case, as shown above.

In summary, the possibilities to reduce the fine-tuning with fixed relations between
sfermion soft mass parameters seem rather limited and mostly lead to the same relation:
sfermion mass universality as in the cMSSM. Otherwise, the fine-tuning increases
rather than decreases. We therefore consider this case complete and not study it in
more detail numerically.
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Figure 6.1: The two ellipses in the ;-2 plane which minimise the fine-tuning in
the case on non-universal gaugino masses. The red ellipse corresponds to eq. (6.21a)
and the black one to eq. (6.21b).

6.2.4 Fine-Tuning from Gaugino Masses and Trilinears

Having discussed non-universalities in the scalar soft mass terms, we now turn to
gaugino masses and trilinear SUSY breaking couplings. Since they appear together in
the polynomial of eq. (6.13), they cannot be discussed separately. For simplicity, we
concentrate on the case where the trilinear couplings are universal 7, = n, = 1, = na.
In principle, one can also try to reduce the fine-tuning by assuming fixed relations for
M, My, and n,. This leads to a similar discussion as for gaugino masses except that the
required ratios will be quite large due to the smallness of the coefficients involving 7,
and 7, in eq. (6.13).

For the case of non-universality strictly in gaugino masses, the m%{u polynomial
simplifies to

m}; (Msusy) = —Mj (1.3460 4 0.0346 1, — 0.0165 7}
+0.1392 7, — 0.2256 02 + 0.0052 1, 12)
+ M3 n1a(0.2974 4 0.0132 1, + 0.071812) — 0.1125 M3 %

+ scalar masses
= (film.me) + fa(n,me) ma + fana) M3+ ..., (6.19)

where we have again used n3 = 1. The question is now under which conditions the
fine-tuning, as defined in egs. (6.10) and (6.12), is minimised.
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Considering only the sector at hand, the overall fine-tuning is given by

x |2f3773x+f2(m,772)m|,}
e {|2f1(771>772)+f2(171,772)77A’ : (620)

Setting these two contributions to zero yields two possible solutions:

M2
Ax|—2
i

Solution 1: fi(n1,72) =0, na=0, (6.21a)

fa(m,m2)? _ falmm)
ifs L YA

With the parameters in eq. (6.19), the two solutions define two distinct ellipses in the
1m1-12 plane, as shown in fig. 6.1. Later, in our numerical analysis, we will see that this
is indeed a feature found in the parameter space.

Since the trilinear terms have a strong impact on the prediction of the Higgs boson
mass, it is important to discuss the behaviour of 74 in more detail. For the first
solution, the situation is trivial. The second solution can be re-written as

Solution 2: fi(n,n2) = (6.21Db)

na = 1.3516 + 0.0593 1y + 0.7033 /(1 — 0.11387,) (1 + 0.128817,) ,

(6.22)
12 = 0.0934 + 0.0021 1y = 2.2040 /(1 — 0.1138771) (1 + 0.128871) ,

which implies that 0.52 < n4 < 2.24. Interestingly, this implies for example that in the
Fittino best fit point with n4 = —2.825, which we use as benchmark, the fine-tuning
cannot be made arbitrarily small by choosing appropriate 1, and 7,. Nevertheless, the
fine-tuning can be reduced by a sizable factor: adjusting the gaugino mass ratios in
the benchmark point, we find a minimal fine-tuning in this sub-sector of

M;
A= 1.93’W

Z

for n; = —4.60 and 7y = —2.64 | (6.23)

compared to A = 3.65|M2/MZ| for g, =y = 1.

Having discussed the fine-tuning in M3 and 74, we note that there are regions of
parameter space where the fine-tuning in x4 is the dominant contribution to the over-all
A. If we insert the solutions of eqgs. (6.21a), (6.21b) into eq. (6.19), we see that in both
cases the contribution to m%{“ proportional to M3z vanishes completely (assuming 74
fixed to the solution). Assuming there are no significant cancellations, this means that
Im3;. | is decreased as well, which in turn also decreases A, via eq. (6.4).

Regarding prior literature, we note that the first solution for the case n4 = 0 was
already found in [73] — albeit with a slightly different notation setting 7o = 1 instead of
n3 = 1. Consequently, hyperbolas were found instead of ellipses. The second solution,
however, was not discussed therein. Instead, in [71] a related case was studied where
also a fixed relation between the masses scales of gauginos and trilinear parameters
was assumed, while in our analysis 7,4 is a free parameter.
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6.3 Comments on SUSY Threshold Corrections

As shown in the previous chapter, the Yukawa coupling ratios at the GUT scale strongly
depend on the SUSY threshold correction at low scales. Notably for the third family,
phenomenologically interesting possibilities are, e.g., the standard bottom-tau Yukawa
unification y,/y, = 1 or the alternative ratio y,/y, = 3/2, see also [49]. Based on the
spectrum dependence of the SUSY threshold corrections, the GUT-scale Yukawa ratios
are thus interesting discriminators between GUT models and SUSY breaking schemes
respectively. Therefore, in this chapter, we also want to address the question whether
one GUT-scale Yukawa coupling relations might be preferred based on fine-tuning.

In the following, we discuss some details of the parameter dependence of the tan 3
enhanced one-loop corrections to the Yukawa couplings of the down-type quarks and
the charged leptons [31, 32]. For example, for the bottom quark Yukawa coupling, we
can write

Y™ = M1 4 gy tan B) cos B . (6.24)
The correction &, can be decomposed into [89, 33, 90]
el e W ey, (6.25)
where®
G _ _%Migﬂg(uég, ug) . (6.262)
s 1 [g°mM;

(HQ(UQS’ .131) + 2H2(Ud~i7 371))

9% u

1672 | 6

+—9 —nlMgHQ(wQB,wJS) s (626b)
1 392 772M3
w __ -
e =16a g . Hy(vg,, 72) , (6.26¢)
2
o y; meMs
o _167-‘-27[{2(”@37 Uﬁg) . (626d)

Here uj = mf;/Mg, vp = m?//ﬂ, wy = mfc/(nf]\/[g), x; = (PMz2)/p? for i = 1,2 and
the loop function Hj is given by
rlnx ylny

I—2)e—y) O-ypy—2)

In the cMSSM, it is possible to neglect £® and €' in a first approximation since they
are suppressed by the smaller gauge couplings. In NUGM scenarios, this is in general

Hy(z,y) = (6.27)

5Here, all parameters 7; are to be understood as SUSY-scale values. These are, however, directly
proportional to the corresponding GUT-scale values to a good approximation (except for 7;).
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not true anymore because the suppression might be compensated by an enhancement
of the bino or wino mass parameter compared to the gluino one. This becomes quite
important if (and when) our expectation of 7; ~ O(10) from fig. 6.1 also applies
numerically and can result in larger corrections than otherwise available.

Without some in-depth knowledge of the parameter space or simplifying assump-
tions, a quantitative statement is thus quite difficult. In general, one can expect signif-
icant corrections up to 50% for the GUT-scale Yukawa coupling ratios, see e.g. [33, 90].

6.4 Numerical Analysis

To improve our understanding obtained from the semi-analytical treatment, we turn to
our numerical analysis. To this end, we use a modified version of the spectrum calcu-
lator softSUSY [84] to calculate the SUSY spectra, GUT-scale Yukawa coupling ratios
and the fine-tuning. The modifications to softSUSY consist of including the already
mentioned one-loop corrections to fine-tuning and the SUSY threshold corrections for
the Yukawa couplings of all three fermion generations [31, 32, 89, 33, 90].

In a second step, we use the program SuperIso [91] in order to check experimental
constraints for the observables BR(b — sv), BR(Bs — u"p~) and BR(B, — 7v,). The
experimental ranges that were considered are: BR(b — s7) = (355 +£2449)-107° [92],
BR(Bs — putu~) < 4.5-107% at 95% CL [93] and BR(B, — 7v,) = (1.41 £ 0.43) -
107* [94].

Additionally, LEP bounds [82] on sparticle masses were applied and we discarded
points where the 7 is the lightest supersymmetric particle (LSP) and points leading
to colour and charge breaking (CCB) vacuaS. To study the impact of the Higgs boson
discovery, we present results both with and without the Higgs mass constraint. Note
that including constraints from direct SUSY searches at the LHC is not as straightfor-
ward and we will therefore only show a comparison with simplified model searches for
illustrative purposes.

Concerning the 3.20 level (g — 2), discrepancy from the Standard Model expecta-
tion [96], for this study, we consider it an experimental evidence that, while certainly
interesting, still requires a full experimental confirmation from next generation exper-
iments, such as those proposed at J-PARC [97] and at Fermilab [98]. For this reason,
we have not imposed strict constraints on the spectrum based on this discrepancy. In
fact, in the considered scenario, we find only very few and isolated points which satisfy
(9 —2), at 20 and predict a Higgs boson mass in agreement with the recent results.
However, all of them correspond to a fine-tuning larger than O(100).

We have also not imposed constraints for the neutralino relic density nor from direct
and indirect dark matter searches. Such constraints can be evaded by non-standard

5We use the so called ‘traditional’ bound [95]: |(A4)s33]? < 3y} [(m%)33 + (m2e)ss +my;, + |ul?]
and similar formulae for A4 and A..
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Figure 6.2: Lowest fine-tuning in the (a) 11-n2, (b) m-Ms, (c) na-Ms and (d) yi/yp-

yr/yp planes consistent with the experimental bounds described in the text. For

explanations of the parameters, see main text. The Higgs mass constraint is not

included. The lo errors on the quark masses [82] are taken into account by scaling
data points into error ellipses in the last plot correspondingly.

cosmological histories or a different LSP like the gravitino or the axino. Nevertheless,
it is interesting to note that, in the region 7o < 0.57;, the lightest neutralino is
predominantly wino- or Higgsino-like, which implies that the canonically determined
relic density is strongly suppressed. For these parameter regions, one cannot explain
dark matter by thermal relic neutralinos, but at least there is no overproduction of

them.

6.4.1 Before LHC Higgs and SUSY Results

As discussed previously, we expect to find an ellipse shaped region in the 7;-12 plane
where fine-tuning is significantly lower than in the other parts of the parameter space,
especially compared to the cMSSM.
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Figure 6.3: Lowest fine-tuning in the ¢cMSSM in the (a) mo-Ms, (b) na-Ms3 and
(¢) y+/yp-y-/yp planes consistent with the experimental bounds described in the text.
For explanations of the parameters, see main text. The Higgs mass constraint is not
included. The 1o errors on the quark masses [82] are taken into account by scaling
data points into error ellipses in the last plot correspondingly. In plot (a), we also
included the LHC exclusion limits [99, 100, 101] as solid, dashed and dotted lines
respectively for illustrative purposes — these were not applied as constraint anywhere.
Note the different scale for M3 and different point density for y;/y, due to different
values for tan 8 compared to fig. 6.2.

To study this in detail, we performed a parameter scan over the following region
in NUGM parameter space: the soft scalar mass parameters were set to be universal
m; = m for every ¢ and varied from 0 to 4.5 TeV, the GUT-scale gluino mass M3 from
0.15 to 2 TeV, and 1, = g, = 1, = 14 from —20 to 20 for tan 3 = 2,10, 15,20, ...,60.”
For the ranges of the gaugino mass ratios, we scanned over —40 < 1; < 45 and
—10 < ny < 10. Both signs for 1 were allowed. In the scan, we have dropped all points

"Note that in the data for the cMSSM part of the scan, taken from [6], tan 3 only takes the values
10, 15, 20, 30, 40, 50.
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with a fine-tuning larger than 200.

Fine-tuning was calculated for the parameters m, u, Ag = naMs, Ms, y; and as.
Tuning in the ratios 7;, 17 was neglected as they were assumed to be fixed by some
underlying model. In all plots where contours are shown instead of points only, outliers
that are very far away from their neighbours are still shown as isolated points instead
of being incorporated into the contour. In addition, unless stated otherwise, all plots
show values marginalised over parameters not shown.

As shown in fig. 6.2a, we indeed find an ellipse shaped region that allows for quite
low fine-tuning without being excluded by experimental bounds. While the semi-
analytical results shown in fig. 6.1 do not exactly reproduce the numerical results,
they still give a good qualitative understanding. Compared to the cMSSM with the
same experimental bounds, we find a fine-tuning A lower than 3 instead of just below
10, see fig. 6.3. In the following, we will focus on this elliptical region of low fine-
tuning and consider only points in the 7;-1n plane where the minimal fine-tuning is
Apin < 10.% The curve in fig. 6.2a, where the fine-tuning has its minimum in the 7;-1,
plane, is approximately given by the ellipse

m \? N2\ 2
(15.0) + (2.6) =1 (6.28)

Next, we take a closer look at the dependence of fine-tuning on the other parame-
ters. In fig. 6.2b, we can clearly see that introducing non-universal gaugino masses can
significantly weaken the dependence of A, on the gaugino mass scale compared to
the cMSSM in fig. 6.3a. While the latter only allows for a minimal fine-tuning lower
than 20 for M3 < 400, the same now applies up to M3z ~ 2.2 TeV. On the other hand,
the fine-tuning dependence on m (resp. mg in the cMSSM) remains largely unchanged.

Furthermore from fig. 6.2c, we can roughly see the same behaviour for large n4 as
in fig. 6.3b, while for small 4 from —2 to 4 we find two peaks at n4 = 0 and 74 ~ 2.
These are the values for 14 required for solution 1 and the upper end of the range
quoted for solution 2 of eqgs. (6.21a), (6.21b) respectively.

Finally, for the GUT-scale Yukawa coupling ratios shown in fig. 6.2d and 6.3c, a
few comments are in order. First, we note that the semi-discrete nature of the plot
in the y;/y, direction is directly related to the discrete values over which we scanned
tan 5. Next, we notice that, in contrast to our analysis in [6], the ratios in the cMSSM
found here are much more restricted — however, with the same conclusion that a b-7
Yukawa coupling ratio of 3/2 is favoured by fine-tuning compared to 1. This difference
is made up entirely by the exclusion of colour and charge breaking vacua. On the
other hand, going to non-universal gaugino masses restores most of the freedom in
Yukawa coupling ratios (as expected from possible enhancements of e and £7) and

8Depending on the other parameters, this restriction can cause the minimal fine-tuning in other
projections to increase but, interestingly, this does not significantly change the appearance of all
affected plots, indicating that being on the ellipse is indeed a necessary condition for small fine-tuning.
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as expected the fine-tuning price of all ratios is reduced greatly. Again comparing the
b-1 Yukawa coupling ratio of 3/2 with the case of b-7 Yukawa unification yields a slight
preference for 3/2 with a minimal fine-tuning of A ~ 5 vs. 9.

6.4.2 Results including LHC Higgs and SUSY Searches

In the light of the discovery of the Higgs boson at the LHC, it is interesting to analyse
the consequences of non-universal gaugino masses for naturalness of the (non-universal)
MSSM under this additional aspect. In fig. 6.4, we show the same plots as in fig. 6.2
with the additional experimental constraint from the CMS experiment, m;, = 125.3 £
0.6 GeV [102], on top of which we include a theoretical uncertainty of £3 GeV [103]
for the Higgs mass calculation at each point in parameter space.

As one can see in fig. 6.4a, non-universal gaugino masses can accommodate this
additional constraint even with a fine-tuning lower than 20 — actually just above 10
and in a very small region of parameter space even slightly below 10. This happens,
e.g., around 7y ~ 0, 71 ~ 15 and to a lesser degree also around 7; ~ 0, 172 ~ 2.6 and
in the part of the ellipse in between. The reasons why these regions are favoured after
including the Higgs results can readily be deduced from the beta functions [67] of the
stop soft masses and the stop trilinear coupling (at the GUT scale):

32 2
1678z D —géurMs (g + 615 + E”f) = —gaur M5 fo(ni,m) . (6.29a)
2 2 2 (32 32 5\ _ 2
167 5m§c 2 —gaurM; 3 + 15 ) = ~Ycur Mg fu(misn2) (6.29b)
, , 32 26 ,
167764, O —gGurMs £} + 672 + 1_5771 = —gcurMs falm, n2) - (6.29¢)

The dependence of the functions fq, f, and fa on 1 = r, cos ¢, 72 = r,sin¢ on the
approximative ellipse given by eq. (6.28) is shown in fig. 6.5. It can easily be seen that
the gaugino mass contribution to right-handed stop masses is greatly enhanced for the
angles ¢ = 0,7, i.e. my = 0, |n1| ~ 15, while it does not significantly differ from the
cMSSM value elsewhere. The contribution to the left-handed stop mass, on the other
hand, receives a smaller but still sizable enhancement over the cMSSM value, but does
not vary as much along the ellipse. Furthermore for ¢ = 0, i.e. 71 ~ 15 and 7y = 0,
the contribution to the running of A; receives a sizeable enhancement, which is present
to a lesser degree also for ¢ = 7/2, i.e. m; = 0 and 7, ~ 2.6. However, for angles in
the other quadrants, where at least one 7); is negative, the cancellation with the large
gluino mass running contribution precludes a similar enhancement in f4. In practice,
these three effects turn out to be effective only when they work in unison to obtain a
high enough Higgs mass without entailing increased fine-tuning.

The changes in fig. 6.4b are not very surprising: regions with low masses get cut
off. Also the changes in fig. 6.4c are not unexpected, the solution with ns > 0 is
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disfavoured more than the solution with n4 ~ 0, as the latter does not suffer from the
cancellation with the gluino mass contribution to the running of the top trilinear soft
term. Unsurprisingly, either large n4 or large M3 (hence large top trilinear coupling)
is needed to accommodate a consistently large Higgs mass.

Regarding the Yukawa coupling ratios shown in fig. 6.4d, we see that the minimal
fine-tuning required for a unified b-7 Yukawa coupling ratio suffers more from the
requirement of a consistent Higgs mass than the ratio of 3/2. Namely after applying
the constraint, the fine-tuning for y,/y, = 3/2 can go down to A = 30, while y, = y,
requires at least a A of 60. This is also nicely illustrated in fig. 6.6, where we have shown
the interplay between the Higgs mass, the GUT-scale y,/y, ratio and the minimal
amount of fine-tuning A.

Another important aspect of LHC experiments are the searches for superpartner
particles. Since changes in the gaugino mass ratios n; and 7, can significantly alter
the composition of the lightest neutralino® as well as the mass splittings controlling
jet energies and missing Er from the cascade decays, the exclusion regions for the
cMSSM do not apply anymore. A full event and detector simulation would, however,
go beyond the scope of this study. Instead, we make use of exclusion bounds derived
in so-called simplified model searches [104, 69]. For simplicity, we simply juxtapose
the spectra found by the numerical scan with some representative bounds in several
simplified model types. While this is not a rigorous approach, it should serve as general
guidance how endangered by exclusion each point is.

The resulting situation is shown in fig. 6.7. Without the Higgs mass constraint, in
most plots, the region with A < 3 is partially inside the excluded region, while even
A < 10 extends far beyond the bounds. Requiring a Higgs boson within 1o of the
experimental measurement [102] (including 3 GeV theoretical uncertainty as explained
before) even excludes more than what direct SUSY searches exclude in some areas. It
is important to note that, even in this quite restrictive approach, all of the parameter
space with high m; and A < 20 is safe from being excluded by the shown constraints.

Furthermore, it is also interesting to look at the correlation between the Higgs and
several sparticle masses, which is shown in fig. 6.8. Here, we can see that for low
fine-tuning relatively light neutralinos and charginos are expected. This is due to the
fact that p is small in this region, so that Higgsinos are expected to be light. Also,
the gluinos and the lightest stop can be rather heavy in our scenario with low fine-
tuning (A < 20 for mg 2 1.5 TeV and m;, 2 1.0 TeV). The LHC still has not reached
this region of parameter space. Hence stating that all natural regions of the MSSM
parameter space are already ruled out seems to be premature.

9Actually, low fine-tuning generally also means quite low p, so Higgsino-like lightest neutralinos
and charginos are quite likely.
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M, N2 Apin  Origin
1,1 118 cMSSM (Gaugino Unification)

10,2 12 200 of SU(5) [56]
D2 18 770 of SO(10) — (1,1) of SU(4) x SU(2)g [56]
1 36 770 of SO(10) — (1,0) of (SU(5)" x U(1))sipped [56]
—£,3 46 210 of SO(10) — (75,0) of (SU(5)" x U(1))aippea [56]
2.f 13 O-Il with dgg = —6 57, 73]
¥,2 28 O-II with égs = =7 [57, 73]
2,3 44 O-II with dgs = =5 [57, 73]

Table 6.1: Selected theoretically motivated ratios and the minimal possible fine-
tuning they allow after imposing the experimental constraint m; = 125.3 + 0.6 GeV
[102] with a theoretical uncertainty of £3 GeV [103] for the Higgs mass calculation.
Only ratios that can reduce the fine-tuning by at least 50% compared to the unified
(cMSSM) scenario are shown. For more details on the origin of these ratios, see
e.g. [56, 73, 57]. The results are illustrated graphically in fig. 6.9.

6.4.3 Favoured Non-Universal Gaugino Mass Ratios

As mentioned in sec. 4.3.2, fixed non-universal gaugino mass ratios may originate
from various high energy models, for instance from GUTs or orbifold scenarios (see,

g. [56, 73, 57] for discussions). In tab. 6.1 and fig. 6.9, we show examples of proposed
fixed ratios 1y, 1o for which we find that the fine-tuning can be reduced by more than
50% compared to the cMSSM.

Interestingly, among the orbifold models O-II of [57, 73|, from the full numerical
results including the constraints from the LHC Higgs results, we find that the option
(m1,me) = (25—1, %) based on dgg = —6 has the lowest possible fine-tuning with A;, = 13.
In contrast, based on analytical estimates in [73] and before the Higgs results were
available, the preferred ratio was (n1,72) = (2, 3) with dgg = —5.1°

The GUT ratios with the lowest fine tuning, with A.,;, = 12, turns out to be
(m1,m2) = (10, 2). For the ratios found to be favoured in [73|, we find significantly higher
fine-tuning, e.g.: Apin = 82 for (ny,12) = (=5, 3), Amin = 141 for (91, 12) = (—%, —%),
Apin = 143 for (m,m2) = (1, -1).

Finally, as discussed at the beginning of sec. 6.4, for 7y < 0.5y, the neutralino is
dominated by its wino (or Higgsino) component. This implies that the relic density

10The parameter dgg is a negative integer constant associated with Green-Schwarz anomaly cancel-
lation, cf. [57, 73]. The gaugino mass ratios are then n; = —dgg+b;, with the beta function coefficients
b; = (33/5,1,-3).
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is strongly suppressed and there is therefore no danger of overproducing thermal neu-
tralino dark matter. Among the ratios listed in tab. 6.1, this applies to (11, 72) = (10, 2)
and (n1,72) = (2, 1). For the other ratios of tab. 6.1, 7, > 0.57; holds and, at least
in principle, thermal neutralino dark matter could be possible, assuming a standard
thermal history of the universe. As already mentioned, we have not applied dark mat-
ter constraints in our analysis to not impose model-dependent choices on the thermal
history of the universe.
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Figure 6.4: Lowest fine-tuning in the (a) n1-n2, (b) m-Ms, (c) na-Ms and (d) v /yp-
yr/yp planes consistent with the experimental bounds described in the text. For
explanations of the parameters, see main text. In contrast to fig. 6.2, we have included
the CMS experimental constraint mj; = 125.3 £ 0.6 GeV [102] and a theoretical
uncertainty of +3 GeV [103] for the Higgs mass calculation at each data point. The
1o errors on the quark masses [82] are taken into account by scaling data points into
error ellipses in the last plot correspondingly.
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Figure 6.5: Dependence of the gaugino mass contribution functions fqg, fu, fa (left
plot/black, left plot/red, right plot respectively) to left-handed stop soft squared mass
m2~, right-handed stop soft squared mass m%a and stop trilinear coupling A; as defined
by eq. (6.29). For the ellipse of low fine-tuning, the rough form of eq. (6.28) was used
with the definition ¢ = arg(m; + in2). The corresponding value of f, for the cMSSM
with 1 = n2 = 1 is shown as a dashed line in the same colour. Note that f,, has been
rescaled by a factor 5 for illustrative purposes.
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Figure 6.6: Lowest fine-tuning in the my-y;/y, plane consistent with experimental
bounds described in the text for non-universal gaugino masses (left) and universal
gaugino masses (right). The horizontal lines correspond to the 1o error of 0.6 GeV
around 125.3 GeV as claimed by the CMS collaboration [102]. The 1o errors on the
quark masses [82] are taken into account by scaling the data points into error ellipses
correspondingly. In addition, a theoretical uncertainty of 3 GeV [103] for the Higgs
mass calculation at each point in parameter space is included.
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Figure 6.7: Lowest fine-tuning in various planes used for simplified models. Only
points consistent with experimental bounds described in the text are shown. In
addition, for the plots on the second and fourth line, the points are subjected to the
experimental constraint my, = 125.34+0.6 GeV [102] assuming an additional theoretical

uncertainty of +3 GeV [103] for the Higgs mass calculation.

The corresponding

bounds due to LHC SUSY searches [69] are shown as thick dark red lines. Note that
the bounds should only be used for general guidance on how direct SUSY searches
at the LHC affect our results, as we did not perform a full detector simulation. For
more details, see the main text.
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Figure 6.9: Lowest fine-tuning in the 7;-12 plane consistent with the experimental
constraint my = 125.34+0.6 GeV [102] including a theoretical uncertainty of +3 GeV
[103] for the Higgs mass calculation. Theoretically motivated ratios that reduce the
fine-tuning compared to the unified scenario by at least 50% and the analytical ex-
pectation are marked as follows: the gaugino unification, i.e. cMSSM, is marked as
empty diamond, circles correspond to ratios derived from GUT symmetry breaking
[56] and squares to ratios found in the so-called O-II model in [57, 73]. For more
details see tab. 6.1.
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CHAPTER 7

Large 0PMNS in Unified Theories

7.1 Motivation

The origin of the quark and lepton masses and mixing parameters and the structure
of their sizes is and has been one of the biggest mysteries in particle physics. As
seen in chap. 5, the quark mixing angles and Yukawa couplings are rather small and
hierarchical with

O M~ 0200, 055 M~24° 0SM =0, =13.02°, (7.1)
while the neutrino mixing angles [16] are rather large with
b 5 a2 45° 05 a2 35° . (7.2)

Soon it was realised that the smallness of mixing angles and Yukawa couplings can
be realised by associating them with a vacuum expectation value that spontaneously
breaks a so-called family symmetry and induces Yukawa couplings by appearing in
appropriate effective higher-dimensional operators [105], leading to relations of the
form y ~ (H)/M for some suppression scale M and symmetry breaking field H. On
the other hand, the large lepton mixing angles were found to be realised to good
precision within the framework of (discrete) family symmetries, leading exactly to
so-called tri-bimaximal mixing [106]

O " =45°, 01" =353, O =0. (7.3)

This is, of course, a very discouraging prediction for experiments that are trying to
observe O7MNS at a sensitivity of a few degrees.

One way to deviate from this without sacrificing predictivity is to use a structure
of the following form. The quark mixing is assumed to come only from the down-type
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quark sector. Thus setting the 1-1 element of the Yukawa matrix of the down and

strange subsector to 0 as in
0 a
e (09 "

fixes all parameters as functions of y4, ys and 6¢ (neglecting SUSY threshold corrections
and assuming no significant effects from third generation mixing). If we now impose

an SU(5) connection between Y, and Y, with a Clebsch-Gordan (CG) factor of —3 in
the 2-2 matrix entry of Y, e.g. via Hy contained (partially) in a 45 representation, we

get
0 a
vyl = (b _36> : (7.5)

This leads to the “Georgi-Jarlskog” [48] mass relations

1
my, = 3msg , m8:§md, (7.6)
if we interpret theses masses to be GUT-scale Yukawa couplings times the electroweak
VEV. Additionally, the non-vanishing mixing 6}, ~ 0-/3 in the e-u sector corrects a
tri-bimaximal neutrino sector so that
1

OV VNS ~ 35 O ~ 3° . (7.7)

For a time, this was an interesting if somewhat common prediction [107], which was
at least within the realm of possibility for detection at reactor neutrino experiments.
However, in 2011 and 2012 it became falsified when the third leptonic mixing angle
OPMNS was measured by T2K, DoubleCHOOZ, DayaBay and RENO, see [22], such that
recent global fits [16] find
O™ = 8.5°40.2° . (7.8)

Additionally, judging from eq. (5.14), the Georgi-Jarlskog mass relations of eq. (7.6) are
now also in tension with experimental data or demand more involved SUSY threshold
corrections to be valid.

Thus, it is interesting to address the following questions:

e How can one get such a large reactor angle 0725 without sacrificing the predic-

tivity of the Georgi-Jarlskog setup?
e Can we generalise the Georgi-Jarlskog relation in a way that is consistent with
current flavour data for neutrino mixing and fermion masses?

e Can we still postdict #5MNS as a simple function of other flavour quantities?
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PMNS
013

e What are the possible values for in such a setup, in particular, is there a

maximum and what is it?
e What constraints does this impose on the structure of the flavour model?

This chapter will thus show a simple generalisation of the Georgi-Jarlskog mass re-
lations and what conditions it has to fulfil to reproduce all relevant data sufficiently
well. It is based on the publications [8] and [9] and represents an updated view on
their contents.

7.2 Non-GUT Conditions and Assumptions

First, we will formulate some general conditions and assumptions that characterise
the Georgi-Jarlskog scenario and incidentally find application in many flavour models.
Nonetheless, let it be noted that, while these conditions are satisfied very frequently,
they may not be the only way to realise a flavour model that reproduces all current
data with less parameters than fitted flavour quantities, although such models might
then not resemble the Georgi-Jarlskog scenario very much.

Motivated by the hierarchical structure of quark masses and mixing angles, we will
assume that the three Yukawa matrices Y,,, Y; and Y, are also hierarchical in structure,
which in particular implies that the left-mixing angles (denoted as 6}, Hfj and 0f;) are
all comparatively small, i.e. of at most size comparable to the Cabibbo angle 0, as is
typical for GUT flavour models in the flavour basis. Let us revisit the relations among
the mixing parameters in these three sectors together with the mixing in the neutrino
sector (angles denoted by 6;). For this, it is useful to remind ourselves of the standard
parametrisation for unitary matrices using Euler angles and all complex phases

U = diag(e'%, e% 7). V . diag(e #1/2 e7192/2 1) (7.9)
where "
C12C13 $12C13 s13€™"
_ i0 i0
V = | —ca3512 — s23513C12€" C23C12 — $23513512€" 523C13 (7-10)
i5 i)
593512 — €23513C12€" —893C12 — C23513512€" C23C13

with ¢;; and s;; denoting cos 6;; and sin 6;;, respectively. The mixing matrices appearing
in charged currents in terms of the sub-sector mixing matrices are given by

Vexm = ViIVa,  Veuns = VIV, | (7.11)

Beginning with the quark sector and expanding to leading order in the small mixing
angles, we obtain the following relations between CKM angles and up- and down-type
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quark mixing [108]:

_i§CKM _igu
01C2KM6 675 Qd &y _ 6“ 167 (712&)

QCKM —iégSKM — ed - 23 _ 0“ 6_1653 , (712b)

OORM =05 — gd =10 _ gu o=i0ls _ gu o=t (d o105 — g %) | (7.12¢)
where the standard Dirac CP phase 0“%™ in Voky can be identified as (cf. [109])

5CKM — 5CKM 5CKM 5CKM ’ (713)

and the phases ¢;; and 5d are associated with the rotation angles ¢} and ij in the up-
and down-type quark sectors, using the same notation as in [108]. As can be seen, this
alternative phase convention has advantages for the formulation of mixing sum rules
and is straightforward in its translation back to standard parametrisation.

Similar formulae are also valid in the lepton sector, where we obtain to leading order
in a small angle expansion treating YMNS as a small parameter [110] and assuming
that the 2-3 and 1-2 neutrino mixing angles are large:

PMNS —iPMNS -y —idY e v v A i(053—0%3) e v v —if

S12 = sipe” 12 + 0 3012323e 287080 — Blych5C e "2 (7.14a)
PMNS, —i6PMNS -y

523 = shye 8 — Ogychye (7.14b)

PMNS —25PMNS v —id e —id¢ v _—idk. e —i0§
0 — 013 3 - 0130236 13 - 9 12 (3236 23 — 0236 23) 9 (7146)

where the leptonic CP phases follow the relations

PMNS PMNS
GEMNS _ _ ¥ | §EMNS _ sPMNS _ Y1 , SEMNS _

2 2

(P3N = ) . (1.15)

[\:JI}—l

The phases MM and EP™MNS are the Majorana phases and d°NS is the Dirac CP
phase. The relations of eqs. (7.12) and (7.14) quickly lead us to two conditions.

Condition 1: As can be seen from egs. (7.14), 67N is comprised of contributions

from 6%, 0f; and 6f, (at leading order). Taking into account the assumed hierar-
chical structure of the quark mixing angles also replicated in ¢§;, the contribution
from 6¢, is usually too small to generate O~ of sufficient magnitude. On the
other hand, 675 constitutes a so far unconstralned parameter, so it would a priori
not be beneficial for predictivity to use it as the source of 9:MNS. Thankfully, the
Cabibbo angle, i.e. the 1-2 CKM angle, is just of the same order of magnitude

as OVMNS . Thus we formulate the first condition to be given by

0/~ 0, 055~0. (7.16)
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Then the first two summands on the right side of eq. (7.14c) drop out and we
obtain, at leading order in small angles and independently of any phases,

OEMNS 9%, 55, A % 05, . (7.17)
In the last step, we have for now inserted a maximal neutrino mixing angle, i.e. 0%, =
45°, to keep the discussion simple. We will come back to the effect of this simplification
later.

A second important ingredient of the Georgi-Jarlskog mass relations is given by
the connection between the Y; and Y, matrices. We will stick to this, even though a
connection between Y, and Y, might also be possible. However, the stronger hierarchy
in the up-type quark masses makes it more difficult to obtain mixing angles of order
O(f¢) in Y,. Keeping this in mind, we arrive at the second condition.

Condition 2: Using Y, as source of mixing in Y, via GUT relations, we require that
0%y = 6c (7.18)

to a good approximation. This may be a consequence of 0%, < 0%, which is a
typical feature of models with hierarchical Yukawa matrices where the stronger
hierarchy in the up-quark sector implies the smaller mixing angles as mentioned
above.

Alternatively, one can also require 6%, = O(f¢), where, however, the right hand
side is to be understood as a predictive (i.e. practically fixed) value involving a
model-dependent fixed number. One example is given by the scenario where 65,
0%, ~ 0. This leads to 0, ~ 12.0° + 0.3° via the quark mixing sum rule,

QCKM
13 —i§CKM

0y ~ |O55M — GORN (7.19)
For more details, see. [108].
7.3 Conditions on Flavour GUT Structures
To arrive at a predictive setup for #7MNS we want to use the same style of GUT

relations as in the Georgi-Jarlskog scenario. It is desirable to keep the number of
parameters as small as possible, which means that the connection between parameters
of Y; and Y, must be one-to-one. We formulate this as the following condition:

Condition 3: To obtain predictive GUT relations, we require that the elements of the
Yukawa matrices Y, and Y; are each dominantly generated by one single joint
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GUT operator. In this case, the matrix elements are closely linked by group
theoretical CG factors, as discussed in sec. 4.2.

Focusing explicitly on the 1-2 submatrix of the first two families, which is a good
approximation since we assume a hierarchical structure of Y, and Y,, and on
Pati-Salam (PS) or SU(5) theories, we can write

(In PS: Y, = (Cdd Cbb)
Ca CoC)
(d b) = (7.20)

a c cgd cga
In SU(5): }g:(d “ )

ab c.c

\

Here, ¢,, ¢y, c. and ¢q4 are the CG factors which relate the elements in the Yukawa
matrices Y; and Y,. Note that, in SU(5) GUTs, Yy is related to Y.”, whereas
in Pati-Salam unified theories Yy is related directly to Y,. As can be seen, this
generalises the Georgi-Jarlskog scenario to more than the single CG factor of
¢. = —3 and (initially) more parameters.

Available CG factors in SU(5) GUTs are, e.g.,

1 3 9
Cay Cpy Cey Cd € {_5717i§7_37§7679} ) (721)

and in Pati-Salam models, e.g.,
3
Ca, Chy Cey Cq € {1, 1,2, —3,9} , (7.22)

see [49] and [54]. For details on their viability in supersymmetric scenarios, see e.g. [49].
For simplicity, we will restrict ourselves to these CG factors.

Note that this condition can be somewhat relaxed in some cases. For instance,
only the matrix elements that enter the determination of 6{, are inevitably subject to
this requirement, while other elements are somewhat less constrained. However, this
can still lead to undesired consequences when considering corrections beyond the small
angle approximation, where all matrix elements might enter significantly, see sec. 7.5.

Additionally, the case where two operators featuring the same CG factor contribute
to the same matrix element is also implicitly covered by this condition as it does
not change the predictivity of the one-to-one connection between Y; and Y.. Note,
however, that in this case other connections between Yukawa matrices, namely the
ones responsible for proton decay might indeed lose predictivity, cf. app. D and sec. 8.4.

From the above, it is clear that the CG factors play an important role. For a
successful model, a consistent set of CG factors, leading also to viable mass relations
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for the first two families, has to be found. As has been studied in [8, 111], multiple
combinations of phenomenologically viable CG factors exist which can lead to a large
OFMNS compared to the Georgi-Jarlskog case. A viable prediction only follows from a

subset of these combinations of CG factors, as we will now discuss in the context of
SU(5) GUTs and Pati-Salam unified theories.

7.3.1 Predictive Setups for /EMNS in Pati-Salam Theories

To obtain a condition for the structure of the CG factors, it is useful to note that
in both SU(5) GUTs as well as Pati-Salam models the mixing angle 6%, is given to
leading order in small angle approximation by

oL ~ 2| ~ 0. (7.23)

On the other hand, the 1-2 mixing angle f, is (in Pati-Salam models) given by

Cp b Cp

Ce

12~ ~ Oc (7.24)

CeC

where the previous equation has been inserted in the last step. Finally, using eq. (7.17)
we obtain

e
GEMNS 01y G Oc b
13

N =R — =9.2°

V2 V2

In the spirit of the original Georgi-Jarlskog setup, we will first consider the case where
the 1-1 entry of both Y; and Y, is set to d = 0. Then, to leading order in small angle
approximation, the quark-lepton Yukawa coupling ratios are given by

. (7.25)

Ce Ce

Yu Ye ~ CaCp

—_— —_—
N’cc|7 ~

Ys

(7.26)

Ce

Note that these relations are assumed to be valid at a very high scale. Thus they
already include possible SUSY threshold corrections.

In the following, we will restrict ourselves to the case c. = —3, as even the two
other choices closest to the (uncorrected) GUT-scale u-s ratio of eq. (5.13), ¢. = 2 or
9, would need SUSY threshold correction exceeding 40%. Unfortunately, this leads to
the same mass relation as the Georgi-Jarlskog scenario [48] and thus no improvement
in this respect.

Assuming that the combined effect of the SUSY threshold corrections to quark and
lepton Yukawa couplings are such that ¢, is consistent with the relation for Z—“ given in
eq. (5.13) within the 1o uncertainty, we can derive the corresponding e-d mass ratio,
assuming that the corrections are the same for the first and second generation. From
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this, we calculate the allowed range for the product |c,c,| requiring to also be in the
1o uncertainty range for the first generation mass ratio. The resulting range is given
by

ce= —3 = |c,0] €10.72,0.94] . (7.27)

This reduces the list of viable values for ¢, and ¢, as given in [54], to ¢, = 3/4, ¢, = 1
or vice versa and hence the ratio || to the discrete values

€ {i%} : (7.28)

As one can see, even the largest ratio only reproduces the same value for 07N as the
original Georgi-Jarlskog scenario in eq. (7.7), as shown in tab. 7.1, and is thus not large
enough to be consistent with the global fit value of 8.5°, even if one includes corrections
as discussed later. Thus we conclude that a Pati-Salam model with a texture zero in
the 1-1 element of Y, and Y, is not viable.

Fortunately, in the case of d # 0, eq. (7.25) still applies to leading order in small
angle approximation and we can formulate a final condition for the GUT structure:

Co
Ce

Condition 4 (PS): In Pati-Salam unified models, the CG factors for the operators
generating the 2-2 element and the 1-2 element are required to be equal,

|e] = [eel - (7.29)

The predictivity of the model can then be saved by requiring the matrices Y; and Y,
to be symmetric, reducing the number of parameters to the same as in the d = 0 case.
One example of such a scenario is discussed in sec. 7.5.

Note that, independently, this condition was also formalised in [112], where, how-
ever, the following case of SU(5) GUTs was not treated.

7.3.2 Predictive Setups for 6EMNS in SU(5) GUTs

As before, we will first focus on the case with vanishing 1-1 matrix element d = 0.
Then, contrary to Pati-Salam the charged lepton mixing angle is given by
Ca

€ ~~
12 =~

(7.30)

CeC

Putting this together with the still valid eq. (7.26) yields a new relation for the reactor

angle,
1 [0}

Yo
0l

GPMNS L e |ce Ce

~ = 7.31
13 \/ﬁyu ( )

Cp Ch
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where it is interesting to note that the dependence on the quark mixing angle is now
inverted. Analogous to Pati-Salam case, only a subset of values for ¢, is consistent
with the requirement of threshold corrections below 40%, namely —3, % and 6. These
restrict the CG factors ¢, and ¢ like before to

ce= —3 = |cucp] €10.72,0.94] (7.32a)
= 5 = el €[1.6,21], (7.32b)
ce= 6 = e, €1]2.9,3.7]. (7.32¢)

Unfortunately, the choice c. = g yields no combinations of ¢, and ¢, that fall into this
range, as the threshold correction to the u-s ratio is too small to shift the e-d ratio
to any of the values available from CG factors, assuming universality of the threshold
corrections over the first two generations.! The other combinations lead to ratios as
appearing in eq. (7.31) of

cc= -3 = |2[e{2,6}, (7.33a)
= 3§ = |=|e{}, (7.33b)
cc= 6 = |2]e{1,26,12}. (7.33¢)

As we can see from the corresponding values in tab. 7.1, only the single combination
with |c./cp| = 12 yields a sufficiently large FMNS that can possibly be made consistent
with experimental data. Interestingly, it is also the only combination that was found
in [111] that was additionally consistent with the value for the ratio of down and
strange quark masses of [113].

This leads us to the following (first) formulation of the final condition for the case
of SU(5) GUTs:

Condition 4a (SU(5)): In case of vanishing 1-1 matrix elements of Y; and Y;, d = 0,
the group theoretical CG factors linking both matrices must have the values
1
Ce=0C, =06, =7 (7.34)
assuming that no CG factors other than the ones of eq. (7.21), i.e. originating
from dimension five effective operators as discussed in [49], are available.

Alternatively and analogously to the Pati-Salam case, one can retain the same amount
of predictivity and allow non-zero 1-1 matrix elements and instead require symmetric
matrices. This leads to the following modified (and arguably simpler) condition:

!Also taking into account other CG factors such as the other ones shown in chap. D provides
some possibilities after all. However, the largest |c./cy| available is still only 6 with ¢, = +9/4,
¢y = 3/4. Other ¢, choices are not affected qualitatively and new ones do not become available with
this extension.
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Ce —3in PS | =3 in SU(5) 6 in SU(5)
OYMNS | 2.3° | 3.1° | 1.7° | 5.1° | 0.8° | 1.7° | 5.1° | 10.1°
Ca I s e A T e N
Co S 11 | £ —3 6 | 3| 1 | —3

Table 7.1: Predicted values for GngNS (in small angle approximation), which arise
with CG factors ¢, ¢q, ¢p and (Yg)11 = (Ye)11 = 0, assuming 6%2 =6c.

Condition 4b (SU(5)): If the Yukawa matrices Y; and Y, are symmetric, the CG
factors of the 1-2 and 2-2 matrix elements have to be the same,

lca] = |en] = |ee| - (7.35)

This symmetry may, for example, be a consequence of the way that the flavour
structure arises out of the breaking of a (non-Abelian) family symmetry.
Note that unlike in the Pati-Salam case, here the symmetry is also desired for a con-
sistent value of 6PMN5 due to the additional transposition in the connection between
Y; and Y., whereas in the former case, symmetry is only needed for full predictivity of
all flavour variables and part of the corrections. For an example on what specific CG
factors can work in this case, see the discussion in sec. 7.5.

7.4 Scenario Overview

For clarity, let us again review the discussed scenario and conditions formulated above
in shorter form. To this end, the general conditions that characterise this scenario are
illustrated summarily in fig. 7.1. In more detail, they are given by:

Condition 1: The 1-3 mixings in m, and Y, shall be small, i.e. much smaller than
the Cabibbo angle ¢,
05~0, 0;~=0. (7.36)

Condition 2: The 1-2 mixing in Yy shall be given by the Cabibbo angle to a good
approximation,

0y ~ 0o (7.37)
which is, for example, automatically satisfied in models with 0%, < 0,.
Condition 3: The matrix elements of the first two generation subsector of Y; and Y,

have to be generated dominantly by one single GUT operator per element (or by
operators with the same group theoretical Clebsch-Gordan factors).
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y
Y, — (Y

| Conditions 3 & 4|

GUTs

VPMNS
Condition 1 m, «———— 'Y,

Figure 7.1: Under conditions 1 to 4, a predictive and consistent relation for
generalising the Georgi-Jarlskog scenario is obtained by linking the charged lepton
and quark sectors via GUTs.

PMNS
913

Condition 4: Two of the CG factors shall be equal, i.e. |¢| = |c.| in Pati-Salam
models and |c,| = |c.| in SU(5) GUTs. In SU(5) GUTs, one additional constraint
has to be imposed on the structure of the mass matrices, such as a symmetry in
the 1-2 submatrix or zero 1-1 elements of Yy and Y, with ¢, = 6 and ¢, = —1/2.

As such, they provide a good starting point for GUT models of flavour that predict
(or postdict) a viable value for 42MNS,

7.5 Corrections

While the discussion above is quite simple and intuitive, it is only a first order approx-
imation and there are some systematic and possibly significant corrections, as we will
discuss now.

Corrections due to small mixing approximation
In the formulae above, we neglected higher order terms in a small angle and mass
ratio approximation for the sake of simplicity. The error introduced by this is
dependent on the structure of the mass matrices and the CG factors, but can be
computed easily.

Consider, for example, the scenario of an SU(5) GUT with a texture zero in the

1-1 matrix element of Y; and Y., together with CG factors ¢, = ¢, =6, ¢, = —%,

0 b 0 6a
Y, = (a C), Y, = (—lb 60) . (7.38)
2

Performing an exact diagonalisation and fitting to the experimental values of
Ye/Yu, Ys/ya and B¢ (as given in tab. 5.2 with uncertainties as given in tab. 5.3)
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yields 6f, = 13.9° instead of the previous value 07, = 13.02°. Consequently,
instead of OTMNS ~ ./+/2 = 9.2°, the more precise GUT-scale prediction is
given by

SU(B) withd=0,c.=c, =6, ¢, = % and 0%, = c:

7.39
Ora N = 9.8° . (7.39)

Alternatively, one can use the scenario of symmetric Y; and Y, together with
non-vanishing 1-1 element d. Performing an analogous fit yields a GUT-scale
prediction of

SU(5) with a =0, d # 0, cd:—% and ¢, = ¢, = —3:

7.40
O1a 5 = 8.8°. (7.40)

Corrections from 6%, # ¢

In an explicit GUT flavour model, the condition 6%, = 6 may not be fulfilled
exactly. Model independently, this constitutes a source of theoretical uncertainty.
Within a specific model, it will result in a different value for 6{, and consequently
in a modified prediction for #2MNS. Thus different models with different 6, might

be able to be distinguished with future more precise measurements of 5™,

For example, consider the scenario where 6%, 6%, ~ 0, which in turn leads to
0, ~ 12.0° £ 0.3° via the quark mixing sum rule [108] instead of 6%, = 6c.
Furthermore, let us assume a model with symmetric Yukawa matrices (it does not
matter whether Pati-Salam or SU(5)) and CG factors ¢q = 9 and ¢, = ¢, = —3,
leading to matrices of the form

. d b . Cdd Cbb
Ya= (b c)’ Yo = <cbb ccc> ’ (741)

Again using exact diagonalisation and fitting the experimental values, we obtain
the modified GUT-scale prediction assuming 65, = 45°

PS/SU(5) with 0%,0% ~0,a=b,cy =9 and ¢, = ¢, = —3 :

7.42
oINS g0 (742

Note that this is only one example CG factor combination and others might lead
to a slightly better fitting 6T MNS,

Corrections due to deviations from 03, = 45°

Another simplification we have made is using the relation for 022N in eqs. (7.14)
only to leading order and assuming 65, = 45°. Thankfully, both corrections can
be incorporated simultaneously and actually lead to a more accessible formula.
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Namely, careful consideration of egs. (7.14) reveals that the next-to-leading order
contribution to FMNS turns sk, exactly into the term representing sSMNS leading

to the modified relation

OIS — g, (7.43

up to further corrections of O((62MN5)3). With the measured range for 95MNS
this already introduces an uncertainty of about 5% as well as a dependence on
the neutrino mass hierarchy [16]. For instance in a normal mass hierarchy, the
predlcted value for OPMNS from eq. (7.43) is reduced from the value of 9.8° of

q. (7.39) to 9.3° and to 8.3° in the case of eq. (7.40). An improved experimental
accuracy for O5MNS and /or a determination of the mass hierarchy would thus be
important for more precise tests of such 67N predictions.

Corrections due to Renormalisation Group Effects
Another important correction comes from RG evolution. For simplicity, we will
restrict ourselves to the case of a strongly hierarchical neutrino mass spectrum,
i.e. my = 0 in the case of a normal hierarchy (NH) and mg = 0 in the case of an
inverted hierarchy (IH). The used RG equations will be those valid in the MSSM
extended with the Weinberg operator.

Taking into account the previous point, we will base our discussion on the relation

O1s ™S = O spa™S | (7.44)
which assumes that 6%, = 6 and allows for application to general 5MN5. Since,
for a GUT flavour model, this relation is defined at the GUT scale Mgy, to com-
pare experimental data with those predicted by the model the following strategy
is used:

The measured values of 8- and 9P MNS are run up to Mqur to determine the value

OEMNS |y . Then, the RG running of PMN5|,,.  down to the electroweak scale
Mgy is performed to obtain 72NS|,,  the parameter measurable in experi-
ments.

As discussed in chap. 5, the running of 6¢ is very small and can be neglected in
the following.

Using the analytical results of [114], one can estimate the change in the 2-3
mixing angle induced by running, AsPMNS = sPMNS|, ~_ PMNS| ), in leading
logarithmic approximation and in leadlng (zeroth) order in OTMNS to:

SM)\2 1 t 2 M
NH: AspMNs o W)Uttt f) (Meun)  easppns (7 50
167 MEW

SM\2 1 t 2 M
TH: AS%\ANS ~_ (y7)°( +2 an” ) In GUT (021331\/1Ns)28123§\4NS . (7.45b)
167 MEW
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For the running of OYMNS | we also have to include the terms of O(A7™N%) and

obtain for AGYMNS = gEMNS|, ——— gPMNS|, —_ in leading order in the small

parameters 61, NN and \/|Am3, /Am3, | (with Am?; = m7 —m} being the neutrino
mass square dlfferences) [114]:

NH: AQPMNS (y§M)2(1 + tan® ﬁ) In (MGUT> (( PMNS) ePMNS

1672 MEW
ma PMNS PMNS\ PMNS PMNS PMNS _PMNS
+2 p— cos(d — s )Clo USig CogSo3 ,  (7.46a)
3

SM 2 2
, pans (7)1 + tan® B) Mcur \ |, prNsy2,PMNS
TH: AGPMNS o — In (G0 ) (B3PS (7.46)

Putting both corrections together and using the GUT-scale relation of eq. (7.44)
yields

9%\4NS|MEW =0c S MNSlMGUT + AQPMNS (747)
= O (s5™S| o — AsENS) 1 AGEMNS (7.48)
As one can see, for the TH case the terms AGTMNS and 0o AsEMNS cancel each

other at leading order, while for NH only the term proportional to the neutrino

mass ratio ’;niz remains. Plugging in the experimental values of the mixing pa-

rameters and y>™ ~ 0.01, we obtain the following estimate for RG corrected
relation:

NH: 0$§\ANS|MEW ~ Oc 82MNS|MEW
2
t
+0.2° cos(OPMNS _ ;PMNS) (ﬂ) : (7.492)

50
TH: 00" nrw = 00 5530 | My - (7.49b)

The remaining (next to leading order) corrections in the IH case can be estimated
to about 0(0.05°) (tanﬁ) :

In conclusion, it is a rather good approximation to use parameters measured
at low energies in eq. (7.44). Furthermore, for the IH case, the prediction is
remarkably insensitive to RG effects.

Note that the above does not include effects from neutrino Yukawa couplings,
which may enter above the mass thresholds of heavy right-handed neutrinos in
seesaw type I models. These effects are more model-dependent and can be esti-
mated using the analytical results of [65] or alternatively calculated numerically
using the Mathematica package REAP (introduced in [65]).
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For hierarchical neutrino Yukawa matrices, i.e. ones dominated by the 3-3 element
Y54, one can estimate the additional correction by replacing

M GUT)
Mpgw

21+t )

in the previous equations with

M,
v \2 In ( GUT) :
(?/33) Mps

where Mg3 is the mass of the corresponding right-handed neutrino.

Corrections from canonical normalisation

Additional effects that can lead to deviations from = 0o sEMNS are due
to the necessity of canonical normalisation of the kinetic terms. These effects
often appear when heavy messenger fields are integrated out to generate effective
operators that lead to Yukawa couplings, which inevitably also leads to effective
operators in the Kahler potential. When these corrections to kinetic terms are
dominated by third family effects, such that the Kahler metric for the lepton
doublet fields is given by

PMNS
013

Kp ~ kodiag(1,1,1 +n°N) | (7.50)

they can be estimated, as has been discussed in [115, 116]. In this case, the
corrections from canonical normalisation can be parametrised by a single (yet
model-dependent) parameter N, while ky drops out as it is only an overall
rescaling. Similar to before, an estimate of this correction can then be obtained
from eqgs. (7.45) and (7.46) via the replacement

CN

(y2M)2(1 + tan? 8) In ( 87n

Analogous to case of RG corrections, the relation for §PMNS is quite insensitive

to CN corrections in the IH case. The actual value of n®N, on the other hand, is
highly model-dependent. In the NH case, the CN effects may therefore well be of
the order of the RG corrections (or even larger) in some specific models. On the
other hand, there are classes of models where the CN corrections are negligible,
cf. [115].
In summary, we conclude that the theoretical uncertainties for #5MN5 can amount
to up to about O(10%), which is larger than the current experimental uncertainty [16],
but still not excessively so. It may even be desirable to have such corrections to reduce
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tension between the theoretical and experimental values. The discussed scenario is thus
interesting and well motivated, but in order to make a final verdict a careful model-
by-model analysis including all corrections has to be performed. For two such models
that realise all mentioned conditions and are in good agreement with experiment,
see [117, 118].

7.6 The Mixing Sum Rule and Underlying Mixing

Patterns

In the light of the determination of #7NS it is also interesting to discuss the following.
When 6045, 6, < 0o (Condition 1), the mixing angle 6%, is related to 03NS and 9T MNS
by the lepton mixing sum rule? [110, 119, 120]

0195 — 0125 cos(6PMNS) ~ 07, . (7.51)

Thus, the size of FMNS has interesting consequences:

e Assuming tri-bimaximal mixing in the neutrino sector [106], i.e. sin(#%,) = 1/+/3,
the sum rule becomes

1
OIS — 8.5° cos(0TMYS) & arcsin (ﬁ) : (7.:52)

This can only be consistent if 5"MNS x~ +90° 3

e Another possibility would be bi-maximal neutrino mixing [123], i.e. 6}, = 45°.
Then the sum rule reads

OPMNS _ 8 5° cos(0TMNS) x 45° 7.53
12

which is similar to the common form of the ‘quark-lepton complementarity’ re-
lation OPMNS + 00 ~ 45° [124, 125, 126]. In contrast to before, the relation above
requires 6°™NS ~ 180° to agree reasonably well with the present experimental
data.

We emphasise that neither tri-bimaximal nor bi-maximal neutrino mixing are required

for the specific scenario. As stated above, it only depends on the value of the PMNS

angle 02MNS and the discussed conditions. In this sense, a future measurement of §7MNS

2The sum rule becomes §72MNS — GPMNS ¢t (GPMNS) cog(§PMNS) ~ v, if OFMNS deviates from
maximal mixing [110, 119, 120]. RG corrections to the sum rule have been discussed in [121].

3Such specific phases may emerge from flavour models with Zs or Z, shaping symmetries that can
also explain a right-angled CKM unitarity triangle (with a &~ 90°), as discussed in [122].
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Figure 7.2: The value of 6, as reconstructed using the lepton mixing sum rule
of eq. (7.51) (under the condition 6{5, 6{3 < 6c). The shaded region denotes the
lo uncertainty obtained from the uncertainties of 97)MNS 9PMNS and 9PMNS ' also
including deviations of 5MNS from 45°. Blue (red) corresponds to global fit values
for normal (inverted) hierarchy.

can be viewed as “reconstructing” the underlying neutrino mixing value 67,, as shown in
fig. 7.2. Thus, using the mixing sum rule of eq. (7.51), a precise measurement of §ZMNS
OPMNS and 6PMNS may hint at a specific neutrino mixing pattern. The measurement of
large OYMNS provides a valuable input in this context.

Incidentally, it may be interesting to note that, while models with tri-bimaximal
neutrino mixing seem to be associated with a normal neutrino mass hierarchy, see
e.g. [117], models with bi-maximal mixing or similar rather tend to emerge in the
context of models with inverse neutrino mass hierarchy, e.g. [118].

)
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CHAPTER 8

Proton Decay and the Double Missing
Partner Mechanism

8.1 Motivation

Regarding proton decay, most existing GUT models fall into two broad categories. On
one hand, there are those that focus on the flavour sector and obtain viable mass and
mixing relations while neglecting proton decay. On the other hand, there are those
that manage to naturally suppress proton decay by solving the doublet-triplet splitting
problem of GUTs, but have problems with the flavour sector. For example, they predict
the unrealistic quark-lepton Yukawa relation Y, = Y[ (e.g. [127]), which may only be
viable in the presence of extensive uncontrolled higher order corrections (e.g. [128])
rendering the model non-predictive, or the experimentally disfavoured Georgi-Jarlskog
relations y,, = 3y, and y. = 3yq [48] (as e.g. in [129]). Alternatively, they rely on linear
combinations of GUT Yukawa operators (e.g. [130]), which again implies the loss of
predictivity. Also many flavour models assume certain Abelian ‘shaping’ symmetries
for their fields valid at high scales, but do not include in their discussion what form the
GUT Higgs potential should take and what consequences this entails. It is therefore
worthwhile to study how the aspects of viable flavour structure and proton decay can
be combined into a predictive and more complete setup than what was previously done.

Therefore, in the following, we intend to study one proposed solution to the doublet-
triplet splitting problem (in four space-time dimensions) called the “missing partner
mechanism” (MPM) [131, 132] and its improved version, the “double missing partner
mechanism” (DMPM) [133] (as is used in most of the articles cited above) in the context
of supersymmetric SU(5) GUT models of flavour. In this context, we are again guided
by the approach of [49] and later publications (e.g. [8, 111] and [9, 134, 117, 118])
involving higher-dimensional operators which contain a GUT breaking Higgs field and
lead to Clebsch-Gordan (CG) factors appearing as Yukawa coupling ratios, as is also
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discussed in chap. 7.

This chapter is organised into three parts: first in sec. 8.2, we discuss the features
of the MPM and DMPM as solution to the doublet-triplet splitting problem (DTS)
in the context of both dimension five and six proton decay operators generated by
the Higgs colour triplets. Here we ultimately arrive at the conclusion that for the
considered structure of Yukawa coupling relations more than one GUT Higgs field in
the adjoint representation 24 of SU(5) is necessary. Consequently in sec. 8.3, we study
the implications of this together with gauge coupling unification in the context of the
DMPM for the proton decay operator suppression scales and the GUT scale. Finally
in sec. 8.4, we discuss further features of the assumed structure for predictions of the
proton decay width, for which particularly app. D can be helpful material for GUT
model building.

8.2 Single and Double Missing Partner Mechanism
for Flavour Models

In the following, we review the missing partner mechanism and double missing partner
mechanism such that it can be used with GUT Higgs fields in the adjoint representation
24 of SU(5). This makes it possible to integrate it into scenarios where discrete CG
ratios are used for relations between Yukawa couplings, e.g. the scenario shown in
chap. 7.

Throughout this section, for illustrative purposes, we consider that the bounds on
proton decay rate require the effective mass of the colour triplets to be of at least
MEm=5 ~ 107 GeV [59], while the effective mass suppressing dimension six proton
decay mediated by the colour triplets is required to be M$m=6 > 1012 GeV, see sec. 4.4
and [58].

8.2.1 The Missing Partner Mechanism

The basic idea of the missing partner mechanism (MPM) is the introduction of a pair
of superfields Zs, and Zs, in 50 and 50 representations of SU (5) based on the fact
that the decomposition of a 50 under the SM gauge group contains the same SU(3)
triplet as in the 5, but not an SU(2) doublet. Thus, using the 50-plets to generate an
effective mass term for the colour triplets in the 5 fields keeps the electroweak doublets
massless, while the colour triplets acquire masses of the order of the GUT scale. The
superpotential for the MPM is given by!

Wit = HsHys Zso + ZsoHrs Hs + MsoZsoZso (8.1)

'For simplicity we omit most order one coefficients in the superpotentials, except where they are
relevant to the discussion.
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where Hzs is a superfield transforming in the 75 representation of SU(5), which con-
tains a SM singlet. When H7s acquires a vacuum expectation value in that direction,
SU(5) is broken to the SM gauge group. With the triplet mass contribution from (Hr5)
denoted as V, the mass matrices of the Higgs doublet and triplet fields in Hs, Hs and

Zs0, Zso are given by
0o Vv
mp = 0 s mr = (V M50) s (82)

where the first row and column refers to the triplet and anti-triplet contained in the
5-dimensional representations. Let us assume that the colour triplet Yukawa couplings
for dimension five proton decay are obtained from terms of the form

Wyw = TiFjHs + T T;Hs | (8.3)

where the families of the MSSM matter superfields are embedded in the standard way
in 7; and F;, transforming as 10 and 5 of SU(5), respectively. To calculate the effective
dimension five proton decay operators all Higgs triplets from 5- and 50-dimensional
representations have to be integrated out, but considering Wy, as above only the
triplets in the 5-dimensional representations dominantly couple to matter. Denoting
the triplet mass eigenvalues as M; and M,, and the corresponding mass eigenstates as
Ty and Ty, the triplets that couple to matter are then given by the combinations

7O =S UNT, TO =YWL (54

where U and V' are unitary matrices such that UjmTV = diag(Ml,MQ) = deiag.

Integrating out all triplet mass eigenstates T, and T} generates a contribution to the
dimension five operators for proton decay proportional to the inverse of the “effective
triplet mass”

) R 1 . 1
(Méijlm:n’))fl — Vvlz (m(%lag> Ui"] — ‘/11 (mg}ag) UjTl = (m;l)ll . (85)

ij ij
Also inserting the equations of motion in the Kéhler potential of the colour triplets,
Ky =TOTON L OO L pEOpGOT 4 pE0) G0t (8.6)

yields contributions to the dimension six proton decay operators proportional to

_ _ -1 -1
(M=) = Vi (%) U (mif) VL= (') 6D
ij m
for the Q'Ltd°u¢ operator and proportional to (MEm=6)-2 — (m!~'m71)); for the

QTQTuce’ operator as given in eq. (4.28b). With the mass matrix my given in eq. (8.2),
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the effective triplet mass is thus?
MF™=> = (mp'),, = ——— (8.8)

while the suppression scales of the dimension six operators are given by

-1 v

S 14— (8.9)
1 [Msol + [V]?

(M%im=6)2 _ (M%im:6)2 _ (m;lmfﬂ>
With a GUT scale of V ~ 10'® GeV and Ms, below the Planck scale, the dimension
six proton decay is suppressed sufficiently with values of M4™m=6 between 10'* and
1016 GeV. Since the doublets obtain no mass terms, the splitting of doublet mass and
effective triplet mass is successful. However, requiring M3m=5 > 1017 GeV one obtains
an upper bound for My, < 10'° GeV. Having the large representations 50 and 50 enter
the renormalisation group (RG) running of the gauge couplings at this scale leads to
the break down of perturbativity just above the GUT scale. Thus, the MPM solves

the DTS problem, but trades it for SU(5) becoming non-perturbative much below the
Planck scale Mp;.

8.2.2 The Double Missing Partner Mechanism

This trade-off is avoided in the double missing partner mechanism (DMPM), which
owes its name to the doubling of the number of Higgs fields in 5, 5, 50 and 50
representations [133]. The original fields Hs and Hj are still the only ones that couple
to the matter fields F; and 7;, whereas their new siblings H. and Hf do not. The
superpotential for the DMPM is given by

Women = HsHes Zsg 4+ ZsoHrs Hy + Hy Hos Z + Ziy Hos Hs
+ p/ HLHY .
The mass matrices of the doublet and triplet components of the Higgs fields Hjs, H:,
Zso, 2%, and their corresponding barred fields, after H7; gets a VEV V| are given by

0 0 0 V

(0 0 o w v o0
mp = <O ,U,) y mr = vV o0 M50 0 . (811)

0V 0 M,

2Whenever we quote numbers for M&m=5, M;—,im:‘s and M$m=6 in the text, we will always refer
to their absolute values.
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While the Higgs doublets coupling to matter remain massless, the second pair of Higgs
doublets contained in Hi and H! has mass p/. The improvement of the DMPM com-
pared to the MPM can be seen in the effective triplet mass M3m=5
. _ v
MEm=5 — () = 8.12
T (mT )11 M/MSOMéo ( )
The same effective triplet mass of MI™=5 ~ 1017 GeV can now be reached with masses
Mso ~ M}, ~ 10'® GeV, provided the heavier doublet pair has a (relatively) small
mass i’ ~ 10" GeV. With the large representations of SU(5) having high masses, the
perturbativity of the model can be preserved up to (almost) the Planck scale. Finally,
the dimension six proton decay operators are suppressed by
im=6 2 - AN
(MF™=0)" = <mT1mT >11
8
_ V]
VI 4 | Msol* (VI + [ Myope'|* + |V ')

(M%im:G)Q _ (mf—lm;1> -

~ (10 GeV)?,  (8.13a)

11
v

= ~ (10" GeV)?,  (8.13b)
VI° + [MEo|* (V' + [Msop!|* + [V ' [*)

without tension with the bounds on proton decay.

8.2.3 Dealing with Planck-Scale Suppressed Operators

Considering the inherently non-renormalisable structure of supergravity (the extension
of global SUSY to a local symmetry which automatically includes gravitational inter-
actions) [41], it is reasonable to assume that all higher dimensional operators allowed
by the imposed symmetries are present and suppressed by some power of the Planck-
scale if they are not already generated via some other means. In that case, the naive
implementations of the MPM and DMPM run into the following problem.

The superpotentials given in eq. (8.1) and eq. (8.10) include direct mass terms
for the 50-dimensional fields. As a consequence, one cannot use symmetries to forbid
non-renormalisable Planck-scale suppressed operators such as

1 _
W D> —— HsH> H; (8.14)
Mp,

for the MPM and i {
W > —H-H2H!. + — H.H2-H, 8.15
Vi, 51175115 Mp, 57075 5 ( )



108 8. Proton Decay and the Double Missing Partner Mechanism

Hzs Hys

Figure 8.1: MPM diagram with an external S field generating the mass term for
the 50-dimensional messengers after acquiring a VEV.

for the DMPM. These Planck-scale suppressed higher dimensional operators do not
involve the 50-dimensional messengers and therefore generate dangerously large contri-
butions to the masses of the doublets contained in the 5-dimensional representations,
effectively spoiling the doublet-triplet splitting mechanism.

Given the above philosophy, we must forbid these operators through a symmetry,
which we call a shaping symmetry. The MPM and the DMPM can then be restored by
adding a singlet field S, responsible for giving mass to the 50-dimensional superfields
through couplings of the form SZ50Zs0, SZ4,Z%, and a VEV (S) # 0, as seen in the
diagram in fig. 8.1 (note that S is not acting as an external field but generating the mass
term). The non-trivial charge of S under a shaping symmetry forbids the dangerous
Planck-suppressed operators.

It is interesting to note that this strategy of generating masses for the messenger
fields through an additional singlet field also stabilises the predictions for the Yukawa
coupling ratios in models using CG factors by forbidding unwanted index contractions
that would appear with Planck-scale suppression, cf. the example models given in [10].

8.2.4 The Double Missing Partner Mechanism with an Ad-
joint of SU(5)

As was seen in chap. 7, Clebsch-Gordan factors originating from couplings to a GUT
breaking Higgs field Hyy in the adjoint representation 24 of SU(5) can be particularly
useful for GUT model building. It is thus well motivated to replace the GUT Higgs
field Hys needed in the DMPM with the effective combination H3,/A, see also [127].
This can be achieved at the renormalisable level by integrating out heavy messenger
fields in the 45 and 45 representations of SU(5) [130].

To replace the H75 in the MPM, we thus have to introduce a set of messenger fields
Xys, Xus, Y5 and Y5, For the DMPM, we also need to add a second set X}, X/,
Y/s and YJ;. In fig. 8.2 we show the supergraphs generating the non-diagonal entries
of the triplet mass matrix in the DMPM with an adjoint Hoy.
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) (S) (S) (S)

5 H H H HE{)
N .S
/ X5 X5 + Zs 750 + Yis Yis \\

H24 H24

Hoy Hy,y

_ (S) (S) (S)

Hy ; ; : H;
\\ A A A /
// X X * Zo  Z * Ve o Y \\

H24 H24

Figure 8.2: Supergraphs generating the non-diagonal entries of the triplet mass
matrix as in eq. (8.18).

Related to the discussion in sec. 8.2.3, we avoid direct mass terms in order to forbid
dangerous Planck-suppressed operators that would generate universal mass contribu-
tions for Higgs doublets and triplets. Instead, the messenger pairs XusXus, YasYas,
750750 and their corresponding primed versions obtain masses from the VEV of a
singlet field S, charged under an additional shaping symmetry.

The renormalisable superpotential is then given by:

Wonpnas = Hs Hoy Xys + XusHoaZso + ZsoHaaYas + 17451.1’241%
+ Hész{Xig; + Xf;g,lffmzéo + Zé0H24Y4,5 + }/4,5H24H5 ) )
+ SXus Xas + SYusYas + SZsoZso + S X35 X35 + SYsYis + S 75y Zs
+ p Hy [y

(8.16)

where we carefully checked that, with this messenger field content, no dangerous
Planck-suppressed operators appear that spoil the mechanism.

After Hyy and S obtain their VEVs and after integrating out the 45-dimensional
messenger fields, we find the following mass matrices for the Higgs doublets and triplets

0 0 0 —%
0 0 0 4 -5 0
mp = ( ) s mr = 2 s (817)
0 4 5 02 Sy 0
V
0 —%& 0 (5)
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which is, of course, highly reminiscent of eq. (8.11). Here V is defined by (Ha4) =
Vdiag(1, 1,1, —%, —%) Integrating out the heavy 50-dimensional fields in a next step,
the mass matrices become

0 0 I

_ _ (S)

mp = ., mp = 4 ) (8.18)
(0 Ml) <_<‘5{j W )

Thus, the doublets in the pair7H5f[5 stay massless, while the doublet pair in H,H}
is heavy. Using only Hs and Hj for the Yukawa couplings of the SM fermions, the
effective triplet component mass relevant for dimension five proton decay is given by
8
dim=5 __ —-1\—1 _ 4
My = (mT )11 = _<S>6,u’ , (8.19)
while the effective masses suppressing dimension six proton decay mediated by colour

triplets are given by

(M%im:6)2 _ (M%im:fj)Z ~ |V|8
(S)I°

where we approximated using [(S)| > |V] and |(S)3/| < |V|*. Hence, the requirement
of MJim=6 > 10!2 GeV can only be obtained with (S) ~ 10'® GeV if the GUT-scale
value is larger than V' > 106 GeV. In this case one needs p’ ~ 107 GeV to obtain an
effective triplet mass M&™=5 ~ 107 GeV for dimension five proton decay operators.
Therefore, if the GUT-scale is high enough, the effective triplet mass can be large
enough to stabilise the proton and the large SU(5) representations used in the DMPM
can be heavy enough to keep the theory perturbative up to the Planck scale.

When Hs, is uncharged under additional symmetries, having p' several orders of
magnitude smaller than V' requires p’ to arise from the spontaneous breakdown of
a shaping symmetry, to avoid the term (Hy,)H.HY, which would give rise to a too
large contribution to y' and consequently a too small effective triplet mass. Note that
the effective triplet masses entering the dimension five proton decay operators can
be expressed in terms of the mass eigenstates of doublet and triplet components as
MEm=5 — _ N[ M, /. The effective triplet mass of dimension six proton decay is then
excellently approximated by Mfm=6 = MAm=6 ~  /A[dm=5 /.

Finally, one may wonder if some of the heavy messengers are redundant and could
be merged with others, so that the number of fields in the spectrum would be reduced
while preserving the structure of the mechanism. However, if either Xy5 = Y5 or
X5 = Y/, it can be seen from fig. 8.2 that supergraphs without the Zs0Z5) mass
insertion would be allowed, spoiling the splitting of doublets and triplets and generating
large non-diagonal entries in the doublet mass matrix mp. On the other hand, if either
Xus = X5, Yas = Y)s or Zsg = ZE,, the DMPM is reduced to the MPM, reintroducing
the issue of perturbativity. Finally, an identification of X5 = Y}, would allow diagrams

(8.20)
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bypassing the 50-dimensional fields, generating unwanted mass term for both doublet
and triplet components of Hs, Hs, and thus a too large p-term. In conclusion, we see
no way to shrink the messenger spectrum of this variant of the DMPM.

8.2.5 Introducing a Second Adjoint Field

As we have seen above, the DMPM with an adjoint GUT breaking Higgs H, instead
of a 75 solves the DTS problem while providing the necessary building block for the
desirable CG factors for flavour model building. In the following, we will argue why it
is compelling to introduce a second adjoint Higgs field:

e In the minimal SUSY SU(5) model [37], the single GUT breaking 24 contains an
SU(2)r triplet component and an SU(3)¢ octet component with equal masses.
Demanding gauge coupling unification, the mass of the Higgs colour triplets is
required to be about 10'® GeV [135], ruling out this model due to proton decay.
Non-renormalisable operators in the GUT breaking superpotential, as in

1 1
can split the 24 component masses, allowing for a higher effective triplet mass,
see [136] and also sec. 8.3. An additional 24 can be used to realise this non-
renormalisable superpotential in a renormalisable way.

e [t turns out that the introduction of an additional 24 is not just a UV-completion
of the non-renormalisable superpotential of [136]. When both adjoints have ap-
proximately the same mass and therefore the second 24 is not integrated out,
the additional colour octet and electroweak triplet in the spectrum lead to more
freedom for the GUT scale and effective triplet mass. In the following section,
we thus discuss all feasible renormalisable superpotentials with two adjoints and
their impact on Mgyt and ME™=5 in a gauge coupling unification analysis.

e A renormalisable superpotential for one 24 requires it to be uncharged under
shaping symmetries to acquire a VEV. However, a shaping symmetry charge is
vital in the type of flavour models considered here and in chap. 7 to enforce
texture zeros and avoid unwanted admixtures of additional CG factors involving
less insertions of Hos. With a second 24, the adjoint fields can acquire non-
vanishing VEVs also when charged under such shaping symmetries.

The features of renormalisable superpotentials for two adjoints are discussed in detail
in the next section.



112 8. Proton Decay and the Double Missing Partner Mechanism

8.3 Gauge Coupling Unification and the Effective
Triplet Mass

In GUT extensions of the SM, it is common to have additional fields somewhere below
the GUT scale that modify the RG running of the gauge couplings up to the GUT
scale. This is also the case in the class of models we want to investigate here. It
ts therefore necessary to re-evaluate the unification of gauge couplings within our
extended spectrum.

8.3.1 Gauge Coupling Unification with the Additional Fields

To study the gauge coupling unification, we start with the modified equality condition
at one-loop level,

1 1 1 smy,  Msusy |, ussmy,  Maur ;.. Maur
= | pSM) e ZESUSY log —— b log —— | , (8.22

where ¢+ = 1,2,3 labels the SM gauge interactions and f labels the additional su-
perfields (compared to the MSSM), with masses M; and one-loop beta coefficients

b,gf ). TFor the full SM spectrum, the one-loop beta-function coefficients are bZ(SM) =

(41/10, —19/6, —7), while for the full MSSM spectrum we have b*™*™ = (33/5,1, —3).
We define the SUSY scale Msygy here as the scale where we make the transition from
the SM beta coefficients to the MSSM ones, so all superpartners enter the theory at
the same scale. The «; appearing in eq. (8.22) are those at low energies «o; = «; (M),
while «,, is the unified gauge coupling at the GUT scale «, = a;(Mgur). The GUT
scale Mgyt is defined here as the scale where the last SU(5) multiplet is completed,
in other words the scale where all three one-loop beta coefficients for the SM gauge
couplings become equal.

In the following, we assume that the heaviest incomplete SU(5) multiplets to enter
the RG equations are the leptoquark vector bosons such that the GUT scale corre-
sponds to their mass Mgyt = My . While other cases can certainly arise, we focus on
this one as it is quite common in our setup to have heavy leptoquark vector bosons.
We verified that in this case the effective colour triplet mass can be made very heavy
as well.

Coming to the differences in field content between MSSM and DMPM, we see
that the latter introduces one additional pair of SU(2)-doublets, D® and D®) and
two additional pairs of SU(3)-triplets, Tz@ and TZ@, i = 1, 2. They enter the beta-

functions with the coefficients bz(-5’D) = (3/5,1,0) for the Dirac pair of doublets and
p>T) —

)

(2/5,0,1) per Dirac pair of triplet and anti-triplet.
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Furthermore, we have two SU(5) breaking GUT Higgs fields Hyy and H, in the ad-
joint representation. They each contain one SM-singlet component, one SU(2)-triplet,
T with b = (0,2,0), an SU(3)-octet, O with b**? = (0,0,3) and a lepto-
quark superfield pair, L®* with b (24.L) = (5,3,2). Since one leptoquark superfield pair
is eaten up during the spontaneous breaking of SU(5), we are left with two triplets
with masses MT1(24) and MT2<24>, two octets with masses M o9 and M oY and one

leptoquark superfield pair with mass M 4. For convenience, we deﬁne the geomet-
ric means of the masses M 2, =M ) MT2<5) for the colour triplets and analogously
M? ey =M <24>MT2<24), M? oen =M 02 Mof“) for the components of Hyy and H),.
Having this at hand, we can solve eq. (8.22) for Mpes), Mpe) and Mgy, to obtain
the relations®
157 177 3w 59

loe M — _ — —log M 8.23
8 b® 4041 4042 20[3 + 3 08 Z ( a)

2t 3 17 9 43
+ — 4+ 3 log M 21y — 5 log M sy — 5 log My2ay — 5 log Msusy ,

357 T 197 119
log My = SR “log M 8.23b
8 T = e T Bay 120y | 12 M7 (8.23b)

T 3 7 19 19

+ o + 1 log M 2a) — 1 log My — 1 log Moy — 6 log Msusy ,
57 m s 11

loe M. _ _ _ ““loe M 8.23

08 Meur 120{1 40(2 60(3 * 6 08 Mz ( C)

1 1 1 1
+ 5 IOg ML(24) — 5 log MT(24) — 5 log MO(24) — g log MSUSY .

For the study of proton decay, it is more convenient to instead solve eq. (8.22) for the
GUT-scale gauge coupling a, and the effective triplet mass MEm=5 = M%@ [Mpe),
which gives the suppression of the dimension five proton decay operators (cf. the dis-
cussion in sec. 8.2.4). Then we get the relations

T 437 157 117 197 3
T =2 oe My + Zlog M 8.24
o 2oy Sy 125 20 o8zt glosior (8.24a)

3 15 11 7
— Z log ML(24) + Z log MT(24) + Z log MO(24) + 5 lOg MSUSY s
: 5T 5T 51 1

log M= — _ — —log M 8.24b
08 M1 601 205 30 6082 (8.24b)

5
+5 log MT(24) -5 log MO(24) + 6 IOg MSUSY s

3In the following, “log” of a mass is to be understood as the natural logarithm of the mass divided
by one common mass scale, e.g. logm = log(m/GeV).
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5% T ™ 11
log M, = — — — log M. 8.24
og Maut 120, 40y Gos + G og Mz ( c)

+ % log M 24y — % log Mp2sy — % log MO(24) - % log Msusy ,
where we have introduced the mass M%T = Mé(mMT(@- As one can see only a,
depends on Mpr, which one can explain using the fact that doublets and colour triplets
together form a complete representation of SU(5). Thus, following eq. (8.22), one can
see that a simultaneous rescaling Mpsy — ¢*Mpe and My — My leaves the
GUT scale invariant and only shifts a,, while M3™=5 « ¢° remains unchanged and
Mpr o q parametrises this rescaling. Further interdependencies between ay,, MEm=5
and Mgyt are then implicit via their shared dependence on the other masses.
Thus, gauge coupling unification implies that the effective triplet mass follows the

relation
. 5 (3 2 1 s (Moo )\’
Mdlm—5 _ e M1/6M6 red
T eXp (67r (CYQ (6% (07] )) z SUSY MO(24)

2 5
M. 6 [ Mr2a)
_9 +0.6 1 17 SUSY T( 9

S-os 107 GeV 1TeV Moz ’ (8.25)

while the GUT scale is given by

1 1 1
M. e M 24) 2 (M (24)M (24) 2
M _ 1.37+0.05 1016 GV SUsy L T 0 . (8.26
GUT ~0.05 VAT Tev 106 GeV (1016 GeV)? (8:26)

For completeness, the unified gauge coupling is given by

1 7 Msusy 3 Mpr
A 4584 0.06 4+ 1 O T
. 8 £0.06 + 5 In —r 7 + 5 I i ey

3 My 15, Mpes 11, Mpes
_ Sy AMey b Myey M Moesy
17 P10 Gev | 4r 100 GevV T dx 1016 Gev

For these numbers, we have used the experimental values and uncertainties for the
gauge couplings as given in tab. 5.2. Note that for all three quantities the full un-
certainty is dominated by the experimental error of g3. In the following, we will not
quote any uncertainties of these masses anymore since the relative uncertainty changes
only negligibly for the different superpotentials and when switching over to two-loop
running. The reference scale 104 GeV is chosen due to the fact that Mpy = 10 GeV
and Mpe = 10'6 GeV implies M3m=% = 10 GeV.

Since the relation for the effective triplet mass M$™=> receives significant two-loop
contributions (cf. for instance [135]), we have also performed a numerical two-loop
analysis using the following procedure with the Mathematica package REAP as modified
for chap. 5. We start with SM values for the gauge and Yukawa couplings at M as

(8.27)
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given in tab. 5.2, run up to a scale of 1 TeV with the full two-loop SM RG equations
and match the SM to the MSSM (including the MS to DR scheme conversion). From
there we run and match using full two-loop MSSM RG equations while step-by-step
including all additional multiplets at their mass scale via their one-loop gauge coupling
threshold corrections* as well as contributions to the one- and two-loop gauge coupling
RG equations, see app. E. The Yukawa couplings of the Higgs colour triplets are well
approximated by using the Yukawa couplings of the corresponding doublets. We do
not take into account any other Yukawa couplings. We verified that this approximation
affects the numerical results at below percent level.

8.3.2 Superpotentials with Two Adjoints of SU(5)

In the following, we systematically study all renormalisable superpotentials with two
adjoints that can break SU(5) to the SM gauge group. We find only four possibilities
with non-vanishing VEVs and masses, classified based on their symmetry. These are:

(a) W = Moy trH3, + My trH + k' trHog HYY + N trHS,
Zy symmetry where Hyy is uncharged and HJ, charged.

(b) W = May trHog Hyy + N trH3, + N trHy,
Z3 symmetry, where Hoy has charge 2 and H), charge 1.

(C) W = M24 tI'H24Hé4 —+ )\tI'H34 -+ K/ tI‘HQ4Hé24,
Z1t symmetry where Hoy has a charge of 2 (with gg = 1) and H}, is uncharged.

(d) The trivial case with both fields only charged under SU(5) and all (non-linear)
terms allowed. We will not consider this case any further.

Since there are two adjoint Higgs fields, it is convenient to define a quantity tan Sy
similar to tan 8 of the MSSM, so that

(Hyy) = Vi €t diag(1,1,1,-3/2,-3/2) , (8.28)
(Hyy) = Vo € diag(1,1,1,-3/2,-3/2) , (8.29)

with V4, V4 > 0 and tan By = V4 /Vs.

Superpotential (a)

We will begin our discussion with superpotential (a) which turns out to be the most
complicated case since it has the most parameters. As it contains two mass parameters,
we introduce a second angle 3y and mean mass M > 0 such that My, = Mel*t sin By

4When one integrates out particles at a threshold scale equal to their mass, these threshold cor-
rections vanish, as can be seen in [137].
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and M}, = Me'®2 cos B);. The vacuum expectation values in terms of superpotential
parameters are given by

Vleiqbl _ 4M§4 and V22ezi¢2 _ 4M§42M24I4 - 3M§4)‘
/ﬁ?/

: (8.30)

K3

which can as well be expressed as 3\/x/ = 2¢i(®1792) tan B, — e~21(#1792) cot? By, For
the geometric means of the masses of the additional fields inside the adjoints, we find

M7 = 5M? cos By \/(2 cos By — 3sin By tan? By )2 + A (8.31a)
M2 = 5M? cos By \/(3 cos Byr — 2sin By tan? By )2 + A | (8.31Db)
1 cos? B
M2 24y — T 2 . 1
Ley = g sin’ By (8.31c)

with A = 12 sin(28y/) cot?(By) sin? ¢ and ¢ = (o — ay)/2 + ¢1 — ¢2. Note that not
only the geometric mean masses, but also the mass eigenvalues themselves only depend
on this phase combination ¢ and are invariant under ¢ — ¢ + 7.

The effective triplet mass as of eq. (8.25) is heaviest if the phase ¢ is 0, 7 or 2,
since then the ratio Mps) /Mpes) is not bounded from above (or below), which allows
for the maximal range for M{™=5_ Thus, in the following, we choose ¢ and thus A to
vanish.

The resulting plots for M3™=5 and for Mgyt are shown in fig. 8.3 for Mgysy =
1 TeV, M = 10" GeV, Mps) = 1000 TeV and ¢ = 0, including also a comparison
between one- and two-loop results. Note that gauge coupling unification depends only
weakly on Mpe). The dimension six masses ME™=5 and M™=5 are still given by

/ ME=5M ) to a good approximation.

Superpotential (b) and (c)

These two superpotentials have only one massive parameter My, = Me'® and hence
the analytic results become much less cumbersome. The vacuum solutions are given

by _ .
. 2 Me@ . 2 Me™

igrn _ 2 ip2 _ 2
Vie'?t = 3o and V5e'?? = 30 (8.32)

up to a Zsz symmetry transformation for superpotential (b) and

, 1 Me“ : Me'@
Vet — L d Ve — 8.33
= e e (839
up to a minus sign in V; for superpotential (c). In other words, the couplings fulfil the
relation \'/A = e*(®27%1 tan? By, for superpotential (b) and &'/ = 3e#(91=?2) tan? 3,
for superpotential (c).
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Figure 8.3: The effective colour triplet mass M%im:5 (left) and GUT scale Mgyt
(right) in GeV at one-loop (upper) and two-loop (lower) order as resulting from
superpotential (a) for Mgysy = 1 TeV, M = 10 GeV, Mpi = 1000 TeV and
¢ = 0. Note the different colour coding of left and right. For illustration, the white
strips denote areas with light M4 or Myes (< 103 GeV). Such relatively low
values for these components can arise either from cancellation between terms, or
from a generic suppression due to small parameters, cf. egs. (8.31).
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For the geometric means of the masses of the colour triplets, octets and the mass
of the left-over leptoquark superfield in Hyy and H),, we find

35 15 1

M2ow = T M2, M2, = N M? and M2, = T M? (8.34)
for superpotential (b) and
M2y = 2 M2, M2 = 2 M2 and M2y = ———— M? (8.35)
AC » Moen = 7 L = T (28y) ; :

for superpotential (c). Note that in both cases also all mass eigenvalues turn out to
be phase-independent. Therefore, applying eq. (8.25), i.e. unification of the gauge
couplings at one-loop, implies

5 5
o M, ¢ J(3)2 =83 (b)
Mdlm_5’ 1-loop —95.1 17 SUSY X 3 .
d 5101 GeV (o | © (8.36)

and

1 1
1-loo 1.37-10' GeV Msysy \ 3 —3 / ~ 13 b
Meur” = 1015 GeV . (8.37)

V| sin2py| 1TeV (c)

Assuming the same parameters, we find an almost ten times heavier effective triplet
mass in superpotential (b) than in (c).
At two-loop, we find the following approximate behaviour for the masses

—0.15
Jim=5, 2-loop _ (MSUSY)O'74 5.2 10 GeV (piGey) (b) (8.38)
T =\ T : , .
1TeV 6.8 - 101 QeV (1015G v) —0.18 ()
and
04 [2.89-10% GeV (552L) " (b)
2-loop —0.48 MSUSY 1015 GeV

MGUT | SlIl 2ﬁv’ m . 1% —0.63 . (839)

4.78 - 10" GeV (prgew) (c)

The dependence on other parameters is negligible. Based on this, having M3m=5 >
10'" GeV requires Msysy = 2.3 TeV and 35 TeV for superpotential (b) and (c) re-

~

spectively. Again, Mp = 1000 TeV has been fixed and the values of M=% oop

and M dim=6, 2-loop can be approximated by the square root of the product of Mp and
M%lm:& oop ). M;Pm:& Floop pespectively.

Note that there is a claim [138] that the MSSM with an additional unbroken R-
symmetry cannot be obtained from the spontaneous breaking of a four-dimensional
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(SUSY) GUT. Note that this is not in conflict with our superpotentials, because the
R-symmetry is either absent (a, b, d) or spontaneously broken at the GUT scale (c).
Superpotential (c) is particularly interesting for model building purposes because R-
symmetries are very popular in flavour models with non-Abelian family symmetries
(and spontaneous CP violation). For more details, see also app. D in [10].

8.4 Proton Decay in Models with Fixed Ratios

Even with the knowledge of the mass scale appearing in the dimension five and six
proton decay operators, we unfortunately still do not have enough information to fully
determine whether a GUT model of flavour is excluded by a too short proton lifetime.
Namely, considering the dimension five and six proton decay operators as mediated by
colour triplets,

1 1
Wp_,? :W E(Y;]q)zg (Y:;l)mn Qz Qj Qm Ln + (Yue)ij (Yud)mn uzc 65 ufn dfz ) (840&)
T
1 1
Kpor = — ————— —(Yoo)5;(Yae)mn Q) Q1 il €
(M%lm—6) 2 J J
1
S * P Lb e de
(M%im:6)2 (}/ql)@] (Yud)mn Qz L] Uy, dn + h.c. R (840b)

we see that two ingredients are still missing. First the dimension five proton decay
operator has to be dressed with a closed loop of superpartners introducing a dependence
on the SUSY breaking scheme. Second, a priori a flavour model usually only takes into
account the MSSM Yukawa matrices Y, Yy, Y. neglecting the fact that the colour
triplets have their own Yukawa coupling matrices Yy,, Yye, Y4, Yuq, which are the ones
appearing in proton decay.

Let us focus on the latter point first. Consider e.g. the example models (a) and (b)
shown in [10] with superpotentials generating Y, and Y, of the schematical form

1 , _ 1 , _
W(a) = _<H24-7:3)5(H573)5 + A_Q(H2475)10(H5~7:2)m

Az
1, ,
+ F(H24]‘—1)R(7—1H24H5)45 ; (8.41a)
1
1 , _ 1 , _
W) = — (H5,F3)5(H5T3)5 + —(H3,T2)10(Hs F2)19
As e
1 _ 1 _
+ A_(H2475)10(H5f1)ﬁ + A_<H24f2)g(7-1H24H5)45 , (8.41b)
21 12

where indices under parentheses specify index contraction to a specific SU(5) represen-
tation and A; are some generic suppression scales associated with messengers leading
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to the respective index contractions (for more details see [10] and app. D). The fields
Hyy and HY, are GUT Higgs fields in the adjoint representation 24 as appearing in the
superpotentials (a) and (b) in sec. 8.3.2 in model (a) and (b) respectively. The up-type
Yukawa matrix entries are assumed to originate from usual SU(5) symmetric Yukawa
coupling terms not involving powers of 24 similar to the ones in eq. (4.11). Resulting
from these superpotentials, we find MSSM Yukawa matrices for (a) given by

. ) 1 3
Yd = dlag (yd7 Ys, yb) ) Y; = dlag <_§yd7 6y87 _Eyb> ) (842)
and for (b)
0 Yai2 0 0 —%yd,m 0
Yi=(vam ys 0], Y =|6ysm 6y, 0o | . (8.43)
0 0 Yp 0 0 _%yb

where the last is also reminiscent of the scenario discussed in chap. 7. One additional
virtue of the Yukawa coupling ratios introduced this way is that similar fixed ratios
also apply between the usual matrices Yy, Y. and the couplings to the colour triplets
Y4, Yue, Yy, Yua. For these example structures, we thus find for (a)

) 3 _ 2
Y, = diag (yd, Ys, —§yb> ,  Y,, =diag (gyd, —4y,, yb) , (8.44)
and for (b)
0 Yaie 0 0 %yd,m 0
3/;1l = Yd,21 Ys 0 9 Yud - _4yd,21 _4ys 0 5 (845)
0 0 _%yb 0 0 Yp

while the other matrices follow the minimal SU(5) relation Y, = Y, = Y,. For an
extensive list of ratios between all involved Yukawa couplings in such schemes with
powers of fields in the 24 representation and a description on how they were obtained,
see app. D. The approach using discrete CG factors thus not only leads to desirable
predictions for the SUSY spectrum via the SUSY threshold corrections, but also to
predictions for proton decay with fewer free parameters than e.g. just assuming that
unspecified higher order operators fix the relation Yy = Y.I' of minimal SU(5), see for
instance [136, 139, 140]. This advantage was also mentioned in [141, 140] for GUT
textures instead of more complete models like in [10].

Note, however, there is one caveat to this. In the DMPM as discussed here, there
are additional colour triplets that can also generate the same type of operators as
in eq. (8.40), but possibly with less suppression (thus dominating over the operators
discussed here) or with different ratios. It has to be checked that the symmetries
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beyond SU(5), assumed to obtain the right flavour structure, successfully protect the
model against these contributions (as was done in [10]).

Concerning the first missing ingredient — the SUSY spectrum needed to dress the
dimension five operator — we will not go into much detail for this study. It is, however,
interesting to note the following: as was pointed by [142], the proton decay amplitude
contribution of the second operator of W,_,» — the so called RRRR operator — is
enhanced by a factor tan? 8 (for large tan ), which poses a challenge for models with
large tan 8. This affects the example structures at hand the following way.

Looking at the SUSY threshold correction dependence of y, /y, shown in fig. 5.7, we
see that the ratio y,/y, = 3/2 needs 7, ~ 0.11, while y,/y, = 1 needs 7, ~ —0.20. We
remind ourselves that 7, ~ &, tan 8 where &, is some function of the SUSY spectrum
and to a first approximation independent of tan 5. Assuming a similar SUSY spectrum
and explaining the sign via a simple sign flip of u, 7, &~ —0.20 would thus naively need
an about twice as high tan as 7, ~ 0.11 would need. In conclusion, y,/y, = 3/2
corresponds to a factor of four suppression compared to y,/y, = 1, leading to less
tension with proton decay.
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PART 111

Summary and Conclusions






Summary and Conclusions

After establishing basics and fundamental notation in the first part of this thesis, we
presented values and uncertainties for the running quark and lepton Yukawa couplings
as well as quark mixing parameters calculated at various renormalisation or energy
scales, intended as useful input for high-scale model building. The results calculated
for the renormalisation scales u = Mz, 1 TeV, 3 TeV and 10 TeV, as calculated within
the SM in the MS scheme, can be found in tab. 5.1. The corresponding values in
the DR scheme are given in tab. 5.2. Both tables can be used as convenient input
for parameter fits performed after having done the RG evolution of the high-scale
quantities of the respective model to the appropriate scale.

Furthermore, numerical values for the corresponding flavour quantities at the GUT
scale Mgyt are given in figs. 5.1, 5.2, 5.3, 5.5 and 5.6. Here, the tan [ enhanced
one-loop SUSY threshold corrections are handled using a parametrisation convenient
for building models of the structure of high-scale Yukawa couplings — namely, only
via two significant parameters 7, and tan 3, as defined in egs. (5.6) and (5.7), which
influence all parameters, and only a few other parameters that easily factor out of the
RG evolution. In addition to the central values for each quantity, we also calculated
their relative uncertainties at the GUT scale, as given in fig. 5.4 and tab. 5.3. While
all plots shown in this thesis are obtained for Msysy = 1 TeV, we also provide the
corresponding data for Msysy = 3 TeV and 10 TeV online under

http://particlesandcosmology.unibas.ch/files/maurerv/RunningParameters-thesis.tar.gz ,

as data tables, which also include the 1 TeV data. These allow to reproduce the
GUT-scale quantities as numerical functions via simple interpolation for use in model
analyses. With these results, we expect parameter fits of GUT-scale models to the
experimental data to be greatly simplified and accelerated.

Next, we addressed the question of naturalness of the MSSM in the light of the
Higgs discovery and mass measurement at the LHC. For this, we focused on models
exhibiting non-universal high-scale boundary conditions of the soft SUSY breaking
parameters and contrasted them with the c MSSM. Our basic assumption was that the
non-universalities are a consequence of an underlying mechanism giving rise to fixed
relations between SUSY breaking parameters which can itself be a consequence of
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SUSY breaking or GUT dynamics. To identify candidates for such relations that can
reduce the fine-tuning of the electroweak scale, we implemented a general high-energy
parametrisation inspired by the pMSSM and obtained a semi-analytical formula for
understanding fine-tuning to guide our further analysis. Based on this semi-analytical
treatment, we discussed prospects of non-universal scalar and gaugino masses, coming
to the conclusion — as already noticed, e.g., in [71, 72, 73] — that the latter case seems
more promising. Therefore, we performed a numerical study looking into the fine-
tuning A in the case of non-universal gaugino masses in more detail.

We found that models with non-universal gaugino masses can account for a Higgs
mass in the range 125.3+0.6+3 GeV (including the uncertainty related to the numerical
calculation) with a fine-tuning of only A, ~ O(10), compared to the cMSSM, which
requires A, 2 O(100). Hence, the MSSM with non-universal gaugino masses is
still a comparatively natural scenario. In more detail, the values of n; = M; /M3 and
1y = Msy/Mjs giving a low fine-tuning before and after applying a constraint on the
Higgs mass are shown in fig. 6.2 and 6.4. Interestingly, some of the ratios discussed
in the literature as candidates for such fixed ratios lie in the low fine-tuning region or
are close to it, while others that were promising before are disfavoured by including
the Higgs mass constraint. Including it, we found that particularly favoured ratios are
now given by, e.g., (m1, n2) = (10,2), which may originate from SU(5) GUTs, and
(m1,me) = (%, %), which may be consequence of orbifold scenarios of type O-II with
(Sgs = —6.

Assuming non-universal gaugino masses at the GUT scale, we proceeded to analyse
the fine-tuning price of different values of the GUT-scale Yukawa coupling ratio vy, /ys,
representing an important cornerstone for the discrimination of GUT models. There,
we found that, for m;, ~ 125 GeV, b-7 Yukawa unification corresponds to A = 60,
while the alternative ratio y,/y, = 3/2 can be realised at the price of only A 2 30.

Analysing the SUSY spectrum favoured by naturalness and the Higgs mass con-
straint, we found that for the least tuned data points with fine-tuning A less than 20
the lightest neutralino is expected to be lighter than about 400 GeV and the lighter
stop can be as heavy as 3.5 TeV. On the other hand, the gluino mass is actually
required to be above 1.5 TeV. Comparing the predicted spectra with the LHC ex-
clusions derived in a set of simplified models, we concluded that the regions of lowest
fine-tuning are at present only poorly constrained by direct SUSY searches.

In summary, while a universal high-scale boundary condition such as the cMSSM
is certainly challenged from the point of view of fine-tuning by the Higgs discovery at
my, ~ 125 GeV, more general variants of the MSSM like the examples studied here can
still provide relatively natural solutions to the hierarchy problem and will probably
require several more years of data taking before they are fully tested at the LHC.

In chap. 7, motivated by current global fits [16] yielding a large leptonic mixing
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angle of
O™ = 8.5°40.2° (8.46)

we discussed how this value can easily emerge in theories that unify the forces of the
Standard Model. In particular, we investigated how the Georgi-Jarlskog scenario with
a Clebsch-Gordan factor of —3 in the connection of the 2-2 matrix elements of Yy, Y,
can be generalised with a predictive relation for the value of #FMNS,

The key towards realising this is to find a tight connection between the charged
lepton Yukawa matrix and the down-type quark Yukawa matrix in the subsector of the
first two generations. This can then lead to the link

0%, ~ O | (8.47)

between quark and lepton mixing. This, in turn, corrects the neutrino mixing matrix
in such a way that the reactor mixing angle is generated following the relation

1
OVVNS ~ —p¢, . (8.48)

V2

The general conditions that characterise this scenario are the following:
e Vanishing 1-3 mixing in the neutrino and charged lepton sector

e A predictive setup in the quark sector leading to 6%, ~ ¢ to a good approxima-
tion

e A GUT sector (or similar) linking the down type quark Yukawa matrix Y; and the
charged lepton Yukawa matrix Y, in a definite way using discrete Clebsch-Gordan
factors

e Simple equality conditions for two of the Clebsch-Gordan factors. For SU(5)
GUTs an additional constraint — such as symmetry of Y, and Y, or a vanishing
1-1 entry — is necessary.

An important reason for the last condition is given by the relation between 6{, and
other flavour quantities of the form

%) ga, in PS
Ce
el , (8.49)
<= = in SU(5
My | Co 04, . ©)

together with the requirement to reproduce the quark-lepton mass ratios consistently
and the condition on 6%,. Specifically, it turns out that, for certain cases, only one com-
bination of Clebsch-Gordan factors is consistent with all requirements. Additionally
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we found that, in SU(5) GUTs under our general assumptions, the current magnitude
measured for O7MNS is actually the upper limit of what you can get if a texture 0 in
the 1-1 element of Y; and Y, is assumed.

Subsequently, we have discussed several types of corrections scenarios satisfying
these four conditions receive, ranging from inaccuracy due to the approximations made,
actual dependence on 055 renormalisation group effects to canonical normalisation.
In conclusion, the corrections amount to about O(10%), i.e. about a factor of three
larger than current experimental uncertainty. However, most of these effects can be
kept under control in an explicit model, as was shown in simple examples.

In a more model-independent way, we have also discussed how different underlying
neutrino mixing schemes can be discriminated using the large value of 02MN5 and the
lepton mixing sum rule,

01N — NS SPMNSY ~ 9, (8.50)

cos(
This allows to “reconstruct” the value of #%, from a future measurement of J*MNS

assuming 075, 07; < 0c¢, i.e. condition 1.

Finally in chap. 8, we discussed how the double missing partner mechanism solution
to the doublet-triplet splitting problem in four-dimensional supersymmetric SU(5)
grand unified theories can be combined with predictive models using Clebsch-Gordan
(CG) factors for the quark-lepton Yukawa coupling ratios at the GUT scale.

Towards this goal, we argued that a second SU(5) breaking Higgs field in the adjoint
representation 24 is very advantageous. Consequently, we studied all possible renor-
malisable superpotentials with two adjoint Higgs fields systematically, and calculated
the corresponding constraints on the GUT scale and effective triplet mass in a two-loop
gauge coupling unification analysis. We found that the effective colour triplet masses,
which enter dimension five and six proton decay, can easily be raised enough to avoid
problems with proton decay (more than feasible with standard non-renormalisable
Higgs potentials with only one adjoint GUT Higgs field). We concluded the chapter by
stressing the advantage of having ratios fixed by group theoretical structure between
not only Higgs doublet but also colour triplet Yukawa couplings and other advantages
of the used approach.

In summary, we demonstrated via multiple avenues how the structure of a grand
unified theory (of flavour and in general) can be inferred from low energy observables:
most directly via flavour observables themselves, but also via other means such as
fine-tuning of the electroweak scale, new input from neutrino physics and the non-
observation of proton decay. As such, we expect this thesis together with its appendices
to be valuable to the scientific community for future research on GUT model building.
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PART 1V

Appendix






APPENDIX A

Quark Masses at the Z Mass Scale

In the following, we show in more detail how the quark masses at the renormalisation
scale p = My are calculated using the Mathematica package RunDec [62]. For more
information on the parameters of each function, see therein. As mentioned in chap. 5,
we use the notation, where pole masses are denoted as upper case M, and running

masses in QCD with n; active flavours are denoted as ménf ) (). As such, we take as

input parameters: mq(j’zl’s(Q GeV), m£4)(mc), ml()5)(mb), M, ags)(MZ). The following
algorithm takes care of the QCD calculation in an iterative way. In practice, however,
after the second iteration the accuracy is good enough and this part of the calculation

concludes.

As the first step, we run o, from My to the running bottom mass with ny = 5 and
4 loop accuracy — the latter applies to every step in the calculation.

a§5)(ml(,5)(mb)) = AlphasExact[&g5)(MZ), My, ml(f’)(mb), 5, 4];

Using this value for a,, we can determine the bottom quark pole mass. It depends
weakly on the lighter quark masses of which the only (mildly) significant one is the
charm quark mass. Due to the structure of RunDec, we need the running charm quark
mass at ml(f) (my), which we do not have during the first iteration, hence the iterative
structure.

M, = mMS2m0Ss|
méS) (mb)7
If{mc == NOI’le, {mc}7 {H’
al? (my” (my,)),

m\?(my), 5, 4
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With the bottom pole mass at hand, we can run «a, from My to 2 GeV and m((;4) (me),
while taking into account the bottom threshold at its pole mass.

oD (2 GeV) = A1H2A1L[a®) (M), My, {{5, M,, My}}, 2 GeV, 4];
aD(m (m,)) = A1H2A1L[a®) (M), My, {{5, My, M,}}, mW(m,), 4);

Next, we run up again in ny = 4 to the bottom quark mass scale.
o (ml(f’)(mb)) — AlphasExact[a?(2 GeV), 2 GeV, m,(f’) (my), 4, 4];

Based on this value for oy, we obtain the charm quark mass at the bottom quark mass
scale for ny = 4 and subsequently de-decouple the bottom quark to obtain the value
for ny = 5. Note that the latter is what is passed as m,. to the next iteration.

m® (m

m((f) (m

C C

?(my)) = DecMqUp0S[m) (m” (my)), o (m{?(my)), My, M,, 4, 4];

C

) (my)) = ms2mSm (" (me), " (m{D(m.), ol (m” (ms)), 4, 4];
( (
b
Going back to the values at the scale mt (m.), we run the charm quark mass to 2 GeV
for ny = 4.
m®M(2 GeV) = mMs2mMS[mY (m,.), o (mM(m,)), o (2 GeV), 4, 4];

S
Using this value, we determine the charm quark pole mass. Since m (m.) is below
2 GeV, we expect this way of calculating it to be more accurate as a runs to smaller
values with increasing scale.

M, = mMS2m08[m* (2 GeV), {}, oW (2 GeV), 2 GeV, 4, 4];

Next, we determine the value of oy relevant for the three light quarks by decoupling
the charm quark at 2 GeV from the ny = 4 theory.

a®(2 GeV) = DecAsDownMS[aP (2 GeV), m*(2 GeV), 2 GeV, 3, 4];

Using this, we calculate the three light quark masses for ny = 4 at the scale 2 GeV by
de-decoupling the charm quark.

m® (2 GeV) = DecMqUpMS[m P (2 GeV), P (2 GeV), mP(2 GeV), 2 GeV, 3, 4];

u u &

md4)(2 GeV) = DechUpMS[mdg)(Q GeV), (3)(2 GeV), mP(2 GeV), 2 GeV, 3, 4];

C

m®(2 GeV) = DecMqUpMS[m® (2 GeV), P (2 GeV), mP(2 GeV), 2 GeV, 3, 4];

S &
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Turning our attention back to higher scales, we determine the running top mass in
the ny = 5 theory based on the lighter quark masses of charm and bottom (neglecting
even lighter ones).

m{™ (My) = m0s2mMS[M,, {M., M}, o®(My), My, 5, 4):

Using this running top mass, we determine the ny = 6 value for a, by de-decoupling
the top quark at the scale M.

ozgﬁ)(MZ) :DecAsUpMS[ozS”)(MZ)7 m§5)(MZ), My, 5, 4];

Finally, we determine the running top quark mass at the scale My from its on-shell
mass.

m{®(My) = mos2mMS[M,, {M., My}, o'®(My), My, 6, 4];

Of the other quark masses, the up, down, strange and charm quark running masses
(denoted collectively as m,) are then determined from their ny = 4 values at 2 GeV
by running them to My, taking into account the ny = 5 threshold at M, and the top
threshold to ny = 6 just before My (the result does not significantly change when
moving this threshold closer to My).

méﬁ)(MZ) = mL2mH]|
m((14)(2 GeV), aP(2 GeV), 2 GeV,
{{5a Mb7 Mb}a {67 Mt7 099MZ}}7 MZ7 4
I
Lastly, the bottom quark mass is determined the same way, but, of course, without
the bottom threshold.

ml()ﬁ) (Myz) = mL2mH|

m$? (my), o (m (my)), my (my),

{{6, M,, 0.99M,}}, My, 4
J;
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APPENDIX B

Electroweak Corrections to Running
Fermion Masses

When the SM is matched to the low-energy theory of SU(3)c X U(1)epm, in principle,
one has to take into account contributions to the running Dirac fermion masses from
the electroweak gauge bosons W= and Z° as well as the Higgs boson h° and associated
Goldstone bosons (depending on the gauge). The relevant one-particle irreducible one-
loop diagrams, shown in fig. B.1, lead to corrections to the Lagrangian density of the
form

A,C:AKJ% inpPL@Df‘f’AK}%EfipPRd)f—Amjr Efqv/}fv (Bl)

where MS divergences are already assumed to be subtracted. After canonical normal-

isation, this results in the relation between low-energy running masses mIJ?W and SM

running masses m3™,

Am om
SM _ low (1 f .1 AKL L AKR = mlov (1 f B.2
myT = my ( " +3 (AKf +AKF) | =mj oy ) (B.2)

where the specific choice which my to use in the brackets only amounts to a higher
order effect. Determination of the corrections for up-type quarks u;, down-type quarks
d; and charged leptons e; using FeynArts [143] and FormCalc [144] yields the formulae

Oy, a

= M2 (=9 +8sy, (—3 +4s;
My, 288WC%,V312/VM3V[ w(=9+ 85y (=3 +dsy))

— [18¢jy m2 + 32 My, sy (=3 + 4 s3y,)] Bo(mi, ,m2., M7)
— [18¢jy mi, +2 My, (9+ 85y, (=3 + 4s3,))] Bi(m,,m. , M%)

3
— 18, D [V (M3, +2m3, Bo(m,,m3, , M)
k=1

(3, m?, 42 M) By (2, md, M)
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2

+ ]'8 c%/[/ mui (Bo(m’l%l’ miﬂmio) - Bl(miﬂ m’IQAi’ mio)) :| )

domy, a

= M2 (=9 +4s%, (=3 +25s?
Mg, 288m§V53VM3V[ w(=9+ sy (=3 +28))

— [18¢jy m3, + 16 My, sy (=3 + 2 s3,)] Bo(mg,, m3., M)
— [18¢jym3 + 2 My, (9 + 4 sy (=3 + 2s3y,))] Bi(mj,,m5, M3)

3
2
—18¢h 0 (VS (M3, + 2m2, Bo(m3,,m2,, M3,)

U’
k=1

+ (m, + mik + 2 Mj,) By(m},,m Mﬁ,))

o
18k m3, (Bo(md,, md,, mia) — Bi(m,, m,, mi) |
ome, a
T 32r ek, st M2,
— [265y mZ, + 16 My, sy (=1 + 2s3,)] Bo(m? ,m2., M)
—[2¢y mg, + 2 My (1 — 453 (1 = 2s3))] Bi(mZ,, mZ,, Mp]
—2c, (mi +2 M) Bl(mzi, 0, M3,)

M (=3 - 253, (1 - 45%,)

M,

7

+ 2k m2, (Bo(m2,m  mis) = By(m?, m2,mia)) |

with sy = sinfy, e = cos Oy and the one loop Passarino-Veltman functions By and
By [145]. With the MS divergence term already subtracted, they are given by

1
—x(1 —2)p? + zm? + (1 — x)m?
Bo(pQ,m?),m?)=—/log[ Lol 2 Rl Gk 2L} PP

1
_ 1 _ 2 2 1 _ 2
Bl(pZ,mg,mf) = /xlog [ z( T)p” + ami + ( x)mo] dx .

112

The calculation was done in Feynman gauge ¢ = 1 and in the main text the threshold
renormalisation scale y = My was used. In the case of top quarks, this correction
develops an imaginary part which is interpreted as contribution to the decay width due
to the process t — Wb and is thus dropped for the calculation of the mass correction.

Note that these relative corrections are O(107?) for bottom and top quark and
O(107%) for all other fermions. Thus, they are only statistically relevant for charged
lepton masses.
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Figure B.1: Feynman diagrams involving scalar and vector boson particles con-
tributing to the self-energy of the SM fermions. Electroweak doublet Goldstone bosons
are denoted as G and G*. For uncharged bosons, the relevant internal fermion f is
the same as the external one. For charged bosons, the internal fermion f’ is the one
with opposite weak isospin, i.e. f/ = v; for f =¢; or f' = d}, for f = u,.
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APPENDIX C

Useful Statistical Relations

In the following, we give a brief definition of the concepts and algorithms used in the
statistical analysis of chap. 5.

Let us start with the definition of highest posterior density (HPD) intervals. As
stated in [15], the HPD interval [a; b] of a random variable z to a given confidence level
P is defined by

/ pr)de =P and p(z) <ply) Ve € a;bly ¢ (], (1)

a

where p(z) is the probability distribution function (p.d.f.) of z. For random samples (of
uni-modal distributions), it is more convenient to use the equivalent definition where
[a; b] is the smallest interval in which a fraction P of all sample elements are contained.

Since some experimental data has non-symmetrical uncertainties, it is also impor-
tant to treat this case properly. Thus, we use a slightly more involved random sample
drawing algorithm as follows. Recall that given a random variable x with p.d.f p(x)
and a cumulative distribution function

xT

F(z) = / p(y) dy , (C2)

—00

and a random variable ¢ that is uniformly distributed on the interval [0; 1], we can
replicate samples of x by drawing a number ¢, from ¢ and obtaining the corresponding
x value of

zo = F(ty) , (C.3)

which is well defined assuming positivity of p(x) and subsequent strict monotony and
invertibility of F(z). This is referred to as inversion sampling. Thus, using the error
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function erf(x) defined by
2 2
erf(z) = —/e_t dt (C.4)
VT

we model a measurement of the form pT° with a function F~' as in eq. (C.3) of the
form

b
N—l—ﬁwerf‘l{(t—aib)a: } fort<aj_b
Ft) = (C.5)
+V2b-erf |t — a4 ath for t > a4
a atb) b = a+b

The obtained random variable x has three desirable properties: it has a continuous
p.d.f. p(z) especially at the measured value p, where it has its maximum, and fulfils
the property

H]nbp(:c) dz = ]n/\f(x) dz | (C.6)

where A is the p.d.f. for a standard normal distribution with mean value p = 0 and
standard deviation o = 1. In particular, p(z) is positive for all z, meaning that all
real values are realised. As can be checked quite easily, in the limit a — b = o the
function F~! of eq. (C.5) converges continuously to the one of a normal distribution
with mean value p and standard deviation o. Note that only in this limit the relation

fx<up(37) dr = fxw p(z) dz is true.
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Yukawa Coupling Ratios in SU(5)

D.1 Explicit Tensor Decomposition in SU(N)

In the following, we specify the algorithm for SU (V) tensor decomposition with which
the results in sec. D.2 were derived. Note that it is a very explicit and possibly time
consuming algorithm which has not been optimised and can contain extraneous steps.
In practice, it makes little difference as long as the dimension of the relevant tensors is
small enough, since the results only have to be calculated once and can then be reused,
similar to branching rules of SU (V) representations to subalgebra representations.

Let the SU(N) algebra be given by the generators T, as hermitian N x N matrices.
We take the first N(N —1) generators to be the non-diagonal ones (analogous to SU(2))
paired up as

o1
(Tamm)'s = 5 Oinjm + dimbjn) (D.1a)

; i
(Ta(m,n)-‘rl) i 5 (5in5jm - 52m5jn) ) (le)
where m = 1,...,N and n = m+1,...,N (and a(m,n) = (2N —m)(m — 1) +
2(n —m) — 1, such that a(1,2) = 1,a(1,3) = 3,...,a(2,3) =2(N — 1) + 1,a(2,4) =
2(N —1)+3,...).. The N —1 traceless diagonal generators are not directly important

for this algorithm. The N(N — 1) ladder operators T, and T, are then given by

T =T, +iT,., (D.2)

for which it is easy to show that they have the generalised form and properties of
ladder operators of SU(2).

Now, let R%2-n he a general tensor of SU(N). Since each index corresponds to a
fundamental representation N of SU(N), the action of a generator T, on the tensor R

'However, iterating over m (outer) and n (inner) will ensure this ordering automatically.
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is given by

(TR = ((Tm [[0% + @5 ]+ (@), ] 5”;) Riein
k#1 kA2 k#n

(D.3)

meaning that all indices transform separately®. If R is completely general, this is the

transformation rule of the reducible representation R = N", where N is the funda-

mental representation of SU(N). What we are interested in at first is the unitary

transformation O that relates this tensor R with its reduction into irreducible repre-

sentations R;, with R = R; +Ry+ ... such that the irreducible components Rg, j are
given by R

RR,k = OR, kijrjo..gn B0 (D.4)

where k runs from 1 to dim R,; for each ¢ and summation over j, is implied. Assuming
that SU(N) is subsequently broken into a semi-simple subgroup G, the irreducible
representations R; each branch off into several irreducible representations of the factors
of G labelled as (ry,rs,...,r,,), where m is the number of simple Lie group factors of
G. Decomposing the SU(N) tensor R also into these representations of G leads to an
analogous definition of an orthogonal matrix O with the property

R(r17r27---,rm)7k = O(I‘l,I’27---,I‘m)7k§j1j2---jn le]émjn ) (D5)
where k runs from 1 to dim (ry, 1o, ..., 1,,) as before. Going further, we make a change
of basis by collapsing multi-indices into single indices, such that eq. (D.5) reads

R,=0, R, (D.6)

where both ¢ and j run from 1 to dim R = N™. Since this is just a numbering of the
multi-index values of before, it is trivially an isomorphism on both sides of O or O.
For the following, it is not important how exactly this numbering proceeds as long as
one keeps track of it and uses it consistently. Also note that it is in these simplified
bases where O can be directly understood as a unitary matrix with OTO = OOT = 1.
In the same sense, eq. (D.3) now defines a hermitian N x N” matrix T, for each a.

The determination of the matrix O (or rather its rows) for a given tensor Ri2-in
now proceeds via the following algorithm:

(1) We start with the full group SU(N) and determine all ladder operators T3 in
the fundamental representation. The set of rows of O is initialised as empty?

2Note that this equation and the following discussion can also be extended to encompass ‘conju-
gated’ indices corresponding to the N representation by replacing (7,)’; with —(7'7)’; for such indices.
Otherwise, it is not relevant for the presented algorithm.

3Actually, since we use the full group in the first iteration, it will rather determine O. The
decomposition into subgroup representations will proceed with step (8).



D.1 Explicit Tensor Decomposition in SU(N) 145

(2) The ladder operators are converted to their analogues T'F in the reducible tensor
representation R.

(3) We take a unit vector v from the kernel of the first 70

(4) We apply each ladder up operator T 7 to v repeatedly yielding a new v until
T;’ v = 0, one a after the other going over all a twice. At this point, the direction
of v corresponds to a superposition of directions that are highest-weight-like of
the considered group and ones that are total singlets.

a

for each a we do the following: if 7T v # 0, replace v with T;T7v and go to
the next a, otherwise replace v with ch ’fj v if it is not zero and proceed to the
next a. This makes sure that at least one of the two combinations is applied if v
is a combination of |j,+j) and |0, 0) of this SU(2) subalgebra. Having done this,
v points into a direction associated with only a single irreducible representation
of the group.

(5) We split total singlet components off by going through all ladder operators T,

(6) We decompose the full representation space associated with the vector v by ap-
plying all ladder operators fai to v and again to all vectors resulting from this
and so on until further applications of T~f yield only vectors that are linearly
dependent on the set of vectors V = {v;} we already have. The vector set 1%
is then orthonormalised using the Gram-Schmidt process and added as rows to
O. Alternatively, one can project out components of already encountered direc-
tions after each application of a ladder operator and thus also obtain a set of

orthonormal vectors V.

(7) Repeat steps (4) to (6) with v now being a vector perpendicular to all rows of
O found up to now. When the number of found rows is equal to the dimension
of R, we have found the full orthogonal square matrix O that decomposes the
component space of R into sub-blocks that are not mixed by the generators
of the current group — namely the subspaces corresponding to the irreducible
representations R,; in the tensor product N™.

(8) To actually arrive at the decomposition matrix O into subgroup representations,
we further decompose the subspaces of R; via a change of basis using O and
applying steps (3) to (7) with the ladder operators that are contained in the
unbroken subgroup, e.g. the ones commuting with predetermined direction in
the adjoint representation such as hypercharge for breaking SU(5) to the SM.
The full O is then given by the product of both sub-transformation matrices.

Note that via this procedure one usually only learns the dimension of the representa-
tions under the subgroup directly, e.g. it is then not immediately obvious whether a 6
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dimensional representation of the SM is a (6, 1), or a (3, 2), of (SU(3)¢, SU(2)1)u(1)y -
It is thus necessary to break the symmetry group down to QCD alone to extract the
QCD representation, while the hypercharge can be extracted by applying the corre-
sponding diagonal generator obtained via eq. (D.3). Information on the difference
between for example 3 and 3 can only be obtained via other means entirely.

We also stress that, while we do not prove the correctness of this algorithm, we
have checked that it produces correct results for all tensor structures encountered in
the next section. For this, we checked that the resulting transformation matrix have
square form, are unitary (actually orthogonal in all cases) and that they correctly
reduce all SU(N) generators into the representation blocks as quoted in the literature,
see e.g. [47].

D.2 Yukawa Coupling Ratios for Higgs Doublets
and Triplets

The full explicit form of the MSSM superpotential shall be given by*
W = eop (Vo) THG LY By + (YVa) THE Q" Dy 4+ (V) HEQEUf + pHEH ) (D7)

where 4,7 are generation indices, €,53 the Levi-Civita tensor (e12 = 1), «, § are SU(2)
indices and a, b and ¢ are SU(3) indices. For clarity, we switched to the notation U, D,
E for the right-handed up quark, down quark and charged lepton superfields instead
of u®, d¢, e° respectively, in order to minimise the amount of indices in the next few
formulae. Adding a pair of colour triplets T and 7" to the MSSM, we get the additional
terms

1 c Ta yoa
Wi = €ap (—§(qu)ij6abCT“Q?be + (Yqr)i; T Q5 L?)

+ (Yue)ijTanan - (Yud)ijeabcTanD; + MTTaTa ,

(D.8)

where €4, is the three indices Levi-Civita tensor (with €193 = 1).
When extending the SM gauge group to SU (5), we embed the MSSM superfields

in a 5-plet Hs, 5-plets Hs and F;, and 10-plets 7; as in

Hs = (T" 19 T" Hf HY)", (D.9a)
Hy=(T" T¢ T° H; —HY) , (D.9b)

4This definition coincides with the definition of [146].
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and

o U U’ -U -Dr
] vt o -Ur -Uf -DY
T,:E vy Uy 0 Uy -D}|, (D.9d)
urouf U 0 —E;
D D! DY E 0

where r,¢,b are the SU(3) colours and U, D and v, E denote the components of
SU(2)-doublets Q and L.° In this embedding, the hypercharge operator is given by
Y « diag(3, 3,3, —2,—2). We can write down the renormalisable superpotential terms

_ 1 _
W = (Yrr)i T (Fy)a(Hs)s + §(YTT)z‘j€abcde7§ab7}CdH§ + psHy (Hs)a (D.10)

where now a, b, ¢, d, e are SU(5)-indices and €4peqe is the respective Levi-Civita tensor.
From the embedding of the MSSM fields, one obtains the minimal SU(5) GUT-scale
relations

= Mr=pus . (D.11a)
1

Yo=Y =Yy =Yu= EYTFa (D.11b)

Y,=Yl' =Y, =Y.=2Yr. (D.11c)

In order to fix undesirable relation Y; = Y.Z', one approach is to add a 45-dimensional
Higgs representation which generates a relative factor of —3 between the Yukawa cou-
plings of the charged leptons and down-type quarks [48]. Here, we implement the
extended approach where the ratios between Yukawa couplings are fixed by the CG
coefficients of higher-dimensional operators where in addition an adjoint Higgs repre-
sentation 24 of SU(5) is added [49, 51]. In addition, we also present the relative CG
coefficents to the triplets. Namely, while in [49, 51] only Yy, Y, and Y,, were discussed,
here we will also discuss in detail the implications of this approach for Yy, Y,q, Yy,
Yue. The list of the resulting ratios for dimension 4 and 5 operators with Higgs fields
in a 5- and 45-dimensional representation can be found in tabs. D.1 and D.2, where
the labels for the representations is defined by fig. D.1. The corresponding results for
dimension six operators are given in tabs. D.3-D.6.

There are a few comments in order. First, note that several topologies involving
a 45-dimensional messenger field exhibit a free parameter, due to the fact that the
tensor product 45 x 24 contains two 45-dimensional representations. Hence, there are
two operators possibly giving two different ratios so that a continuous line of ratios is

SLikewise Hy = (HS H;)" and H, = (H HP).



148 D. Yukawa Coupling Ratios in SU(5)

Figure D.1: Supergraphs generating Yukawa couplings upon integrating out mes-
sengers fields in representation R,R, etc.

possible depending on the coefficients of the two operators. For these cases, we write
x in the tables.

We also want to mention that, unlike at the renormalisable level, the up-type
quark Yukawa and related matrices do not have to be symmetric or antisymmetric.
Consider, for example, the operator (Hay71)10(H572)19- Due to flavour symmetries
and messenger content the operator (Hoy73)10(Hs71)19 could be forbidden. In that
case, we find (Y,)12/(Y,)21 = —4. Hence we have adopted the following notation for
the ratios in the tables for the Yukawa couplings related to Y,

(Ya)ij: (Ya)jit (Yoq)ij : (Yue)ij: Yue)ji=a:b:c:d:e, (D.12)
which reduces for the diagonal entries of the Yukawa matrices to
(Ya)ii: (Yg)ii : (Yue)ii = (a+b):c:(d+e). (D.13)

The ratios related to Y; do not have this extra complication since none of them could
be expected to be symmetric or anti-symmetric in the first place.

If the considered model contains Higgs fields both in 5- and 45-dimensional rep-
resentations®, there are two Higgs doublet pairs in the spectrum and care should be
taken that unification is still possible. One solution is mixing both and making one
linear combination heavy while one stays at the electroweak scale. The simplest term
generating such a mixing is

_ — 2 e
W D H24H5H45 0.8 HuH35 — ﬁTT% + ..., (D14)

where the dots stand for terms involving additional MSSM multiplets in Hys. Since
a 45 contains more potentially dangerous MSSM multiplets, it is natural to have
the heavy linear combination be predominantly in the 45. Then it is possible to

50ne could also imagine using 45-dimensional Higgs fields exclusively. However, this severely
exacerbates the doublet-triplet splitting problem as now one has to split the doublets from even more
component fields that can generate proton decay operators.
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AB CD R (Ya)ij + (Ye)jiw (Ya)ij o (Yua)i
Fj T, Hs — 1 1 1 1
HyT;  FjHs 10 1 6 1 —4
HyT; FjHs 15 1 0 —1 0
HyHs  Fi T, 5 1 1 -2 ~2
Hyy Hs F;T. 45 1 -3 : =2 2
HyF; TiHs 5 1 -3 -3 1
H24./—"j 7;H5 E 1 % —% : —1
‘7‘—3'7;1745 — 1 -3 : V3 : =3
HoT; FjHis 10 1 —18 : V3 : 43
Hay T; .FJ H45 40 1 0 _\/7§ . _\/Tg
HuTi Fifls 175 1 ;% ;198 10
Hay ]}’45 F;Ti 5 1 1 —\% : _\/lg
H24 H45 ./—"] 7; E 1 -3 T : —X
Ho F;  TiHis 5 1 2 _%g : =3
Hay F; 7;]:-’45 45 1 -1 —\/73 : _\/Lg
H24]:j 7;]‘.[45 % 1 f—i _%ﬁ D=3

Table D.1: Ypp-like CG ratios for the dimension 4 operator and effective dimen-
sion five operators W O (AB)r(CD)g (involving 5- and 45-dimensional Higgs fields)
corresponding to the left diagram in fig. D.1. Note that one combination has a free
parameter x due to the ambiguity of the index contraction. See main text for more
details.

treat Hys like a messenger field” and the renormalisable operator F7 Hys turns into
the non-renormalisable operator (F7T )ys(Ho4Hs)gs, cf. tab. D.1. If the approximation
M5 > (Ha4) does not hold, one has to take into account the full mass matrix for the
Higgs doublets including the term in eq. (D.14).

"For reasons of anomaly cancellation, a 45 must be paired with a 45.
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AB ¢D R (YU)W (Yu)ﬂ P (Yag)ij + (Y )'J (Yue)n
T:T;Hs — 1 1 1 1 1
HyHs  TT; 5 1 1 —2 -2 2
HuHs TT;, 45 1 : —1 0 —2 2
HyT, T;H; 10 1 4 1 4 6
HyTi T;Hs 40 1 : -1 -1 0
TiT; Hys — 1 —1 0 : V3 : —V3
HyT;  T;Hys 10 1 4 0 : —4v3: —6V3
HoT;  T;Hss 15 1 0 —‘/75 0 0
HouT, T;Hi 40 1 ~I BB B30
HuTo Tio 175 1 % 2. _mi, _ug
HyyHys  TiT; 5 1 1 _\% ; \/lg : \/lg
HoyHys  TT; 45 1 —1 0 : =z —x
HyHy  TT, 50 0 0 1 . -2 9

Table D.2: Ypp-like CG ratios for the dimension 4 operator and effective dimen-
sion five operators W D (AB)r(CD)p (involving 5- and 45-dimensional Higgs fields)
corresponding to the left diagram in fig. D.1. Note that one combination has a free
parameter x due to the ambiguity of the index contraction. See main text for more
details.
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AB  C  DE  Ri,Ry (Ya)y: (Ye)u: (Ya)y: (Yua)y
T Hs Fj Hay Hoy 5, 1 1 1 1 1
T,H; F; HyHy 5,24 1 —3 . _3 1
T.Hs F; HyHy 4524 1 3 1 q
T:Hs F; HoyyHoyy 45,75 1 -3 1 1
Hy Hs Ho  F;T; 5,5 1 1 g %
Hy Hs Hyy  F;T; 5, 45 1 -3 4 —4
Hy Hs Ho  F;T; 45,5 1 1 1 4
Hyy Hs Ho F; T 45, 45 1 -3 T —r
HoHs Hoy  F;T; 70, 5 1 1 g 8
Hyy Hs Hoy FT; 70, 45 1 -3 % _g
FiTi Hs  Hoyy Hoy 5,1 1 1 1 1
F; T  Hs HyHy 5, 24 1 1 2 2
F; T Hs HoyyHy 4524 1 3 -2 2
FiTi Hs HyHyy 45,75 1 -3 1 -1
HyHs T; HuF; 55 1 —3 1 ~2
HyHs Ti  HuF; 5,45 1 3 . 2
HoHs T, HuF; 45,5 1 2 3 92
Hy Hs T; HauF; 45,45 1 -1 1 2
HoyHs T, HuF; 45,70 1 2 3 9
HoyyH; T,  HyJF; 70,45 1 3 2 4
Hy Hs T;  HauJF; 70,70 1 % 1 %
FjHs Hy HyuT, 10,10 1 36 1 16
F;jHs Hy HyT, 10,15 1 0 1 0
-/_"jH5 Hyy HyuT;, 10, 40 1 0 1 1
FiHs Hy HyT, 10,175 1 72 1 ot
F;Hs Hy HouT, 15,10 1 0 —1 0
-7:jH5 Hoy HouT;, 15,15 1 0 -1 0
FjHs Hy HyuT, 15,175 1 0 1 0

Table D.3: Ypp-like CG ratios for the effective dimension six operators W D
(AB)g,C(DE)pR, corresponding to the right diagram in fig. D.1. Note one combi-

nation has a free parameter x. See main text for more details.
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AB C DE  Ri,Ry (Ya)ij: (Yo)ji: (Ya)iy: (Yua)ij
Hyy F; Hoy  TiHs 5.5 1 % % 1
Hyy F; Hoy T Hs 5, 45 1 -2 3 1
Hy F; Hay T Hs 15, 5 1 8 3 1
Hyy Fj Hoy T: Hs 45, 45 1 z —z 1
Hy F; Hay T Hs 70, 5 1 0 9 1
HyF; Hay TiH; 70,45 1 ~2 3 1
Hyy Fj Hs  HuT; 5, 10 1 -9 _% 4
Hyy F; Hs; HuT; 5,15 1 0 % 0
Hjy F; Hy; HyT, 45,10 1 9 _% 4
HyF; H; HyT, 45,40 1 0 1 ]
HoF; Hs HyuT, 45,175 1 15 = 16
HyF; Hs HuT, 70,15 1 0 ; 0
HoF; Hs HoT;, 70,175 1 9 35 :
HyHs F;  HuTi 5,10 1 6 2 g
HyHs F;  HuT; 5,15 1 0 2 0
HyHs Fj HyuT, 45,10 1 : —18: -2 : -8
Hyy Hs Fj Hoy T; 45, 40 1 0 1 1
Hyll; F; HuT 5,175 1 . % . % . 2
Hyy Hs Fj HoyT; 70,15 1 0 % 0
Hyy Hs F;  HyT; 70,175 1 % : % : %
FiHs Ti HoyHy 10,1 1 1 1 1
FiHs T, HyHy 10,24 1 6 1 4
FjHs Ti HyuHy 10,75 1 -3 1 1
‘FJ'HE) T: HyHy 15,24 1 0 -1 0

Table D.4: Continuation of table D.3: Ypg-like CG ratios for the effective dimension
six operators W D (AB)gr,C(DE)g, corresponding to the right diagram in fig. D.1.
Note another combination with a free parameter . See main text for more details.
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AB C DEFE Ri,Ry (V)i o (Ya)ji: (Ya)ij © (Yae)is + (Yue);i
HoyTi Hs  HouT; 10,10 1 1 ~1 6 6
HoyTi Hs  HaT; 10,40 1 -8 ~1 0 192
HyyT; Hs; HoT; 15,40 1 0 1 0 0
HyT; Hs HyT; 40,10 1 ~4 1 3 0
HyyT; Hs HyuT;, 40,15 0 1 1 0 0
HyTi Hs  HoyT; 40,175 1 z L 3 0
HyT; Hs HyT; 175,40 1 52 L 0 2
Ho,T; Hs HyT; 175,175 1 1 i 6 6
TiT; Hs HoyyHyy 5,1 1 1 1 1 1
TiTj Hs HauMy 5,24 1 1 —z o o2 2
TT;  Hs HayyHoy 45,24 1 -1 0 -9 2
TiT;  Hs HyHyy 45,75 1 -1 0 1 -1
T:T; Hs HyHy 50,75 0 0 1 —9 _9
TiHs T; HyHy 10,1 1 1 1 1 1
TiHs T, HyH, 10,24 1 -1 ~1 —3 1
T:Hs T; HoyHy 10,75 1 -1 -1 3 1
T:Hs T; HayHyy 40,24 1 2 -1 0 _9
T:Hs T, HouHy 40,75 1 -1 . 0 _9

Table D.5: Ypp-like CG ratios for the effective dimension six operators W DO

(AB)r,C(DE)pR, corresponding to the right diagram in fig. D.1.
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AB C DE Ri,Ry (Y (Yt (Yag)is © Yue)ij o (Yaue)ji
HyT; T; HxuHs 10,5 1 —4 ~2 8 4
HoT; T, HoHs 10,45 1 4 0 ] 12
HoT;  T;  HoyHs 15,45 1 0 1 0 0
HyT; T, HeHs 40,5 1 1 L 2 0
HoyTi T; HaHs 40,45 1 -1 -3 9 0
HoT; T, HyHs 40,70 1 1 2 4 0
HyT; T, HoHs 175,45 1 % 2 82 2
HouT; T; HxuHs 175,70 1 g 2 1 $

T.T; Hy HyuHs 5,5 1 1 4 4 s

T.T; Hay HoHs 5,45 1 1 % %l %L

T:T; Hy HeHs 5,70 1 - 1 % g %

T.T, Hsy HoyHs 45,5 1 -1 0 . 4

T:T; Ha HeyHs 45,45 1 -1 0 T _

7;7; Hyy HyyHs E, 70 1 -1 0 % . _%

TiT;  Hey HyHs 50, 45 0 0 1 9 - _9
HyT; Hay  T;Hs 10,10 1 16 1 16 36
Hy T Ho  T;Hs; 10,40 1 ) ~1 0
HyT: Hy T;Hs 15,10 1 0 1 0 0
HyT; Hy T;Hs 40,10 1 1 1 1 - 0
HoT; Hyy T;Hs; 40,40 1 x —3 —2x : 0
HyT; Hy T;Hs 175,10 1 g1 . & n
HyT; Hy T;Hs 175,40 1 4 _% . _8 0

Table D.6: Continuation of table D.5: Yppr-like CG ratios for the effective dimension
six operators W O (AB)gr, C(DE)pg, corresponding to the right diagram in fig. D.1.
Note two combinations have a free parameter x.See main text for more details.



APPENDIX E

Two-loop Beta Functions of Extensions to
the MISSM

In a general renormalisable supersymmetric theory, the renormalisation group equa-
tions for gauge couplings g, at two-loop are given by [147]

d g3
— g, = ba § B, § Clt YTY E.1
Fan?* = 16n2 + 167r2 ( 9h — it f) : (E.1)

in the DR renormalisation scheme, where p is the renormalisation scale and f runs
over all Yukawa coupling matrices. In the MSSM, the beta function coefficients are
given by (in GUT normalisation for g;)

33 199 27 88
5 25 5 5
bo=| 1 |,Ba=|2 25 24], (E.2)
11
-3 4 9 14
and
26 14 18
5 5 5
cute =6 6 2 (E.3)
4 4 0

where the first column of C corresponds for u, the second to d and the third to e.
Additional colour triplet and electroweak doublet pairs, i.e. particle plus distinct an-
tiparticle, such as those contained in 5, 5 representations, contribute (per pair) at
one-loop with

b(S,T) o

o =

b(S,D) o

a =

(E4)

— O gl
O~ uw
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and at two-loop with

s 0 32 9 9
5T) 75 15 (5.D) 25 5
BG" =100 o|,By”=1% 70 (E.5)
& 03 0 0
15 3

The SU(2) triplets, SU(3) octets and leptoquark superfields' from an adjoint 24 of
SU(5) contribute (per chiral superfield) at one-loop with

0 5
2
b2 = 9| 5240 = | o |, b0 = 3, (E.6)
3 1
and at two-loop with
4
(o0 L foo0 PR 1
B =10 24 of, B =00 of,B}" =15 2 3 (E.7)
0 0 0 00 54 503 ¥

Additional Yukawa couplings between SM fermion superfields and the Higgs colour
(anti-)triplet contribute with

6 28 14 24
5 5 5 5

caauedud — 160 6 0 (E.8)
6 2 4 6

In our numerical analysis we have assumed that Y,, = Y, =Y, and Y; = Y,y = Yj
(as motivated by minimal SU(5)). We have checked that this approximation changes
our results only negligibly.

'Note that leptoquark superfields can only appear in Dirac pairs due to their charges.
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