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The surface corresponding to the moduli space of quadratic endomorphisms of P! with
a marked periodic point of order nis studied. It is shown that the surface is rational over
Q when n <5 and is of general type for n=6. An explicit description of the n= 6 surface
lets us find several infinite families of quadratic endomorphisms f:P! — P! defined over
Q with a rational periodic point of order 6. In one of these families, f also has a rational
fixed point, for a total of at least 7 periodic and 7 preperiodic points. This is in contrast
with the polynomial case, where it is conjectured that no polynomial endomorphism

defined over Q admits rational periodic points of order n> 3.

1 Introduction

A classical question in arithmetic dynamics concerns periodic, and more generally
preperiodic, points of a rational map (endomorphism) f: P}(Q) — P!(Q). A point p is
said to be periodic of order nif f(p) = p and if f/(p)# p for 0 <i <n. A point pis said
to be preperiodic if there exists a non-negative integer m such that the point f™(p) is

periodic.
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In [10, Conjecture 2], it was conjectured that if f is a polynomial of degree 2
defined over Q, then f admits no rational periodic point of order n> 3. This conjecture,
also called Poonen's conjecture (because of the refinement made in [20], see [11]), was
proved in the cases n=4 [18, Theorem 4] and n=>5 [10, Theorem 1]. Some evidence for
n=~61s given in [10, Section 10; 11, 24]. The bound n > 3 is needed because the polynomial
maps f of degree 2 constitute an open set in A%, and for any p; the condition f(p;) = pi;1
cuts out a hyperplane in this A3,

In this article, we study the case where f is not necessarily a polynomial but a
rational map of degree 2. Here the space of such maps is an open set in P°, and again each
condition f(p;) = pi+1 cuts out a hyperplane. Hence the analog of Poonen’s conjecture
would be that there is no map defined over Q with a rational periodic point of order
n> 5. However, we show that in fact there are infinitely many pairs (f, p), even up to
automorphism of P!, such that f: P!(Q) — P!(Q) is a rational map of degree 2 defined
over Q and pis a rational periodic point of order 6. We do this by studying the structure
of the algebraic variety parameterizing such pairs, called as usual the moduli space.

The study of the moduli spaces considered in this article is also motivated by
some more general facts. For example, Morton and Silverman [19] stated the so-called
Uniform Boundedness Conjecture. The conjecture asserts that for every number field K
the number of preperiodic points in PY(K) of a morphism & : PV — PV of degree d> 2
defined over K is bounded, by a number depending only on the integers d, N and on
the degree D =[K : Q] of the extension K/Q. It seems very hard to settle this conjecture,
even in the case (N, D,d)=(1, 1, 2). As usual, the way to solve a problem in number
theory starts with the study of the geometrical aspects linked to the problem. The moduli
spaces studied in this article are some geometrical objects naturally related with the

Uniform Boundedness Conjecture.

We next give a more precise structure to our moduli spaces. All our varieties will
be algebraic varieties defined over the field Q of rational numbers, and thus also over
any field of characteristic zero.

We denote by Raty the algebraic variety parameterizing all endomorphisms
(rational functions) of degree d of P!; it is an affine algebraic variety of dimension
2d + 1. The algebraic group Aut(P!) = PGL; of automorphisms of P! acts by conjugation
on Raty. Milnor [16] proved that the moduli space M;(C) = Rat,(C)/PGL,(C) is analyti-
cally isomorphic to C2. Silverman [21] generalized this result: for each positive integer
d, the quotient space My = Raty/PGL, exists as a geometric quotient scheme over Z in

the sense of Mumford's geometric invariant theory, and Rat,/PGL; is isomorphic to AZ2.
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More recently, Levy [13] proved that the quotient space My is a rational variety for all
positive integers d.

Let n>1 be an integer, and let Ratg(n) be the subvariety of Ratg x (P!)" given
by the points (f, p1,..., pn) such that f(p)=py, fori=1,....,n—1, f(p)=p and
all points p; are distinct (note that here (f, p1) carries the same information as
(fi D1, ..., Pn). The variety Ratgy(n) has dimension 2d + 1. For n> 2, Ratg4(n) is moreover
affine, since Raty is affine and the subset of (P!)" corresponding to n-uples of pairwise
distinct points of P! is also affine.

The group PGL; naturally acts on Raty(n), and Manes [14] proved that the quo-
tient Ratq(n)/PGL, exists as a geometric quotient scheme. (In [14], points of “formal
period” n are considered, so our varieties Raty(n) are PGL,-invariant open subsets of
the varieties called by the same name in [14].) We will denote by M4(n) the quotient
surface Raty(n)/PGL,, which is an affine variety for n> 1 and d=2.

In [14, Theorem 4.5], it is shown that the surfaces M3(n) are geometrically irre-
ducible for every n> 1 (a fact which is also true for n= 1), but not much else is known
about these surfaces.

The closed curve Co(n) C M3 (n) corresponding to periodic points of polynomial
maps is better known; it is rational for n< 3, of genus 2 for n=4, of genus 14 for n=>5,
and its genus rapidly increases with n. Bousch studied these curves from an analytic
point of view in his thesis [4] and Morton from an algebraic point of view in [17]. See [22,
Chapter 4] for a compendium of the known results on C,(n).

Note that M4(n) has an action of the automorphism o, of order nwhich sends the
class of (f. p1, p2, ..., pn) to the class of (f, p2, ..., Pn, p1). For n> 5, the quotient surface
Mz (n)/(o,) parameterizes the set of orbits of size n of endomorphisms of P! of degree
2 (see Lemma 2.1). One approach to Poonen's conjecture, carried out in [10, 18, 24] and
elsewhere, is to study the quotient curve C,(n)/{(o,), which has a lower genus than C,(n).

The aim of this article is to understand the geometry of M;(n) and My (n)/{oy,) for
small n, that is, to describe the birational type of the surfaces and to determine whether

they contain rational points. Our main result is the following.

Theorem 1.

(I) For1l<n<b5, the surfaces Mj,(n) and Mj,(n)/{oy,) are rational over Q.

(2) The surface M5 (6) is an affine smooth surface, birational to a projective sur-
face of general type, whereas M;(6)/(cs) is rational over Q.

(3) The set M5(6)(Q) of Q-rational points of M2(6) is infinite. O
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For n=6, we also show that M;(6)/(cZ) is of general type, whereas M2(6)/(063)
is rational.

The proof of Theorem 1 is obtained by considering some suitable models for
the surfaces Mj(n), in particular for n=6 we used the one contained in the following

statement.

Proposition 1.1.

(i) The surface M3(6) is isomorphic to an open subset of the quintic irreducible

hypersurface S C P® given by
W2F3(X, Y, Z) = F5(X, Y, 2),
where
F3(X,V,2)=(X+Y+2)°+(X?Z+ XY>+YZ? +2XYZ,
Fs(X, Y, 2)=(Z3X?> + X3Y%2 + Y32Z?%) — XYZ(YZ + XY + X2),
and the action of o5 corresponds to the restriction of the automorphism
W:X:Y:Zl—[-W:Z:X:Y].

(ii) The complement of M,(6) in S5 is the union of 9 lines and 14 conics, and
is also the trace of an ample divisor of P%: the points of M;(6) are points
[(W:X:Y:Z] e Ss satisfying that W? # XY + YZ + XZ and that W?, X2, Y2, Z2

are pairwise distinct. O

The proof of the above result, that is essentially Lemma 4.1, is contained in

Section 4.

Remark 1.2, The blow-up of the singular points of Sz (the triple point [1:0:0:0]
and some double points, see the proof of Corollary 4.4) gives a birational morphism
Ss — Ss, and the linear system |Kg, | corresponds thus to the system of hyperplanes
through the triple point, that is, to the projection [w:x:y:z] --»[x: y:z]. This induces
a double covering Ss — P2. The branch locus in P? contains the quintic Fs =0, as one
sees from the equation, but also the cubic F3 =0, whose corresponding ramification
locus lies on the exceptional divisor of the blow-up (as can be checked by computing
the blow-up locally). One can also see that the surface Ss is a Horikawa surface since
0, =46 =5¢ + 36. O
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From the explicit description, it directly follows that Sg is of general type
(Corollary 4.4). The set of rational points should thus not be Zariski dense, accord-
ing to the Bombieri-Lang conjecture. We have, however, infinitely many rational points
in M,(6), which are contained in the preimage in S; of the rational cubic curve
X3+ Y%+ 2% =X?Y + Y?Z + Z%X, which is again rational, and the preimages in Ss of the
lines X=0, Y=0, Z =0, which are elliptic curves of rank 1 over Q. But, for any number
field K and for any finite fixed set S of places of K containing all the archimedean ones,

the set of S-integral points of M3 (6) is finite.

2 Preliminaries

2.1 The variety Raty

Associating to (ag: - - - : as) € P® the rational map (endomorphism) of P!

[u: vl —~ [aou2 +aqw + @’ al? + aw + a5v2] ,

2 and

the variety Rat, can be viewed as the open subset of P°, where ayt? + a;uv + ayv
asu? + a,uw + asv? have no common roots; explicitly, it is equal to the open subset of P°

which is the complement of the quartic hypersurface defined by the polynomial

Res(a. . ... as) = @505 + @y a% — 203,005 — ) 0304 — 4Q1 Qs + ol @y + G A3,
where the polynomial Res is the homogeneous resultant of the two polynomials agu? +
aw + apv? and azt? + aauv + asv2.
2.2 Embedding M (n) into P> x A%3

When n> 3, any element of Ratg(n) is in the orbit under Aut(P!) = PGL; of exactly one

element of the form
(filo:1,[1:00, [1:1],[x:1], ..., [x,3: 1),

where fe Raty and (xi, ..., X, 3) € A" 3,
In particular, the surface Mj,(n) is isomorphic to a locally closed subset (and

hence a subvariety) of Raty x A3 C P% x A3,

Lemma 2.1. Viewing M, (n) as a subvariety of P® x A¥, where k=7n— 3 as before, and
assuming that n> 5, the projection P® x A¥ — A restricts to an isomorphism from M;(n)

with its image, which is locally closed in A¥, and is an affine surface.
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The inverse map sends (xj, ..., X;) to (g : - - - : as), where
ap = X1 (X2 Xk + X1 — X2 — Xk),
@ =X (Xf — XX — XX + X + XX — XP),
@ =X X (XeXp — X1 X+ XX — X — X Xp + X0),
az = X1 (XX + X1 — X2 — Xi),
QG =—X X + X2 + XX2 — Xp + X X + X X2 — XoXXp + X — 2X7,

as =0. O

Proof. Let (f xi,...,x) be an element of M;(n) C Rat, x AF. Recall that f corresponds

to the endomorphism
frluvl- [al + ayw + av* : azu + aaww + asv?].

The equalities f([0:1]) =[1:0] and f([1:0])=[1:1] correspond, respectively, to
saying that as =0 and ap = az3. Adding the conditions f([xz:1])=1[0:1], f([1:1]) =[x :1],
and f([x; : 1]) =[x, : 1] yields

a
x 1 x2 0 ! 0
a;
11 1-x -x 1=1]0]. (1)
az
x 1 Xf(l —Xz) —X1Xo 0
We now prove that the 3 x 4 matrix above has rank 3, if (f, x, ..., x) € M2(n) C

Raty x Ak,

The third minor (determinant of the matrix obtained by removing the third
column) is equal to —x;(x; — X, + X2 Xx — X2). Since x; # 0, we only have to consider the
case where x; = xy — x,x; + X;. Replacing this in the fourth minor, we get —x,(xx — 1)?
(2 — 1)(x — Xoxx — 1 + 2Xx;). Since X, x; ¢ {0,1}, the only case is to study is when
X, — X% — 1 4 2x, = 0. Writing x, = ¢, this yields (x, xp, x) = (1 — ¢, 1{—_? t). The solutions
of the linear system (1) are in this case given by a; = —azt + a4 and a; = —ast, and yields
a map f which is not an endomorphism of degree 2, since azu+ a4v is a factor of both
coordinates.

The fact that the matrix has rank 3 implies that the projection yields an injective
morphism 7: My(n) — A*. It also implies that we can find the coordinates (ag:---:as)

of f as polynomials in xj, X2, x;. A direct calculation yields the formula given in the
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statement. It remains to see that the image 7 (M3(n)) is locally closed in A¥, and that it
is an affine surface.

To do this, we describe open and closed conditions that define n(M2(n)). First,
the coordinates x; have to be pairwise distinct and different from 0 and 1. Secondly, we
replace x;, X, x¢ in the formulas that give ay, . . ., as, compute the resultant Res(ay, ..., as)
(see Section 2.1) and ask that this resultant is not zero. These open conditions give
the existence of a unique map f € Rat, associated to any given xj, x,, xx. We then ask
that f([x;:1]) =[x, :11fori =2, ..., k— 1, which are closed conditions. This shows that
Mj(n) is locally closed in A¥, and moreover that it is an affine surface since all open

conditions are given by the nonvanishing of a finite set of equations. |

Remark 2.2, Lemma 2.1 is quite technical. The fact that M;(n) maps isomorphically to
its image in A" 2, when n> 5, follows from the elementary assertion that two rational
maps of degree d, that have the same value in 2d + 1 points, are identical. Indeed, for
any different f, g € Ratgy it is enough to consider the equation f— g=0 that admits at
most 2d roots in P!. The proof of the above lemma makes a similar argument, but is

useful because it constructs an explicit inverse that we shall use later. |

Corollary 2.3. The surface M,(5) is isomorphic to an open affine subset of A%, and is

thus smooth, and rational over Q. O

Proof. This result follows directly from Lemma 2.1. |

3 The Surfaces My(n) for n<5

The proof of the rationality of the surfaces Mz(n) and My (n)/{oy,) for n<5 is done by
case-by-case analysis.

Note that the rationality of M,(n) implies that Mj,(n)/{o,) is unirational, and
thus geometrically rational (rational over the algebraic closure of Q) by Castelnuovo's
rationality criterion for algebraic surfaces. However, over Q there exist rational sur-
faces with nonrational quotients, for example some double coverings of smooth cubic
surfaces with only one line defined over Q. The contraction of the line in the cubic gives
a nonrational minimal del Pezzo surface of degree 4, which admits a rational double
covering [15, IV, Theorem 29.4].

Hence, the rationality of M3(n)/(oy,) is not a direct consequence of the rationality
of My(n).
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Lemma 3.1. The surfaces M (3) and M, (4) are isomorphic to affine open subsets of A2
and are thus smooth, and rational over Q. The surfaces M3(3)/{03) and M3(4)/(o4) are

also rational over Q. O

Proof. (i) We embed M5 (4) in Rat, x Al CP° x A! as in Section 2.2. Recall that an ele-

ment (f, x) of M3(4) corresponds to an endomorphism
filuvl- (@l + aw + av® : @z + aaw + asv?]
and a point x € A! which satisfy
f0:1h=11:0l, f1:0h=[1:1], f(1:1)=[1:x], f(1:x)=[0:1].
This implies that [ay: - - - : a5] is equal to
[Fax— ;X :a @ —@ X — BX —@ X — BXE + 241 x + xap + ap x> 0],

so M (4) is isomorphic to an open subset of P! x A!, with coordinates (la; : @], x).

Because the resultant of the map equals
—@x*(x— 1)(x — 2)(a1 + @ + x@) (41 + XB) (M X — a1 + G X°),

we obtain an open affine subset of A2,
(ii) The map o4 sends (£, [0:1],[1:0L, [1:1],[1:x]) to (f;[1:01,[1:1], [1:x],[0:1]),

which is in the orbit of

(9fg ', g([1:0]), g(I1:11), g(I11 : x1), g(I0 : 11)) = (gfg~*,[0: 11, [1: 0], [1: 1], [x — 1 : x]),

where g: [u: vl [(1 — x)v: x(u— v)]. The endomorphism gfg~! corresponds to [u:v]+—
[bot? + byuv + bov? : byt 4+ bauw + bsv?], where [by : - - - : bs] is equal to [(x — 1)(xap + @ + ap)
X i(x—1(ap — ;mx? —ax — xap)x: (x— D% (@ + xap) : (x — 1) (xap + @ + @) xX* : — (X +

x> — apx? — 2a,x — xay + ay)x : 0]. Hence, o, corresponds to

(a2 @], %) > ([(a2 — X — ax— x@)x: (x— 1) (@ + x@)], —X)_{ 1) .

The birational map «: P! x A! --» A? taking (la; : @], ) to

( (@ + (x+ Dap)x (xa) + ;x> — @) (@ + xap) )
FB+x2-xa+x-1Da2+2(x* - Daap (B+x2—xa+ x—1al+2(x2-Daa)’
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whose inverse is

PETPRN <[ 2(x* —4yx+2x— y* + 1)y _1} —4xy )

Q+x—-pA+x+pQ-x—p " A+x+p(l—-x—1y)

conjugates o4 to the automorphism 7: (x, y) = (—y, x) of A?. This automorphism 7 has
eigenvalues =+i over C. If vy, v, are eigenvectors, then the invariant subring is generated,

over C, by vivz, (v1)%, (v2)%. This implies that
Qlx, YI" =Q[x* + y*. x* + y*, xy(x* — ¥ | = QIx1, %, x3] / (%] + 25 + 2x5 — 3% x5).

The surface M (4)/(o4) is thus birational, over Q, to the hypersurface of A® given by x} +
2x2 + 2x% — 3x?x, = 0. This hypersurface is a conic bundle over the x; line, with a section

(%2, x3) = (0, 0), and is therefore rational. An explicit birational map to A? is (xi, Xz, X3) F-+

(x*+2y%)x? Xy )
T2xP+y?) 22Xyt

(iii) We embed M (3) in Rat, as in Section 2.2. It is given by maps f which satisfy
fdo:1h)=I[1:0], f(1:0)=I1:11, f(I1:1])=[1:0], and is thus parameterized by an open

subset of P2. A point [a, : a3 : as] corresponds to an endomorphism

X1 X- . .
(Xl, XijQ), whose inverse is (x, y) F-+ (x

[u: vl [aaW? + ayw + (—a — ag)v?, aU® + aaw] .

Because the corresponding resultant is az(az + a)(az + a1)(a; + a3 — a4), the surface
M5 (3) is the complement of three lines in A?.

(iv) The map o3 sends (f,[0:1],[1:0I,[1:1]) to (£, [1:0l,[1:1],[0:1]), which is in
the orbit of

(9fg~". g(11:00), g([1:1]), g([0: 1)) = (gfg ', [0:1],[1:0], [1:1]),
where g: [u:v] — [u— v:ul. Because the endomorphism gfg~! equals
[u: vl = [(@1 + @)t — (@1 + 245 + @) w + (a3 + a)v?, (@1 + @)W — (@1 + 2a5)w]
the automorphism o3 corresponds to the automorphism
la:az:asl—[—a1 —2a3 —aa: a1 + as: —a; — 2as]

of P2, The affine plane where a; — @, — a3 # 0 is invariant, and the action, in coordinates

a —a;—2a3— . 2
m, Xy = a‘;a—lﬁa:“, corresponds to (x7, %) > (X2, —X; — X2). The quotient of A* by

this action is rational over Q (see the proof of Lemma 4.7, where the quotient of the same

X1 =

action on A? is computed), so M3 (3)/(o3) is rational over Q. [ ]
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Lemma 3.2. The varieties M5(1), M3(2), and M3(2)/{o,) are surfaces that are rational
over Q. O

Proof. (i) Let us denote by U C Rat,(1) the open subset of pairs (f, p), where p is not
a critical point, which means here that f~!(p) consists of two distinct points, namely
p and another one. This open set is dense (its complement has codimension 1) and is

invariant by PGL;,. We consider the morphism
7: AT\ {0} x A x A"\ {0} > U
(@, b, o) ([u:vl > [w: aw® + buvw + cv?], [0: 1)),

and observe that t is a closed embedding. Moreover, the multiplicative group G,, acts
on A\ {0} x A! x Al \ {0} via (¢, (a, b, ©)) — (t?a, tb, ¢), and the orbits of this action corre-
spond to the restriction of the orbits of the action of PGL, on U.

In consequence, U/PGL; is isomorphic to (A \ {0} x A! x A\ {0})/G,,, which is
isomorphic to Spec Q [% c, %] =A! x Al \ {0}. Hence, U/PGL, is rational, and thus M,(1)
is rational as well.

(ii) We take coordinates [a:b:c:d] on P?® and consider the open subset W C P2,

where ad # bc, b #0, and ¢# 0. The morphism
W — Raty(2),
[a:b:c:dl— ([u:v]l— [v(au+ bv) : u(cu+ dv)], [0:1],[1:0]

is a closed embedding. Moreover, the multiplicative group G,, acts on W via (t,[a:b:c:
dl) — lau? : bu® : c: udl, and the orbits of this action correspond to the restriction of the
orbits of the action of PGL, on Raty(2).

In consequence, Raty(2)/PGL; is isomorphic to W/G,,. Denote by WcCP? the
open subset where bc # 0, which is equal to Spec(Q[3, %, l—;, 7 %, g]). Writing t; = g, =2,
= IE)' we also have W = Spec(Qlt, t, t3, é]), and the action of G,, corresponds to t; — u't;.
This implies that W/G,, = Spec(@[%, % EZ—;z]), and is thus isomorphic to the singular
rational affine hypersurface I' C A% given by xz= y°. The variety W/G,, = Rat,(2)/PGL,
corresponds to the open subset of I" where y# 1.

(iii) The map o, corresponds to the automorphism [a:b:c:dl— [d:c:b:a] of P3,
to the automorphism (t;, t, t3) — <% i—; %) of W, and to the automorphism (x, y, 2) >
(z, y, x) of I'. The invariant subalgebra of QIx, y, zI/(xz — y?) is thus generated by {x +
z, xz, y}. Hence the quotient of I by the involution is the rational variety Spec(Qlx +

z, yl) = A%. This shows that M;(2)/(03) is rational over Q. [ |
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Remark 3.3. The proof of Lemma 3.2 shows that M3(2) is an affine singular surface but
that M3(2)/(o;) is smooth. One can also see that the surface M;(1) is singular, and that
it is not affine. U

Lemma 3.4. The surface M2(5)/(os) is rational over Q. O

Proof. The surface M;(5) is isomorphic to an open subset of A%, and an element
(%, y) € M2(5) C A? corresponds to a map (f, ([0:1],[1:0],[1:1], [x:1],[y:1])) € Raty(5).
The element (f, ([1:0],[1:1],[x:1],[y:1],[0:1])) is in the orbit under Aut(P')=PGL,
of (gfg~ ', [0:1],[1:0L,[1:1],[x—1:y—1],[1 —x:1]), where g: [u: vl [(x— Dv:u—vl.
Therefore, the automorphism o5 of Mj,(5) is the restriction of the birational map
(X, ) - (’;%} 1-— X) of A?, which is the restriction of the following birational map of P2
(viewing A? as an open subset of P? via (x, y) > [x: y: 1]):

T xryizd -2 [(x—2z:(z—x)(y—2) : (y— 2)7].

The map 7 has order 5 and the set of base-points of the powers of t are the four points
pr=I[1:0:0], p,=1[0:1:0], ps=1[0:0:1], p,=I[1:1:1]. Denoting by 7 : S — P? the blow-up
of these four points, the map 7 =z "!tx is an automorphism of the surface S. Because
D1, D2, D3, ps are in general position (no 3 are collinear), the surface S is a del Pezzo
surface of degree 5, and thus the anti-canonical morphism gives an embedding S — P®°
as a surface of degree 5. The map 7~ !: P2 --» S C P? corresponds to the system of cubics

through the four points, so we can assume, up to automorphism of P%, that it is equal to

nl(x:y: 2 =[~x2y - 2 yx — 2 (x — y) 1 2(x* — y2):
Q2yz—y —x2)2:(y - 2)(y2+ xy — x2) : x(z— Py — 2+ 0],

and the choice made here implies that T € Aut(S) is given by

[X03-~-§X5]f—>[X02X1:X3:X4:X5:—X2—X3—X4—X5].

The affine open subset of P® where X,#0 has the coordinates x =§—;,Xz=%,...,
X5 = % and is invariant. The action of 7 on these coordinates is linear, with eigenval-
ues 1,¢,...,¢* where ¢ is a 5th of unity. We diagonalize the action over Q[¢], obtaining

eigenvectors g, i1, - .., ta. Then the field of invariant functions is generated by

[0 41 Hay Hoias (1) P s, i (142)2, (13)? 1a, 2 (1a)?.
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In consequence, the field Q(S)? is generated by x; and by all invariant homogenous poly-
nomials of degree 2 and 3in xy, ..., 5. The invariant homogeneous polynomials of degree

21in x,, ..., X5 are linear combinations of v; and v,, where

Ul =X + X3 X5 — X3Xa + 2XpX5 + XoXs + X,
Vo = Xu X5 +XZ + 2x3%4 +X§ — XoX5 + X2 X3.

By replacing the x; by the composition with 7! given above, we observe that —1 — 11x; +
Xf — v; — 4v; is equal to zero on S, so we can eliminate v;.

The space of invariant homogeneous polynomials of degree 3 in x,, ..., x5 has
dimension 4, but by again replacing the x; by their composition with z~! we can compute

that the following invariant suffices:
V3 = X4X52) + X2X5 + X2X§ + 2X2X4X5 + 2X2X3X5 + X2X§ + X§X5 + X§X3.

This shows that the field of invariants Q(S)? is generated by x;, vs, v3. In consequence, the
map S --» A% given by (xi, vs, v3) factors through a birational map from S/7 to an hyper-
surface S' C A%, and it suffices to prove that this latter is rational. To get the equation of

the hypersurface, we observe that

3+ 10vy + 1102 + 403 + 70x; + 44557 4 410X} — 85x] + 4x>

+ 66x,05 — X2v% — 30X vy + 320x7 v, + 140X 3 + V3

is equal to zero on S. Because the above polynomial is irreducible, it is the equation
of the surface S in AS. It is not clear from the equation that surface is rational, so we

will change coordinates. Choosing u = H1a-1 and v= 2%, we have QS =Q(x1, , v),

1) v2
x2—11x—1 x2—11x—1
"

and replacing v, = and vz =v -2 in the equation above, we find a simpler

equation, which is

4x? — ux? +66ux, +4xiu° — 44x — 30ux, — 4+ 3u® + 11p +vZu — 10u2 =0.

_ p?-5u+5

. . . o
We do another change of coordinates, which is « = T P e and
2_ _ 2_ . . .
replace v = <& 5’”5), X = 7‘7*5”";“ %445 in the equation, to obtain

4ppu — o+ k% + 4 +20p% — 20p =0,

which is obviously the equation of a rational surface. Moreover, this procedure gives us

two generators of Q(S)?, which are p and «. [ |
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Remark 3.5. The proof of Lemma 3.4 could also be seen more geometrically, using more
sophisticated arguments. The quotient of (P!)® by PGL; is the del Pezzo surface S C P°
of degree 5 constructed in the proof. The action of o5 on S has two fixed points over C,
which are conjugate over Q. The quotient S/os has thus two singular points of type Ay,
and is then a weak del Pezzo surface of degree 1. Its equation in a weighted projective
space P(1, 1, 2, 3) is in fact the homogenization of the one given in the proof of the lemma.
The fact that it is rational can be computed explicitly, as done in the proof, but can also
be viewed by the fact that the elliptic fibration given by the anti-canonical divisor has
five rational sections of self-intersection —1, and the contraction of these yields another
del Pezzo surface of degree 5. Moreover, any unirational del Pezzo surface of degree 5

contains a rational point, and is then rational [12, p. 642]. O

4 The Surface M (6)
4.1 Explicit embedding of the surfaces M3(6) into S

Using Lemma 2.1, one can see M,(6) as a locally closed surface in A3. However, this
surface has an equation which is not very nice, and its closure in IP® has bad singularities
(in particular, a whole line is singular). Moreover, the action of o5 on M;(6) is not linear.
We thus take another model of M (6).

The variety M3(6) embeds into the moduli space P{ of 6 ordered points of P!,
modulo Aut(P!) = PGL,. This variety P can be viewed in P® as the rational cubic three-

fold defined by the equations

X+x1+x+x+x+x=0,

B+ +8+6+x+x=0

(2)

(see [8, Example 2, p. 14]). We obtain M, (6) as an open subset of the projective surface
in P? given by

X5+ X0 X + X5 X3 + XX + X, %5 + Xax5 =0,

with og acting by [xp:---:x5]— [Xp: X : X3 : X1 : X5 : X4]. The quotient M2(6)/(0§) can thus
be explicitly computed; using tools of birational geometry we obtain that it is rational,
so My(6) is birational to a double cover of P2. The ramification curve obtained is the
union of a smooth cubic with a quintic having four double points. Choosing coordinates
on P? so that the action corresponding to og is an automorphism of order 3, and con-

tracting some curves (see Remark 1.2), we obtain an explicit description of the surface
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M3(6) as an open subset of the projective hypersurface Ss of P® given by
W?F3(X. Y. Z) = F5(X. Y. 2),

where

F3(X, Y, Z)=(X+ Y+ 2+ (X*Z + XY? +YZ%) +2XYZ,

Fs(X,Y,Z)=(Z3X? + X°Y? + Y®Z%) — XYZ(YZ + XY + XZ).

The following result shows that it is a projectivization of M,(6) that has better

properties, and directly shows Proposition 1.1.
Lemma 4.1. Let ¢: A% -—» P? be the birational map given by

(%, y.2)=|-y+z-yz+Xy: -y -2+ yZ+2X—Xy:y—Z—yZ+Xy:y+Z—Xy—yZ,

X+ 2Z2)YW+Y) wW+yY (W+Z)(W+Y)>

~1
W:X:Y:.Z])) = , ,
v D <T/I/2+XY+YZ+XZ X+Y W2t XY+YZFtXZ

Then, the following hold:
(i) The map ¢ restricts to an isomorphism from M, (6) C A% to the open subset of

Ss which is the complement of the union of the nine lines

Ly W=Z=-Y, L, W=Y=—-Z, L3;:W=Y=-X,
L4§W=X=—Y, L5ZW=X=—Z, Lg:W:Z:—X,

L;:—-X=Y=2, Lg:X=-Y=2Z, Le:X=Y=-2,

and of the 14 conics

c W=X+Y+Z,
1-
X2+ V2 +2°4+3(XY+XZ+YZ)=0,
2.
X?4+Y?+2°4+3XY+XZ+YZ)=0,
w=X, W=-X,
Cs: Cy:

X2+ XY+3XZ-YZ=0, X2+ XY +3XZ-YZ=0,
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w=y, wW=-Y,
Cs: Cs :
V24+VZ4+3YX-2X=0, Y2 4+YZ+3YX—-2ZX=0,
w=2, w=-2,
Cr: Cgi
224+ 7ZX+3ZY - XY=0, Z24+7ZX+3ZY—-XY=0,
Z=X, Z=2X,
Cq: Cio:
WY +3X)+X(X-Y)=0, WY +3X)— X(X—-Y)=0,
Yy=2, Y=2,
6113 612:
W(X+3Z)+2Z(Z - X)=0, W(X+32)—-2Z(Z—-X)=0,
CIS: 6141
W(Z+3Y)+Y(Y—-2)=0, W(Z +3Y)—-Y(Y—-2)=0.

Moreover, the union of the 23 curves is the support of the zero locus on Ss of
(W? + XY+ YZ + XZ)(W? — X3)(W? — Y?)(W? — Z?)(X? — Y?) (Y% — Z?)(Y? — Z?),

which corresponds to the set of points where two coordinates are equal up to sign, or
where W? + XY + YZ + XZ =0.

(ii) The automorphism o4 of M (6) is the restriction of the automorphism
(W:X:Y:Z]l—[-W:Y:Z:X]

of P3,
(iii) To any point [W: X:Y: Z] € M3(6) C IP® corresponds the element [ay: - - - : as] €
Rat, C PS given by

ap =1,
WX WEX+Y+22)+Z(Y-X)
- (W24 XY+ XZ+YZ)(X—-2Z)

 (WHY(WH+ Z)(X - W)(W(X+Y+2Z)+ XY — Z?)
N (W2 + XY+ XZ+YZ)2(X—-2)

1

3

[27]

9

az =1,
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(VD)W= Z)(X - W) (WEX+Y+2Z)+YZ—X?)
T (WP XYL XZ+YZ) X+ Z) Y+ W)X - Z))

as =0,
and its orbit of six points is given by

[0:1], [1:0], [1:1],
[(X+2) W+ Y): W+ XY+ YZ+XZ], W+ Y:X+7Y],

[(W+Z)(W+Y): W? + XY+ YZ + XZ]. O
Remark 4.2. Applying the automorphism of P! given by
[u:vl= [(W+X)u— W+ Yv: (W - X))y,
we can send the six points of the orbits to
[1:0], (W+Y:W—X], [0:1], [Z—-W:X+2Z], [1:1], [Y+ Z, W+ Z],
respectively. This also changes the coefficients of the endomorphism of P!, O

1

Proof. The explicit description of ¢ and ¢~ ' implies that ¢ restricts from an isomor-

phism U — V, where U C A® is the open set where y(y — 1)(x — 2) # 0 and V C P is the

open set where (W? + XY + YZ + XZ)(X + Y)(W+ Y)(W — X) #0 (just compute g o ¢~ *

Lo ).

Since M,(6) C A® is contained in U, the map ¢ restricts to an isomorphism

(X+2Z)(W+Y) _ W+y
W2+ XY+YZ+XZ' — X+Y!

into the formula of Lemma 2.1 yields assertion (iii). The fact that

and ¢~

from M,(6) to its image, contained in V. Substituting x; =

S = WD) (WHY)
3 = WPEXY+YZ+XZ

the map f € Rat, constructed by this process sends [x : 1] to [x; : 1] corresponds to the

X2

equation of the surface Sg. This shows that M2 (6) can be viewed, via ¢, as an open subset
of Sg.

The automorphism og sends a point (x, y, z) € M3(6) C A%, corresponding to an
element (f[0:1],[1:0L,[1:1],[x:1],[y:1],[z:1]) (see Section 2.2), to the point corre-
sponding to o = (f.[1:0l,[1:1], [x:1],[y: 1], [z:1],[0: 1]). The automorphism of P! given

byv: [u:vl— [v(x—1):u— v] sends « to

(va’l,[O: 1L, [1:0L,[1:1,[x—1:y—1],[x—1:z—1],[1 — x:1]),
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so the action of o5 on M3 (6) C A® is the restriction of the birational map of order 6 given

by
x—1 x—1
T:(X7Y7Z)__‘)<—a a]-_ >
y—-1 z-1

Assertion (ii) is then proved by observing that
o lte(IW:X:Y:Z)=[-W:Y: Z: X].

In order to prove (i), we need to show that the complement of M,(6) C S5 is the
union of Ly,...,Lg and Cy, ..., C14, and that it is the set of points given by W? + XY +
YZ + XZ =0 or where two coordinates are equal up to sign. Note that this complement
is invariant under [W: X:Y: Z]— [-W:Y: Z: X], since this automorphism corresponds
to og € Aut(M,(6)). This simplifies the calculations.

Let us show that the union of Li,..., Lg, Ci,C2, Co, C1g is the zero locus of the
polynomial (W? + XY +YZ + XZ)(W — X)(W 4+ V)(X + Y)(X — Z):

(1) The zero locus of W? + XY + YZ + XZ on the quintic gives the degree-10 curve

W?+XY+YZ+XZ=0,
X+ 2)(X+Y)(Y+ Z2)(X?+Y?>+ 2?2 +3XY+3XZ+3YZ)=0,

which is the union of L, Lo, ..., Lg and C; and C, because the linear system of quadrics

given by
AW? + XY+ YZ+XZ) + w(X2+ Y+ 22 +3(XY +XZ +YZ) =0
with (A : ) € P! corresponds to
AW — (X4+Y4+2D)H+ A+ X2+ Y2+ 22 +3(XY+ XZ +YZ))=0,

and thus its base-locus is the union of C; and Cs.

(2) Substituting W= X in the equation of S yields (X + Z)(Y + X)%(X? + XY +
3XZ —YZ) =0, so the locus of W= X on S; is the union of L4, Ls, and Cs.

(3) Substituting W = —Y in the equation yields (X + Y)(Y + Z)?(3XY + Y? — XZ +
YZ) =0 which corresponds to L;, L4, and Cg.

(4) Substituting X = —Y yields (=W + Y)(W + Y)(Y — Z)(Y + Z)? = 0 which corre-
sponds to L3, Ly, L7, and Lg.

(5) Substituting Z = X yields (X + V)(W(Y +3X) + X(X — V))(W(Y + 3X) — X(X —
Y)), which corresponds to Lg, Cy, Cp.
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Applying the automorphism [W:X:Y:Z]+— [-W:Y:Z: X], we obtain that the
union of Ly, ..., Lg,Cy,...,C14 is given by the zero locus of W? 4+ XY+ YZ + XZ and all
hyperplanes of the form x; &+ x; where x;, x; € {W, X, Y, Z} are distinct. This shows that (i)
implies (ii).

The steps (1)-(4) imply that the complement of S¢ NV in S; is the union of the
lines L4, ..., Lg and the conics C;, Cs, C3, Cs.

On the affine surface Ss NV, the map ¢! is an isomorphism. To any point
[W:X:Y:Z]e SsNV we associate an element of P?, via the formula described in (iii),
which should correspond to an endomorphism of degree 2 if the point belongs to M;(6).
Computing the resultant with the formula of Section 2.1, we get a polynomial R with
many factors:

R=(W?+ XY+ XZ+XV)*(Z - X)X+ 2)X(Y + 2)
(W = Z)(W + Z)(Y + W)>(W — X)°
(WX +Y+2Z)+ XY - ZH(W(X+Y+2Z)+ Z(Y — X))
(WR2X+Y+2)+YZ - XOH(W2X+Y+2Z)+ XY - 2)).
The surface M,(6) is thus the complement in Sy of the curves L, ..., Lg, C1, C2, C3, Cg,
and the curves given by the polynomial R. The components (W — X)(W + Y) (W? + XY +
XZ + YZ)(Z — X) were treated before. In particular, this shows (using again the action
given by og) that each of the curves L,,..., Lg,Cy,...,C14 is contained in S \ M3(6). It
remains to see that the trace of any irreducible divisor of R on S; is contained in this
union. The case of (W? + XY + XZ + XVY) and all factors of degree 1 were done before, so
it remains to study the last four factors. Writing I" = W?F; — Fs, which is the polynomial
defining Sg, we obtain
(WX +Y+2Z)+ XY - ZH(-WEX+Y+22)+ XY - ZHX+V)+T
=Y-2)Y+2)X-2Z)W?+XY+YZ+ XZ),
WX+Y+22)+Z(Y-X))(-WEX+Y+22)+ Z(Y-XNX+YV)+T
=Y -2)Y+2)(X—-2)(W—-X)(W+ X).

The last two factors being in the image of these two factors by [W: X:Y: Z]— [W:Y: Z:
X], we have shown that Sg \ M3(6) is the union of L,, ..., Lg,Cy, ..., C14. [ ]
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Remark 4.3.

(1) In the above proof, we show just that the birational map ¢ satisfies the prop-
erty described in the statement of the Lemma 4.1. The proof is thus signif-
icantly shorter than the original derivation of the map ¢, explained at the
beginning of this section.

(2) Note that our technique uses the fact that n= 6 is even, and that the quotient
Mz(n)/(o,'f/z) is rational in this case, a fact that is not clear to be true for
n>6. Another peculiarity of the case n=6 is the description of Pf as
the rational cubic three-fold defined by the simple equations in P® (see
Equation (3)). |

Corollary 4.4. The variety M, (6) is an affine smooth surface, which is birational to Sg,

a projective surface of general type. O

Proof. Computing the partial derivatives of the equation of Ss, one directly sees that it

has exactly 11 singular points, of which two are fixed by
W:X:Y:Z]l— [-W:Y:Z:X]
and the nine others form a set that consists of an orbit of size 3 and an orbit of size 6:
[1:0:0:0], [0:1:1:1],
[0:1:0:0], [0:0:1:0], [0:0:0:1],
[-1:—1:1:1], [-1:1:—-1:1], [-1:1:1:-1],
[1T:—1:1:1], [1:1:-1:1], [1:1:1:-1].

Since none of the points belongs to M;(6), viewed in Ss using Lemma 4.1, the surface
M2 (6) is smooth. Because the complement of M;(6) in S; is the zero locus of a homoge-
neous polynomial (by Lemma 4.1(ii)), the surface M;(6) is affine. It remains to see that
Ss is of general type.

The point [1:0:0:0] is a triple point, and all others are double points. Denoting
by 7 P3 — P3 the blow-up of the 11 points, the strict transform S of Ss is a smooth
surface.

We denote by E;, ..., Ej; € Pic(]13’3) the exceptional divisors obtained (according
to the order above), and by H the pull-back of a general hyperplane of P3. The rami-

fication formula gives the canonical divisor Kz, = —4H + 23 !, E;. The divisor of S is



12478 J. Blanc et al.

then equivalent to 5H — 3E; — 2 leiz E;. Applying the adjunction formula, we find that
Ky = (Kps + Sp)lg, = (H — En)lg,.
The linear system H — E; corresponds to the projection P? --» P? given by [W: X :
[Ks. | ~
Y:Zl+-+[X:Y: Z]. The map K, —*% P2 is thus surjective, which implies that Sz, and thus
Ss, is of general type. |

Remark 4.5. One can see that the divisor of S given by D = D 1<i<o L+ D i<i<1a G is
normal crossing, where the L;'s and the C;'s are the lines and the conics in Ss associated
to the L;'s and C;'s in Sz. This follows from the study of the intersections of the L;'s and
C;i's in Sg. They are not normal only in the following situations:

(i) C3NCy={[0:0:1:0]} and the curves have a common tangent line, which is
W= X=Z. By applying the automorphism og, we find that the intersection is not normal
also in Cg N C14, C7 N C11,Ca N C10,Cs N C13, and Cg N C12. We note that in each of the previ-
ous cases the intersection point is a singular point of Sz and the multiplicity of intersec-
tion is 2 because the intersection point is between two noncoplanar conics. Therefore,
in Ss the intersections become normal.

(ii) CoNCio={[0:0:1:0],[0:1:1:1],[1:0:0:0]}. In this case, the two conics are
coplanar and the tangent point is [1:0:0:0] with tangent line Z = X = —Y/3. Note that
all three intersection points, in particular [1:0:0:0], are singular points of Ss. Hence
Co and Cyo have normal crossings in Se. By applying the automorphism og, we find the
similar situation with C;; N Ci2 and Ci3 N Cia.

Therefore, the divisor D of S‘G is normal crossing. O

Remark 4.6. The condition for the divisor at infinity to be normal crossing is sometimes
connected to the notion of integral points of surfaces (see Section 4.3 for the definition
of S-integral point). For an example in this direction, see Vojta's conjecture [25]. In our
situation it will be easy to prove the finiteness of integral points of M,(6) and we shall
do this in Section 4.3. But in general the study of the integral points on surfaces could

be a very difficult problem. See, for example, [6] for some results in this topic. O

4.2 Quotients of M3(6)

It follows from the description of M;(6) C Sg given in Lemma 4.1 that the quotient
(M2(6))/(063) is rational over Q: the quotient map corresponds to the projection M;(6) —
P2 given by [W: X:Y:Z]+ [X:Y: Z], whose image is an affine open subset i/ of P?, iso-
morphic to (M3(6))/(og). The ramification of M3(6) — (M2(6))/(og) is the zero locus of

F5 on the open subset /. We now describe the other quotients:
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Lemma 4.7. The quotient (M2(6))/(0Z) is birational to a projective surface of general
type, but the quotient (M2(6))/(o6) is rational. |

Proof. (i) Recall that S;CP® has equation W?F3(X,Y,Z)=F5(X,Y,Z) and og
corresponds to [W: X:Y:Z]+— [-W:Y:Z: X] (Lemma 4.1). In particular, the projection
P3--»P2 given by [W: X:Y: Z]+-»[X: Y: Z] corresponds to the quotient map U — U/(og),
where U C Ss is the open subset where F; # 0. This implies that the surfaces Sz/(0g) and
M2(6)/(063) are rational over Q, and that M;(6)/(0g) is birational to the quotient of P2
by the cyclic group of order 3 generated by u: [X:Y:Z]+— [V: Z: X]. We next prove that
this quotient of P? is rational.

The open subset of P? where X + Y + Z # 0 is an affine plane A? invariant under
and x, =

. We choose coordinates x; = on this plane, and compute that

X-Y Y-Z
X+Y+Z X+Y+Z
the action of u on A? corresponds to (x;, X;) — (X2, —X; — Xz). This action is linear, with
eigenvalues o, w?, where o is a third root of unity. We diagonalize the action over Q[w],
obtaining eigenvectors w;, w,. the invariant ring is generated by wjw,, w3, and wj. In
consequence, the ring Q[x;, x;]* is generated by the invariant homogeneous polynomials
of degree 2 and 3. An easy computation gives the following generators of the vector

spaces of invariant polynomials of degree 2 and 3:
V1 =X§ + x1% +Xf,
V2 = X1X§ + Xsz,
V=X — X — 30X

Hence, Qlxi, x]* = Qlv1, vz, v3]. Since v} — 9v2 — 3vav3 — v2 =0, the quotient AZ/(u) is

equal to the affine singular cubic hypersurface of A% defined by the corresponding
equation. The projection from the origin gives a birational map from the cubic surface
to P2. Hence A?/(u), and thus M;(6)/(0g), is rational over Q.

(ii) We compute the quotient M,(6)/(cZ). The open subset of P* where W#0 is
X+Y+Z _ XY
Two A=W

of og (which is the inverse of 062) corresponds to (xp, X1, X2) — (Xp, X2, —X; — X2). In these

an affine space; we choose coordinates xy = ,and x, = Y;WZ and the action
coordinates, Q[XO,XI,XZ]<"62> = QIxp, v1, v2, v3], Wwhere vy, vz, v3 are polynomials of degree
2,3,31n x;, xo, which are the same as above.

This implies that the quotient of A® by oZ is the rational singular three-fold
V C A* = Spec(Qlxo, v1, vz, v3]) with the equation v} — 9vZ — 3v,v3 — v7 = 0. The three-fold
V is birational to P? via the map (X, vi, va, v3) F-» [V : v1Xp : v : v3], whose inverse is [W:

.- (X 9Y*43YZ+4Z? . Y(9Y?+3YZ+Z?%) Z(9Y*+3YZ+Z?) : : ;
X:Y:Z]r-» (v_v’ W : e , e . We write the equation for Sg in
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A% in terms of our invariants, and find that its image in V is given by the zero locus of
X3(32 — 2v1) + 3vaxs — 6uy Xp — 1202 + v3 — vy (v3 — 3vy),

which is this birational with M,(6)/(c2). That zero locus is in turn birational, via the

map V --» P? defined above, to the quintic hypersurface of P? given by

W?F3(X, Y, Z) = F5(X, Y, Z),

where

F3(X,Y,2)=(Z +2X)(16X%* —8XZ + Z? — 27Y?> —9YZ) — 108Y?,

F5(X,Y,Z)=X?*(9Y?> +3YZ + Z?)(2X — 3Z) — (3Y — Z)(9Y? 4+ 3YZ + Z%)2.

We can see that [1:0:0:0] is the only triple point of this surface, and that all other
singularities are ordinary double points. As in the proof of Corollary 4.4, this implies

that the surface is of general type. |

4.3 Rational points of M2(6)

Because M (6) is of general type, the Bombieri-Lang conjecture asserts that the rational
points of M,(6) should not be Zariski dense. Since M;(6) has dimension 2, this means
that there should be a finite number of curves that contain all but finitely many of the
rational points; moreover, by Faltings’ theorem (proof of Mordell's conjecture, which is
the 1D case of Bombieri-Lang), each curve that contains infinitely many rational points
has genus 0 or 1.

We already found 23 rational curves on Sg, namely the components of S \ M3(6).
We searched in several ways for other curves that would yield infinite families of ratio-
nal points on M;(6). One approach was to intersect the quintic surface W?F; = Fs with
planes and other low-degree surfaces that contain some of the known rational curves,
hoping that the residual curve would have new components of low genus. We found no
new rational curves this way but did discover several curves of genus 1, some of which
have infinitely many rational points. Another direction was to pull back curves of low
degree on the [X:Y: Z] plane on which F3F5 has several double zeros (where the curve
is either tangent to F3Fs5 =0 or passes through a singular point). This way we found a
few of the previous elliptic curves, and later also a 24th rational curve. We next describe

these new curves of genus 0 and 1 on M, (6).
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Lemma 4.8. The equation
X+ Y3+ Z23=X*Y+Y*Z +2°X
defines a rational cubic in P?, birational with P! via the map c: P! — P? taking [m: 1] to
[-m*+2m? -3m+1:m® —m+1:m?-2m* + m —1].

It is smooth except for the node at [X:Y:Z]=[1:1:1]. Its preimage under the 2: 1 map
M3(6) — P? taking [W: X:Y: Z] to [X: Y: Z] is a rational curve C that is mapped to itself
by 0. Every point of C parameterizes a quadratic endomorphism f:P! — P! that has a

rational fixed point in addition to its rational 6-cycle. a

Proof. We check that the coordinates of c¢ are relatively prime cubic polynomials,
whence its image is a rational cubic curve, and that these coordinates satisfy the cubic
equation X° + Y% + Z3 = X?2Y + Y2Z + Z%X. This proves that c is birational to its image,
and thus that our cubic is a rational curve. A rational cubic curve in P? has only one
singularity, and since ours has a node at [1:1:1] there can be no other singularities.
(The parameterization ¢ was obtained in the usual way by projecting from this node.)
We may identify the function field of the cubic with Q(m). Substituting the coordi-
nates of c into F; and Fs yields —4(m? — m)® and —4(m? — m)3(m? — m + 1)3, respec-
tively. Thus, adjoining a square root of Fs5/F3 yields the quadratic extension of Q(m)
generated by a square root of m? — m + 1. The conic j2=m? —m + 1 is rational (e.g.,
because it has the rational point (m, j) = (0, 1)), so this function field is rational as well.
The cubic X® + Y% + 22 — (X?Y + Y?Z + Z%X) is invariant under cyclic permutations of
X, Y, Z (which act on the projective m-line by the projective linear transformations tak-
ing m to 1/(1 —m) and (m — 1)/m); hence 062 acts on C. Also 063 acts because it fixes
X,Y, Z and takes W to —W, which fixes m and takes j to —j in j?=m? — m + 1. This
proves that o takes C to itself.

Choosing a parameterization of the conic given by

PP+p+l 2p+1)

i = (B

and putting the 1st, 3rd, and 5th points of the cycle at oo, 0, and 1, respectively (see

Remark 4.2), we find that the generic quadratic endomorphism f parameterized by C
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has the 6-cycle

x=[1:0, x%=[p+5p"+2p+1:2p+ (P’ +p*+1D],
x%=[0:1, x=[(p+2)(p’-p*—2p-1D:2(p— D(p+1*Q2p+1)],

x=[1:1, x%=[2(p+2)2p+1):(p+1(p’+ p*+4p+3)].
The quadratic map that realizes the above cycle x1, ..., x5 is

[u: vl [(P* + 5P + 2p+ D(u— 2v)(u—Aav) : 2p+ D(P® + P* + D(u— Azv)(u— rav)],

where
_ pP’+5p°+2p+1 _ (p+2)*(p* — p* —2p—1)?
T A+2p@P+ P+ T (PP +2p+ (PP + PP +4p+3)(p+ 1)
; 2(p+2)(1 +2p) e P D@ AP +2p+ (PP - P —2p- 1)

TP+ )P+ PP +4p+3) Cp+ )X (PP + PP+ 1)?

The point xy =[1: p+ 1] is fixed by f. [We refrain from exhibiting the coefficients of f
itself, which are polynomials of degree 11, 12, and 13 in p. However, we include a
machine-readable formula for f in a comment line of the BTgX source following the
displayed formula for the %;, so that the reader may copy the formula for f from the

arXiv preprint and check the calculation or build on it.] [

Lemma 4.9. The zero locus on M3(6) of XYZ is the union of three isomorphic elliptic

curves, which contain infinitely many rational points. O

Proof. The 3-cycle [W:X:Y:Z]l— [W:Y:Z:X] permutes the factors X, Y, Z of XYZ, so
it is enough to consider only curve defined by Z = 0. Substituting Z =0 in the equation

of Ss, we obtain

WA(X® +3X*Y +4XY? + V) — ¥?Xx® =0.

This is a singular plane curve of degree 5, birational to the smooth elliptic curve E C A?

given by
P=x+4x*+3x+1=(x+1)7°+x* (3)

via the map [W: X : ¥]--» (%, &) whose inverse is (x, y) — [%}: i1
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We show that E has positive Mordell-Weil rank by showing that the points
(0, £1) € E have infinite order. Using to the duplication formula in [23, p. 31], we cal-

culate that the x coordinate of 2(x, y) is

x*—6x2—-8x—7
4x3 +16x2 + 12x+ 4"

Note that the x coordinate of 2(0, 1) is —Z. Hence (-, £) € E. The Nagell-Lutz Theorem
(e.g., see [23, p. 56]) implies that (—Z, &) is not a torsion point. According to Lemma 4.1,
the curve E meets the boundary Ss \ M3(6) in finitely many points; therefore, infinitely

many rational points of E belong to M (6). |

Remark 4.10. In fact, the curve E has a simple enough equation that we readily deter-
mine the structure of its Mordell-Weil group E(Q) using 2-descent as implemented in
Cremona’s program MWRANK: E(Q) is the direct sum of the 3-element torsion group
generated by (-1, 1) with the infinite cyclic group generated by (0, 1). The curve E has
conductor 124, small enough that it already appeared in Tingley's “Antwerp” tables [2]
of curves of conductor at most 200, where E is named 124B (see p. 97); Cremona'’s label
for the curve is 124Al1 [7, p. 102]. (Both sources give the standard minimal equation
v =x° + x* — 2x+ 1 for E, obtained from (3) by translating x by 1.) O

Lemma 4.9 yields the existence of infinitely many classes of endomorphisms of
P! defined over Q that admit a rational periodic point of primitive period 6. We next give

an example by using the previous arguments.

Example 4.11. The point (—2, 1) is a point of the elliptic curve E defined in (3). Using the
birational map in the proof of Lemma 4.9, we see that the point (x, y) = (—2, 1873) is sent
to the point [W: X:V: Zl=[L :—2:1:0]. Applying the map ¢! of Lemma 4.1, we obtain

13
9,4, —%) c A% Finally we apply Lemma 2.1, finding the endomorphism

the point (
flu:vl=[(19u+ 98v)(133u—441v) : 19u(133u— 529v)],
which admits the 6-cycle

[0:1]—~[1:0]1—~[1:1]~[91:19]—~[49:13]—~[-98:19]+— [0:1]. O

Apart from the elliptic curves in S corresponding to XYZ =0, there are other
elliptic curves which can be found using the special form of the equation of S;. The

following lemma shows that none of these curves provides a rational point of M5 (6).
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Lemma 4.12. The intersection with S5 of the hyperplanes W= +(X + Y + Z) is the union
of two conics, contained in S5 \ M3 (6), and two isomorphic elliptic curves, which contain

only finitely many rational points, all contained in S5 \ M2(6) too. O

Proof. Thanks to the automorphism [W:X:Y:Z]l— [-W:X:Y:Z], it is sufficient to
study the curve defined by W= X+ Y + Z. Replacing W= X+ Y + Z in the equation of
Ss vields the following reducible polynomial of degree 5:

(X2 + Y+ Z°4+3(XY+XZ+Y2)(X+Y+2)° — X°Y —Y?Z — XZ?)).

The first factor corresponds to the conic C; C S5\ M3(6) (Lemma 4.1) and the
second yields a smooth plane cubic E C Sg birational to the elliptic curve £ C P? given in

Weierstrass form by

V’z=4x>+ 72
via the birational transformation y € Bir(P?) given by
YiX: Y ZIr s [(-X=V(Y+ 2): =X —2YZ — (X+ Y+ 2)*: (Y + 2)*],
whose inverse is given by
[x:y:z+-»[—2x* — 2xz+ yz+ 2*: —2%° + 2xz— yz— 7 : 2X° + 2x2+ yz + Z*].

Note that the image of (E \ M2(6)) is contained in open set where xz+# 0. The
result will then follow from the fact that £(Q)={[0:1:0],[0:1:1], [0, —1, 1]}, which we
prove next. We could again do this using MWRANK, or by finding the curve in tables (the
conductor is 27), but here it turns out that the result is much older, reducing to the case
n=3 of Fermat's Last Theorem.

It is clear that the three points are in £. Conversely, let [x: y: z] € £ be a rational
point. Write the equation of £ as 4x® =z(y — 2)(y + 2), and make the linear change of
coordinates (y, 2) = (r + s, r — s). This yields z(y — 2)(y + 2) =4rs(s —r) and x° =rs(s — 1),
and we are to show that x=0. We may assume that x, y, z are integers with no common
factor. Then gcd(r, s) =1 (since any prime factor of both r and s would divide x* and
would thus also be a factor of x). Therefore, r, s — r, s are pairwise coprime, and if their
product is a nonzero cube then each of them is a cube individually. But then the cube
roots, call them «, B, y, satisfy o® + 8% = y2. Hence by the n=3 case of Fermat afy =0,

and we are done. [ |
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There may be yet further rational or elliptic curves to be found: we searched
for rational points on Mj3(6) using the p-adic variation of the technique of [9], finding
more than 100 orbits under the action of (o) that are not accounted for by the known
rational and elliptic curves, such as [W: X:Y:Z]=[-46572:20403:35913:16685] and
[—75523: 54607 : 72443 : 62257].

We conclude this section with a curiosity involving the curves F3(X, Y, Z)=0
and F5(X, Y, Z) =0, which lift to points of S; fixed by ag’. These curves have genus 1 and
2, respectively, and do not yield any rational points on M;(6). But they are birational
with the modular curves X;(14) and X;(18) which parameterize elliptic curves with a
14- or 18-torsion point, respectively. Could one use the modular structure to explain
these curves’ appearance on Sg?

As already written in the introduction of the present paper, Morton proved that
does not exist any rational number c for which the quadratic polynomial x*> 4+ ¢ admits
a rational periodic point with exact period 4 (see [18]). Also in that problem one has the
presence of modular curves. The variety that parameterized the pairs (c, x), where x is a
periodic point with exact period 4 for the map x* + ¢, is a curve birational to the modular
curve X;(16).

4.4 S-integral points of M (6)

In this section, we consider the S-integral points of M,(6) viewed as Sg \ D, where D is
the effective ample divisor D=} ,_; ¢ L; +Y>_,_;-;,C; and the lines L; and the conics C;
are the one defined in Lemma 4.1. We shall apply the so-called S-unit Equation Theorem,
but before to state it we have to set some notation.

Let K be a number field and S a finite set of places of K containing all the

archimedean ones. The set of S-integers is the following one:
Os:={xeK||x|, <1 foranyv ¢S}
and we denote by O% its group of units
O ={xeK||x|,=1forany v ¢ S},
which elements are called S-units. (See, for example, [3] for more information about these

objects.)

We shall use the following classical result:
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Theorem 2. Let K, S, and 0% be as above. Let a and b be nonzero fixed elements of K.
Then the equation

ax+by=1
has only finitely many solutions (x, y) € (0%)2. O

This result, due to Mahler, was proved in some less general form also by Siegel.
Theorem 2 can be viewed as a particular case of the result proved by Beukers and
Schlickewei [1] that gives also a bound for the number of solutions.

We recall briefly the notion of S-integral points. Let X C A" be an affine variety
defined over a number field K with O its ring of algebraic integers. Let K[X] be the
ring of regular functions on X. Recall that K[X] is a quotient of the polynomial ring
Klxy, X2, ..., X,]. Denote by Os[X] the image in this quotient of the ring Oslxy, x2, . . ., Xl
If P=(p1, p2, .., pPn) is a point of X whose coordinates are all S-integers, then P defines
a morphism of specialization ¢p: Os[X] — Os. It is clear that also the converse holds: to
any such morphism corresponds a point P € X with S-integral coordinates.

Let X be a projective variety, D an effective ample divisor on X, and X=X\ D.
Also, by considering an embedding X — P" associated to a suitable multiple of D, we can
view D as the intersection of X with the hyperplane H at infinity. By choosing an affine
coordinate system for P"\ H, we can consider the ring of regular functions O[X]. Note
that the choice of the ring O[X] gives an integer model for X. We can define the set X(Os)
of the S-integral points of X as the set of morphisms of algebras O[X] — Og. There is a
bijection between this set and the points of X whose reduction modulo p are not in D.

For example, we can see that Theorem 2 implies that there are only finitely many

S-integral points in P! \ {0, oo, 1}. Thus, consider the ring of regular functions
O[P'\{0,00,1}]=0O[T, T, (T — D],

to deduce that S-integral points of P!\ {0, 00,1} correspond to morphisms from
OglT, T~1, (T — 1)7!]1 to Os. But such a morphism is the specialization of T to an S-unit u
such that 1 — uis an S-unit too. Therefore, if we write v =1 — u, we obtain the equation
u+ v=1; by Theorem 2, it follows that there are only finitely many possible values for
the S-unit w.

As a direct application of the previous arguments we prove the following result:

Proposition 4.13. Let K and S be as above. Let D be the effective divisor sum of the lines
and the conics defined in Lemma 4.1. Then the set of S-integral points of M,(6) = S; \ D
is finite. O
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Proof. We can consider P! x P! x P! as the compactification of A% and consider the
restriction to M,(6) of the rational map @: P? — P! x P! x P! obtained in the canonical
way from the map ¢! defined in Lemma 4.1. The map @ is an isomorphism from M, (6)
to its image, which is locally closed in P! x P! x P!. By Lemma 4.1, we see that each
S-integral point is sent via the map @ into a point (x, y, z) ¢ P! x P! x P!, where x, y, z
are S-integral points in P! \ {0, oo, 1}, because the preimage of the locus in (P')® where

at least one coordinate is [0: 1], [1:0], or [1:1] is contained in the zero locus of

(W? + XY+ YZ + XZ)(W? — X3)(W? — Y?)(W? — Z?)(X? — Y?) (Y% — Z?)(Y? — Z?).

By the argument described before the present proposition, there are finitely many such

S-integral points. Now the proposition follows from the fact that @ is a one-to-one map.
|

Remark 4.14. Proposition 4.13 also follows from [5, Theorem 1.2]. An S-integral point of
M,(6) = S \ D corresponds to an (n+ 1)-tuple

(f,0,00,1,x,y,2=(f,[0:1],[1:0],[1:1], [x:1],[y:1],[z:1]),

where x, y, z are S-units and f is a quadratic map defined over K with good reduction
outside S. See [22] or [5] for the definition of good reduction, but roughly speaking it
means that the homogeneous resultant of the two p-coprime polynomials defining fis a
p-unit for any p ¢ S. In particular, to an S-integral point of M,(6) corresponds a rational
map f defined over K, with good reduction outside S, which admits a K-rational peri-
odic point of minimal period 6; and this set is finite by [5, Theorem 1.2]. Now Proposi-
tion 4.13 follows from the previous argument because for any point [W: X:Y: Z] € M,(6)
there exists a unique fthat admits the cycle ([0:11,[1:0],[1:1], [x:1],[y: 1], [z:1]), where
(x,7,2=¢ ' (IW:X:Y:Z]) and the map ¢! is the one defined in Lemma 4.1. O
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