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Abstract

Grand Unified Theories (GUTs) offer an attractive framework for flavour models, since
they feature relations between quarks and leptons. Combining them with Supersymmetry
(SUSY) and flavour symmetries, we derive predictions for the flavour and SUSY flavour
structure from various GUT models and discuss how the double missing partner mechanism
(DMPM) solution to the doublet-triplet splitting problem can be combined with predictions
for GUT scale quark-lepton Yukawa coupling relations.

We construct two predictive SUSY SU(5) GUT models with an A, flavour symme-
try, that feature realistic quark-lepton Yukawa coupling ratios and mixing angle relations.
These GUT scale predictions arise after GUT symmetry breaking from a novel combination
of group theoretical Clebsch-Gordan factors, and we carefully construct additional shap-
ing symmetries and renormalisable messenger sectors to protect the models’ predictions
from dangerous corrections. The major difference between both models are their respective
predictions of a normal and inverse neutrino mass ordering. We perform Markov Chain
Monte Carlo analyses, fit to experimental data, and discuss how the models can be tested
by present and future experiments.

To combine predictive GUT scale quark-lepton Yukawa coupling ratios with the DMPM
in SUSY SU(5), we introduce a second GUT breaking Higgs field in the adjoint represen-
tation. Two explicit flavour models with different predictions for the GUT scale Yukawa
sector are presented, including shaping symmetries and renormalisable messenger sectors,
and combined with the DMPM. We calculate the effective masses of the colour triplets
mediating proton decay and find that they can be made sufficiently heavy.

In SUSY theories, the one-loop SUSY threshold corrections are of particular importance
in investigating GUT scale quark-lepton mass relations and thus link a given GUT flavour
model to the sparticle spectrum. We calculate the one-loop SUSY threshold corrections of
the full MSSM Yukawa coupling matrices in the electroweak-unbroken phase and introduce
a new software tool SusyTC as a major extension to the Mathematica package REAP. Finally
we find predictions for the CMSSM parameters and sparticle masses from the GUT scale
Yukawa coupling ratios used in the flavour models of this thesis.
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CHAPTER 1

Introduction

The discovery of neutrino oscillations and thus of at least two non-zero neutrino mass
eigenstates rendered the Standard Model (SM) of Particle Physics incomplete and was the
first gaze on physics Beyond the Standard Model (BSM). Besides this apparent insufficiency
of the SM, there are several other motivations for BSM physics.

For example, the SM lacks an explanation for the hierarchies between particle masses,
which span a range of six orders of magnitude. Also the quark mixing angles differ by
up to three orders of magnitudes. Taking neutrinos into consideration, one finds one
small lepton mixing angle, while two lepton mixing angles are large and including the
lightest non-vanishing neutrino mass, the range of particle masses covers twelve orders of
magnitude, as illustrated in figure 1.1.

Ve

Flavour Symmetry

Figure 1.1: True to scale illustration of particle masses, where particles are oversimplified
depicted as spheres of equal density and their masses scale with the third power of their
radius. Of course, in fact elementary particles are point-like objects.



In the SM the particle masses and mixing angles are free parameters and the seesaw
mechanisms explaining small neutrino masses also have to fix the lepton mixing angles
by hand. The number of flavour related parameters and their striking hierarchies within
and between different families constitutes the so called flavour problem of Particle Physics.
One attractive solution is the idea of flavour symmetries, which can unify particles of
different families. When a flavour symmetry is spontaneously broken, predictions for the
Yukawa matrices emerge from vacuum expectation values (vevs) of dynamical fields and it
is possible to explain the different flavour structures.

Another BSM concept towards a more fundamental theory of Elementary Particle
Physics are Grand Unified Theories (GUTs). They unify the SM gauge group into a single
simple gauge group at higher energies than those accessible to SM physics. And they unify
SM fermions within a family into joint representations of the GUT gauge group. Thus
they can make predictions for relations between e.g. quark and lepton masses of the same
generation, making GUTs an attractive framework to address the flavour problem.

Two challenges arise when the SM is embedded into GUTs. Firstly, the SM gauge
couplings do not unify and secondly too rapid proton decay mediated by heavy vector
bosons is predicted. Both are avoided with the introduction of Supersymmetry (SUSY).
With a relatively low mass scale of sparticles, the gauge couplings successfully unify and the
mass of the additional vector bosons is high enough to suppress proton decay sufficiently.
Additionally, low energy SUSY is a solution to the hierarchy problem by explaining a
naturally low Electroweak scale and the lightest sparticle is a candidate for dark matter.

The focus of this thesis are SUSY flavour GUT models, which are BSM theories that
combine the attractive ideas of SUSY, GUTs, and flavour symmetries. Particularly in-
teresting subjects in SUSY flavour GUT models are the interdependencies between the
various sectors of the models, as outlined in figure 1.2. Predictions obtained from the

Flavour

GUTs SUSY

proton decay

Figure 1.2: SUSY flavour GUT models feature an interplay between three “different”
sectors of BSM physics.

(spontaneously broken) flavour symmetry are valid at the GUT scale. To test those pre-
dictions at lower energies the Renormalisation Group Equations (RGEs) have to be solved.
Since, when heavy degrees of freedom are integrated out, SUSY and GUT breaking effects
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play an important role in the precise solution of the RGEs, there is a variety of predictions
emerging from SUSY, GUTs, and flavour symmetries which influence each other.

The presentation of the author’s research is divided into three parts. In part III we
focus on the construction of predictive SUSY flavour GUT models with realistic quark-
lepton mass ratios and mixing angles relations, sketched as the left edge in the triangle
of figure 1.2. In chapter 6 we present four simple conditions for unified models to predict
the observed relation between the Cabibbo angle and the small 1-3 lepton mixing angle.
These conditions are then realised in a SUSY flavour GUT model in chapter 7, where we
carefully construct additional discrete symmetries and a renormalisable messenger sector
to protect the model from dangerous effective operators. A second SUSY flavour GUT
model, similar to the first but with an inverse neutrino mass ordering, is constructed in
chapter 8. Both models are fitted to experimental data and we perform Markov Chain
Monte Carlo analyses. Among others we predict the unmeasured neutrino CP phases and
discuss how the models can be tested by future experiments.

Part IV discusses the problem of doublet-triplet splitting and the related question of
proton decay in SUSY SU(5), as shown as the lower edge of figure 1.2. We introduce a
second GUT breaking Higgs field in the adjoint representation, which allows the adjoints
to carry charges under additional discrete symmetries. We present two example models
combining the double missing partner mechanism with viable GUT scale predictions for
the quark-lepton Yukawa coupling ratios. We calculate the effective masses of the colour
triplets mediating proton decay and find that in both models proton decay is sufficiently
suppressed.

The final part V is focused on the important effects of SUSY threshold corrections on
the investigation of flavour GUT models. The size of these corrections depends on the
details of the SUSY sector and the sparticle masses, which we illustrate on the right edge
of figure 1.2. We calculate the full one-loop SUSY threshold corrections to the MSSM
Yukawa coupling matrices and introduce a new software tool SusyTC as an extension to
the Mathematica package REAP. Finally we investigate the predictions of an example GUT
model with realistic quark-lepton Yukawa coupling ratios for the CMSSM soft-breaking
parameters and sparticle masses.

The appendices A and C contain brief reviews of group theory and Markov Chain
Monte Carlo techniques used in this thesis, respectively. Appendices B, E, F, and G
contain extensive formulae and equations used in chapter 10, as well as the documentation
for SusyTC. Appendix D contains additional information for the flavour models of this
thesis, such as details on additional symmetries and charges of the models’ fields and the
messenger sectors.

In the next part II the theoretical framework for the main parts of this thesis are reviewed
and our notations and conventions are introduced. Chapter 2 introduces the SM, chapter
3 reviews massive neutrinos, in chapter 4 we discuss GUTs, and in chapter 5 SUSY is
reviewed.



PART 11

Theoretical Framework



CHAPTER 2

The Standard Model of Particle Physics

In the mid-20th century the effort to develop a thorough understanding of the various
phenomena of Elementary Particle Physics led to the construction of the Standard Model
(SM) of Particle Physics [6-9]. To its great successes belong the correct predictions of
the neutral current (the existence of the Z° vector boson), the existence of the top quark,
and the existence of a fundamental scalar boson as a result of the Brout-Englert-Higgs
mechanism [10, 11], known as Higgs boson. Despite these major achievements, there are
many motivations suggesting the SM is incomplete and expected to be embedded into a
more fundamental theory.

This chapter is devoted to an introduction to the SM; setting the background formalism,
notation, and conventions necessary for the reminder of this thesis. Finally some of the
open questions in the SM are addressed, motivating physics Beyond the Standard Model
(BSM) and the main part of this thesis.

2.1 Gauge interactions and field content

The SM is a chiral, renormalisable gauge quantum field theory with the gauge group given
by Gsy = SU3)e x SU(2);, x U(1)y, a direct product of the gauge group of Quantum
Chromodynamics (QCD) SU(3)¢, where the C' refers to colour, and of the Electroweak
(EW) theory SU(2)r x U(1l)y, with L for left and Y denoting hypercharge. Because
of the local invariance under Ggy, massless spin one fields emerge, which are identified
with the force carriers of the SM. These gauge bosons are named gluons (Gf,) for QCD,
Wi for SU(2)r and B, for U(1)y. Since U(1)y is an Abelian group, B, does not carry
hypercharge, whereas G, and W transform in the adjoint representations of SU(3)c and
SU(2)y, respectively.!

The matter fields of the SM are fermions with spin % They split into quarks, which
transform in the fundamental representation of SU(3)¢, and leptons, which are colour
singlets. The left- and right-handed components of the SM fermions transform differently

LA brief review on group theory can be found in Appendix A.
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Gauge bosons

G, (8,1)o
Wy (1,3)o
BM (]—7 1)0

Matter fields

_f(uL [ cCL - tL
Ql (dL) Q2 - (SL) Q3 - (b ) (37 2)%
UR CRr tR (3, 1)%
dR SR bR (3, 1)_%
_ [ Ve _ (Y _ (VY
W) ) e o
€R KR TR (1,1)-y
Higgs field
¢ (1,2):

Table 2.1: Field content of the SM with the corresponding Ggnm representations and
hypercharge Qy listed as (SU(3)c, SU(2)1)qy

under the SM gauge group: The left-handed fermions transform in the fundamental rep-
resentation of SU(2)r, while the right-handed fermions are SU(2)y singlets. The matter
fields are thus an SU(2); doublet () containing the left-handed quark fields u;, and dy,
an SU(2); doublet L containing the left-handed electron and neutrino, e; and vp, re-
spectively, the right-handed quark fields ur and dg, and a right-handed electron field eg.?
These particles appear in three copies, also called families, in nature, which have exactly
identical couplings to the gauge bosons. The different quark and lepton species are denoted
flavours.

Next to gauge bosons and fermions, the SM also contains a fundamental, complex spin
0 field. This so called Higgs field is an SU(2);, doublet and plays a crucial role in the
Brout-Englert-Higgs mechanism, described in the next section. All fields of the SM are
listed in table 2.1 together with their quantum numbers under Ggy. Using natural units
h =c¢ =1 and a mostly minus convention for the Minkowksi metric

N = diag(+1, =1, —1,—1) , (2.1)

the most general renormalisable Lagrange density with this field content is given by?:

1 .. g2€ 1 1
_ - wra _ Y3VQCD Apaypva T yprA urA uv

4G,LLI/G 647T2 G,LLV)\pG G 4W#VW 4BW,B

2There are no right-handed neutrinos in the SM. We discuss the extension of the SM by right-handed
neutrino fields in the next chapter.

3Note that we use the two-component Weyl spinor representation for the fermion fields. An extensive
review including conversion formulae to four-component representations can be found in [12].

Lsw =
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+iQl6" D, Q; + iuk, 6" D,up, +idy 6" D,dp,
+iLlg"D,L; +ie}, " D,ep,
+ (D) D¢ — V(¢'9)
— Vo, Qi duly +Ya, Qi ddly + Yo, Li-dely +hec., (2.2)
where implicitly sums over the SU(3)¢, SU(2)y, and family indicesa =1...8, A=1...3,
and 1 = 1...3, respectively, are understood. Since the matter fields come in three families
of equal quantum numbers, they can mix and the Yukawa couplings Y of the fermions to
the Higgs field are in general complex 3 x 3 matrices. The gauge field strengths are given
by
G, = 0.Gy — 0,G), — ggf“chfLG,cj ,
Wi, =0W, —0,W — gaeapcWEWS
B, =90,B,-0,B,,

where g3 and g, are the gauge coupling strengths and f¢,. and e 4p¢ the structure constants

of the gauge groups SU(3)c and SU(2)y, respectively, as discussed in appendix A. The
gauge covariant derivative of a field v is defined as

Dy = (0, —igsGoT — igsWiit* —ig'B,Qy ) ¥ (2:6)

where ¢’ is the gauge coupling strength of U(1)y, 7% and 7# are the generators of the
SU(3)c and SU(2)y, representations of ¢, and Qy denotes the hypercharge of 1. V(¢'¢)
is the scalar potential of the Higgs field (2.13). Finally we used

with ¢ denoting the Pauli matrices

L (01 , (0 —i . (10
0(10,010,00_1, (2.10)

and the totally antisymmetric tensors e4p of SU(2), and €,,,, with

ca=—€ =1 and "% =—¢p=1. (2.11)

2.2 The Brout-Englert-Higgs mechanism

Since W* and Z° bosons are found to be massive vector bosons in nature, the SM needs
to contain a mechanism in order to explain gauge boson masses in the EW sector. The
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Stiickelberg formalism [13] could in principle generate massive gauge bosons, the resulting
theory would be non-renormalisable, however. An elegant solution that keeps the theory
renormalisable is the incorporation of the Brout-Englert-Higgs (BEH) mechanism [10, 11]
into the SM, by which massive W* and Z° emerge from the spontaneous symmetry break-
ing of SU(2), x U(1l)y = U(1)em:

The scalar potential of the complex Higgs field

o= (%) (2.12)

V(plg) = 12¢'o + Mo')? . (2.13)
The BEH mechanism assumes p? < 0 and thus the minimum of the Higgs potential does
not coincide with vanishing field value of ¢. Rather, the Higgs field obtains a non-vanishing
vacuum expectation value (vev)
1 /0
(¢) = —= < > : (2.14)

This ground state is not invariant under SU(2), x U(1)y, but it respects an U(1)ey Sym-
metry, which is identified with the gauge group of electromagnetism. The electric charge
is given by

is given by

Q.=712+Qy . (2.15)

Expanding ¢ around its vev one can perform a gauge transformation, such that three
degrees of freedom are absorbed by the gauge fields, which get mass terms in doing so,
while one real massive scalar, the Higgs boson h, remains in the particle spectrum. The
new gauge bosons are linear combination of the gauge bosons in the unbroken theory. They
are given by

1

V2
Z, cosOy —sinfy\ (W3
= I

(Au) (Siﬂ Ow  cosby ) <BM ’ (2.17)

where A, is the massless photon field and the weak mixing angle 0y is defined by

Wr=—W, W) , (2.16)

/2

I —0.23155(5) [14] . (2.18)

.2
sin“ Oy = ——
g+y

The masses of the gauge bosons are given in terms of gauge couplings and the vev as

1 1 /-
MW:E = 5921) and Mzo = 5 g% —f-g’QU . (219)

Experimentally the masses of the weak gauge bosons are known to be [14]

M+ = (80.385 + 0.015) GeV and My = (91.1876 & 0.0021) GeV . (2.20)
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The value of v =~ 246 GeV can be obtained from these measurements. Finally, the mass of
the Higgs boson was found to be [14]

mp = (125.7+£0.4) GeV . (2.21)

2.3 Fermion masses and the Cabibbo-Kobayashi-Maskawa-
Matrix

Besides the breaking of electroweak symmetry, the non-vanishing vev of the Higgs field
also leads to the appearance of fermion mass matrices
v v v

M, = EYW , My, = ﬂydm , and M, = EYGU . (2.22)

The 3 x 3 mass matrices My can be diagonalised by a singular value decomposition (SVD)
T *
(Uéf)> M; <U1(3f)> = diag <m§f) , mgf) , mgf)) , (2.23)

where U éf ) and U g ) are unitary 3 x 3 matrices® and ml(f ) are the three singular values

of M. In the SM six unitary matrices are introduced to rotate the quarks and charged
leptons from the flavour basis to the mass basis

ur, — Uéu)u,; R dL — U[(/d)dL , er — Uée)eL ,
U — UI(;)UR , dR — Ul(%d)dR , erp — UI(;)GR . (224)

Neutrinos are massless in the SM, therefore in the transformation to the mass basis the
neutrino fields are rotated in correspondence with the charged lepton field

v, = U9, . (2.25)

With the exception of the couplings to the charged gauge bosons Wui, all interaction
terms in the SM are flavour diagonal and are thus left invariant by the transformation of
(2.24). For the coupling to Wi, however, the transformation to the mass basis leads to
the emergence of the unitary Cabibbo-Kobayashi-Maskawa (CKM)-Matrix [15, 16]

T
Vekm = (Uéu)) UL (2.26)
in the interaction Lagrange density of the charged current
L= % < EVCKM(TMW:CZL + yTﬁl‘W:t?L) + h.c. . (2.27)

4Note that the matrices U éf ) and UI({f ) are not uniquely determined by (2.23), since the matrices
. . . T . . . *
(Uéf) diag(e, e”%e”f?’)) and (Ul({f) diag(em,em,e”i”)) also diagonalise Mj.
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A 3 x 3 unitary matrix has in general nine real parameters, whereas a 3 x 3 orthogonal
matrix has three real parameters. The additional six real parameters in the unitary case
can therefore be identified as complex phases. One can thus parametrise a general 3 x 3
unitary matrix by [17]

V == U23U13U12P 5 (228)
with
1 0 0 C13 0 sz
U= 10 Co3 Sgze 102 | Uiz = 0 1 0 ;
0 —sggei2s Co3 —s513¢%13 () C13
C12 8126_i512 0 ei’yl 0 0
Upp = | —s12€912 C12 0], and P=[| 0 &2 0 |, (2.29)
0 0 1 0 0 e

where s;; and ¢;; denote sin 6;; and cos 0;;, respectively. For the CKM matrix
Vekm = Usg UM UM POy (2.30)

the mixing angle 0SXM is given a special name and is referred to as Cabibbo angle Oc.
Taking advantage of the freedom in the SVD to multiply the unitary matrices U é“) and
U éd) by diagonal phase matrices, complex phases of Voxy can be absorbed in the phases
of the quark fields. Although there are six quark fields at hand, because the full SM
Lagrangian is invariant under a global rotation of all quarks by a common phase, only five

complex phases of Voxum can be absorbed. With the new unitary matrices
U — U™ diag (1, 0N i (05 + 5203KM)>
and U — U (PCKM)_l diag (1, M ei(‘;%KM*‘SgiiKM)) (2.31)
the CKM matrix is brought into the Particle Data Group (PDG) standard parametrisation

[14] .

C12C13 $12C13 S13€
_ i6 i6
Vokm = | —Ca3512 — 523513C12€" C23C12 — 523513512€" 523C13 ) (2-32)
i6 i6
523512 — €23513C12€ —523C12 — €23513512€ C23C13

where for the sake of readability the superscript CKM has been dropped on all parameters.
The CP violating phase 0“¥M is given in terms of [17]

SOKM — 6%KM — GURM _ 5203KM . (2.33)
The experimental values reported by the PDG are given as [14]

05 M = 13.02° 4+ 0.036° , 053 ™M = 0.204° 4+ 0.0099°
053 ™M = 2.37° £0.071° SHM = 7170+ 3.1°. (2.34)
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Finally, the masses of the fermions are reported. The masses of the electron and muon
are most precisely determined from atomic physics experiments, causing the uncertainty
of the precise value of the atomic mass unit u in MeV to be the dominant contribution to
the mass uncertainty of m. and m,, [18]

m. = (0.510998928 + 0.000000011) MeV ,
m,, = (105.6583715 £ 0.0000035) MeV . (2.35)

The mass of the tau lepton is obtained from experiments measuring the production cross
section e"e™ — 7771 [14]

m, = (1776.82 £ 0.16) MeV . (2.36)

Free quarks are not observed in nature, rendering the quark mass determination a very
difficult endeavour. Due to the absence of a physical observable, quark masses have to be
reported in a mass independent renormalisation scheme, such as MS at a certain renor-
malisation scale. The masses of the light quarks u, d, and s are determined from lattice
QCD [19] and chiral perturbation theory [20,21]. The PDG reports the light quark masses

in MS at a renormalisation scale =2 GeV [14]
m, = 23705 MeV | mg =485 MeV, m, = (95+5) MeV . (2.37)

Note that chiral perturbation theory determines quark mass ratios rather than absolute
quantities and needs additional input from e.g. lattice theory to obtain specific quark
masses. Therefore often the reported light quark mass ratios® are used

M

T 189408 [22] and

mgq % (mu + md)

—27.5+£1.0 [14]. (2.38)

The masses of the heavy quarks are obtained from measured ¢g production cross sections
and in the case of bottom and charm, lattice simulations and heavy quark effective theory
[23] of the D and B mesons. For b and ¢ the heavy quark masses are given as MS mass at
a renormalisation scale equal to their respective quark mass [14]

me(me) = (1.275 £ 0.025) GeV ,
my(my) = (4.18 £ 0.03) GeV . (2.39)

Because of its very heavy mass the top quark has the unique feature among all quarks to
decay before it can form ¢ bound states, allowing to determine its pole mass [14]

my = (173.21 £0.51 £0.71) GeV | (2.40)

in analogy with the determination of the 7 pole mass.

5In pure QCD these mass ratios are independent from the renormalisation scale in the MS scheme and
are therefore reported at p = 2 GeV. In the full SM they are scale dependent, however.
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Figure 2.1: Triangle diagram with chiral fermions in the loop and three external gauge
bosons, possibly leading to an anomaly. In general the gauge bosons need not to be of the
same gauge group.

2.4 Open questions in the Standard Model

We close this chapter with a brief discussion of various open problems and deficiencies of
the Standard Model. The following chapters will bring widely expected solutions to these
open problems into focus and introduce several Beyond the Standard Model extension of
Particle Physics. The last concern in the following list motivates the main parts of this
thesis.

Neutrino masses The SM predicts vanishing masses of neutrinos. This is in contra-
diction with the observation of neutrino oscillations and therefore the strongest indication
that BSM physics is needed to understand the phenomena of Particle Physics. Chapter 3
is devoted to massive neutrinos and neutrino mixing.

U(1l)em Charge quantisation For the SU(3)¢ and SU(2),, subgroups of the SM gauge
group, the interaction between gauge bosons and fermions is defined purely by group theory
and the gauge coupling strengths g3 and go. This guarantees universality, e.g. all SU(2).,
doublets couple the same way to the gauge bosons W. In contrast, there is no such mech-
anism guaranteeing U(1)y hypercharge universality. Within the SM there is no theoretical
reason, but solely experimental observation, that )y is quantised and distributed to the
SM matter fields as listed in table 2.1. Chapter 4 discusses Grand Unified Theories (GUTSs),
where the U(1)y emerges from spontaneous breaking of a more fundamental gauge group.
The group theoretical universal coupling of the more fundamental gauge group is then
inherited by the SM U(1)y, leading finally to U(1)en charge quantisation.

Anomaly cancellation Anomalies appear in chiral gauge theories, when a symmetry
of the Lagrangian is not conserved by higher order loop terms [24,25]. Triangle diagrams
with three external gauge bosons as depicted in figure 2.1 can contribute to the anomaly of
a symmetry. In order for the gauge theory to stay anomaly free, the anomaly coefficients

A =Tr (T*{T°,T°}) (2.41)
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need to vanish [26], where 7%, T° and T° denote generators of the respective gauge group.
Looking closer at one example with one external U(1)y gauge boson and two external
SU(2)1 gauge bosons, (2.41) reduces to the trace over the hypercharges

abe 34be 1 2 1 1
ch = —_— = . —_ —_—— — —_——_ — =
AYbe = 5 Tr Qy 5 <3 <6+3 3) 5 1) 0. (2.42)

As in (2.42) all other anomaly coefficients in the SM vanish. The crucial point is the can-
cellation of lepton and quark contributions. Similar to the open question of U(1)y charge
quantisation, there is no theoretical reason for the leptons and quarks to carry precisely
the right hypercharges for the anomaly coefficients to vanish and thereby rendering the
SM anomaly free. In GUTSs leptons and quarks are unified in joint representations of the
GUT gauge group, which in certain cases guarantees anomaly cancellation automatically.

Naturalness problem I - The hierarchy problem As the only scalar field in the SM,
the Higgs boson is subject to much larger radiative corrections than the SM fermion fields.
Whereas the radiative corrections to fermion masses are logarithmically divergent

A2
dmy ~ mglog pl B (2.43)
0

the corresponding radiative corrections to the Higgs boson mass due to a fermion loop is
quadratically divergent

53, ~ lyg A2 (2.44)

where we used a momentum cutoff regularisation of the divergent loop corrections.

Since the Higgs mass is known to be around 126 GeV, an enormous amount of fine tuning
between the bare mass parameter and the counterterm has to appear in the renormalisation,
otherwise the Higgs mass would be expected to be at a much higher energy scale associated
with new physics, e.g. the Planck scale. Another way to view the unaturalness of small
my, is due to the fact that dm? is independent of m? itself. Setting m; = 0 does therefore
not restore a symmetry of the Lagrange density and the smallness of m,, fails to satisfy
t’Hooft’s naturalness criterion [27]. Chapter 5 discusses Supersymmetry (SUSY), which
introduces a bosonic partner to each fermion. Including the bosonic partner in the radiative
corrections, the quadratic divergence of m; vanishes to all order in perturbation theory.
Additionally, some discrepancy between predictions of GUTs and phenomenology can be
resolved when supersymmetric GUTs are studied.

The flavour problem There are in total nineteen parameters in the Standard Model
Lagrange density (2.2) when using the freedom to absorb some phases of the CKM Matrix
into the quark fields as discussed in 2.3. The majority of those, thirteen parameters, belong
to the flavour sector of the SM, parametrising nine fermion masses, three mixing angles
and the CKM phase. Including extensions of the SM to incorporate massive neutrinos,



2.4 Open questions in the Standard Model 15

as discussed in chapter 3, into the parameter counting, the number of flavour related
parameters is even increased. As was shown in figure 1.1, looking at the values of the
particles’ masses, one encounters huge hierarchies, within single families, but also when
comparing the masses of different families. The CKM mixing angles are small, but it will
be seen in the next chapter, that some of the neutrino mixing angles are very large. The SM
lacks an explanation of these patterns and hierarchies, and includes all flavour parameters
fixed simply as measured from experiments. Expecting a more elegant explanation from
a fundamental theory, one can build flavour models with discrete symmetries to describe
relations among the measured flavour observables. In part III of this thesis, two such
flavour models are constructed within the framework of supersymmetry and GUTs, and
their predictions are discussed in detail.

At the end of this chapter three open problems of the Standard Model are listed, that
lie outside the scope of this thesis. For the sake of completeness they are presented here
nevertheless.

Naturalness problem II - The strong CP problem Although being a total deriva-
tive, the CP violating 0gcp term in the SM Lagrange density can not be dismissed due
to instanton effects [28]. When the quark mass matrices are diagonalised, due to a chiral
anomaly the value of Ogcp is changed [29]

0 = Ogcp + Arg Det (M, M,) . (2.45)

Although one could expect f to be of order O(1), from measurements of the neutron electric
dipole moment it is known [14] )
0] <1071, (2.46)

The strong CP problem is the question for an explanation of small §. One possible solution
is to extend the SM by a spontaneously broken U(1)pqg Peccei-Quinn symmetry [30] and
effectively replaces by the pseudo-Nambu-Goldstone boson of U(1)pg, the axion [31].
Another possible solution is spontaneous breaking of CP symmetry, such that fgcp = 0
in the QCD sector, whereas Arg Det (M, M;) = 0 is enforced by flavour models [32].

Dark Matter Observations of rotation curves of galaxies [33], anisotropies in the Cosmic
Microwave Background (CMB) [34,35], and gravitational lensing of the bullet cluster [36]
signalise the existence of Dark Matter (DM). Due to gravitational lensing surveys it is
known that the majority of DM has to be composed out of non-baryonic matter [37], thus
a BSM explanation is required. Possible DM candidates are heavy sterile neutrinos, axions,
and the lightest supersymmetric particle in SUSY [38-40].

Naturalness problem III - The cosmological constant problem From the Particle
Physics point of view, it is always possible to add a constant term into the SM Lagrange
density, without altering any prediction of the theory. Such a term corresponds to the
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energy of the vacuum and it does become important in cosmology, where it is known as
cosmological constant p.. or dark energy to explain the observed accelerating expansion of
the universe [41]. The value of the cosmological constant is [14]

Pee = (2.2 meV)?* . (2.47)

The SM is incapable of explaining any value of p.., but even when attempting an analysis
on dimensional grounds one expects contributions from quantum loop effects

p~m*, (2.48)

which could be cancelled by new physics at scales larger than at least TeV, leading to an
estimate of p.. that is at least 60 orders of magnitude larger than observed. So far, no
satisfying solution to the cosmological constant problem has been proposed and it remains
an open question.



CHAPTER 3

Massive neutrinos

In the process of developing the Standard Model of Particle Physics, it was assumed that
neutrinos are massless particles. In fact, the SM only contains left-handed neutrino fields,
included in the SU(2)., doublets L;. With the observation of neutrino oscillations [42-46],
the presumption of massless neutrinos has been falsified and one is compelled to extend the
SM to account for very small neutrino masses. Excitingly, there are still open questions
and unmeasured observables in Neutrino Physics, such that no definite neutrino mass
generation mechanism exists.

This chapter introduces lepton mixing as general consequence of massive neutrinos and
discusses some of the suggested SM extensions for neutrino masses. Finally a first brief
introduction towards flavour model building is presented. The content of this chapter is

based on [47-49].

3.1 Neutrino masses and the seesaw mechanisms

Besides observations of neutrino oscillations there is no evidence for neutrino masses from
other types of experiments. Measurements of -decay set only an upper bound for the
mass of the electron-type anti-neutrino [50]

my, < 2.05 eV . (3.1)

Anisotropies in the CMB and large-scale clustering of galaxies constrain the energy density
of neutrinos 2, and lead to an upper bound for the sum of light neutrino masses [35]

> m, <023eV. (3.2)

These masses are substantially smaller than the masses of quarks and charged leptons, thus
the flavour problem described in 2.4 got more severe with the discovery of non-vanishing
neutrino masses.

There are two straightforward options for incorporating neutrino masses into the SM.
One is to simply extend the particle content of the SM by right-handed neutrino fields vg,,
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which transform as total singlets under the gauge group of the SM. Then the Lagrange
density is extended by a new Yukawa coupling

£y =ik uvn, — (Yo, Li- ovfy + hee.) | (3.3)

which generates a Dirac mass when the Higgs field ¢ obtains its vev (2.14), just as quark and
charged lepton masses emerge when the electroweak symmetry gets broken. The number
N of right-handed neutrinos is left undetermined and Y, can be any general complex 3 x N
matrix. Since this option requires Yukawa coupling of O(107!?) to explain O(eV) neutrino
masses, the problem of naturalness remains unsolved.

Because the vg, are gauge singlets, additionally to (3.3) the Lagrange density can include
a Majorana mass term

VR,VR, + h.c., (3.4)

J

1
L=L,— =M,
2 ,

when one dismisses the Lepton number conservation of the original SM.

The second straightforward suggestion to generate massive neutrinos results from the
abandonment of renormalisability of the SM. Then the SM is extended by the effective
dimension five Weinberg operator [51]

Lo = %mj (Li- ) (L; - &) + he. . (3.5)

which gives rise to a Majorana mass term

2
‘CV = UZK/UVLZ'VLJ' + h.c. (36)

after EW symmetry is broken.

Particle Physics knows the non-renormalisable four-fermion Fermi theory of beta-decay,
which emerges from the renormalisable SM as effective theory when the heavy W* boson
are integrated out. Repeating this successful idea for non-renormalisable neutrino operators
gives rise to the seesaw mechanisms: The Weinberg operator (3.5) is obtained as effective
operator by integrating out heavy degrees of freedom. With the resulting neutrino masses
being inverse proportional to the mass of the heavy fields, the seesaw mechanism are
attractive solutions to explain the smallness of neutrino masses without the necessity of
unnatural small couplings.

There are three different types of seesaw mechanisms, depending on what type of heavy
degrees of freedom are introduced in order to generate (3.5). In this thesis we will exclu-
sively make use of type-I seesaw [52], which is based on new heavy right-handed neutrino
fields vg, and the SM Lagrange density is extended as in (3.4). When the heavy right-
handed neutrinos are integrated out, the Weinberg operator emerges effectively and the
neutrino Majorana mass is given by

v? 1y T
mV:—EY,,MV Y, , (3.7)
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when the SM Higgs field ¢ obtains its vev. Type-I seesaw is an attractive extension of
the SM, since the gauge-singlets vg, can naturally have large Majorana masses, leading to
an explanation of the smallness of neutrino masses. When the SM is embedded into an
SO(10) GUT, a right-handed neutrino vg, is automatically included in the spectrum, as
will be discussed in the next chapter.

Other seesaw mechanism are obtained from heavy scalar SU(2), triplets (type-II [53])
or from fermion SU(2), triplets (type-III [54]). Another mechanism for neutrino mass
generation is the double seesaw mechanism [55], where the right-handed neutrinos of the
seesaw type-I are originally massless and the heavy mass M, is itself an effective mass
originating from another instance of the seesaw mechanism with sterile neutrinos vg,, which
do not couple to the SM doublets L;. Finally there is the possibility to explain small
neutrino masses as loop corrections to vanishing tree-level masses [56], but such models do
also need new particles in addition to the SM particles to run inside the loop and can be
made arbitrarily complex.

3.2 The Pontecorvo-Maki-Nakagawa-Sakata
Matrix

In the SM the neutrinos were assumed to be massless and rotated like the charged leptons
(2.25) when transforming from the flavour basis to the mass basis. Massive neutrinos,
however, require to diagonalise the neutrino mass matrix as well. If neutrinos have a Dirac
mass, the mass matrix can be diagonalised by a singular value decomposition as for the
quarks and charged leptons (2.23). For Majorana neutrinos, however, m, is a complex
symmetric matrix, and therefore has to be diagonalised by a Takagi decomposition (TD)

U(,Z;)mI/U(V) = dlag (m17 ma, m3) ) (38)

where U,y is an unitary 3 X 3 matrix and m; are the three singular values of the complex
symmetric matrix m,. As for SVD, U, is not uniquely defined by (3.8). In SVD the
unitary matrices are defined up to a diagonal phase matrix, which in TD is in general
reduced to a sign ambiguity

U(,,) — U(V) diag (e171 , em, 8173) s (39)

with «; = 0, 7. Only if the corresponding singular value m; is vanishing, v; can be arbitrary.
With (2.24) the rotations to the mass basis in the lepton sector are

er — Uée)eL , €er— U}(;)GR . and vy —= Uy . (3.10)

The coupling of leptons to the neutral current is flavour diagonal as for quarks. In the
coupling to the charged current the transformations (3.10) lead to the emergence of the
unitary Pontecorvo-Maki-Nakagawa-Sakata (PMNS)-Matrix [42,57]

o\ T
Venns = <U£)) U (3.11)
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in
L= % (UTLVCKMﬁ“W:dL + GEVPMNsa'MW;VL> + h.c.. (3.12)

As for the CKM-Matrix (2.3), at first the PMNS-Matrix can be parametrised in terms of
(2.29) with three real angles and six phases as

VPMNS _ U2 MNSUIP?)MNSUPMNSPPMNS (313)

Three phases can be absorbed in the charged lepton fields using the freedom of U ée) as

. :PMNS PMNS PMNS PMNS PMNS PMNS
Uf) = UL diag (77, 0101010 (OPSSafsoigh)) (3.14)
This brings Vpyns into its standard parametrisation
—id
C12€C13 S512€13 S13€7"
_ ) i6
Veumns = | —c23512 — S23513C12€" C23C12 — S23513512€" se3c13 | P, (315)
i) i6
593512 — C23513C12¢€" —593C12 — C23513512€" C23C13

where for readability the superscript PMNS has been dropped. P, is a diagonal phase
matrix containing the two Majorana phases «; and o

.all:’MNS .agMNS
P, = diag (1,e1 T e 2 ) : (3.16)

The three physical phases of Vpyns are given in terms of the parametrisation (3.13) as'

SPMNS _ 6PMNS (%MNS 5PMNS (3.17a)
OéfMNS PMNS PMNS PMNS

5 — N — 0py (3.17b)
ay MO PMNS PMNS PMNS PMNS

5  — B ~— N — 01y — 0a3 : (3.17¢)

In the case that neutrinos are Dirac particles, m,, is diagonalised by a SVD and the PMNS-
Matrix is analogously to the CKM-Matrix obtained, i.e. the Majorana phases are unphys-
ical.

Neutrino oscillations arise due to the fact that neutrinos are created and observed via
charged current interactions as flavour eigenstates |v,), which are superpositions of mass
eigenstates? |v;)

lva) = UL \vi) - (3.18)
In the literature one also finds the convention of P, = diag (e_i%,e_i%7 1)7 in which case the

: . ¢PMNS PMNS _ . PMNS _ sPMNS _ sPMNS o5 ™MNS PMNS _ . PMNS
Majorana phases are given as — =3 -7 —01g " — 033 and “25— =3 — Y -

SEMNS ' respectively, whereas the Dirac phase is unchanged from (3.17a).
ZNote that in contrast to the field rotation in (3.10) the complex conjugate U’ appears in the trans-
formation of states, because in standard convention of quantum field theory a quantum field contains the

creation operator for an anti-particle state 1) = 1|0).
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If one is interested in oscillations of the three active light neutrinos of the SM, U is identified
with Vpyns. More generally however, U can also describe oscillations into sterile neutrinos.
The different mass eigenstates in a neutrino beam evolve differently and the probability
of detecting a specific neutrino flavour eigenstate is thus time-dependent. Since neutrinos
are ultra relativistic particles, the time-dependence is exchanged for a dependence on the
distance L between the places of origin and detection. Due to weak current interactions of
v. with electrons in matter, oscillations of v, also depend on the electron density n. [58].
In vacuum the probability for a flavour eigenstate |v,) to oscillate into |vg) is given
by [43,59,60]
AmZL
P(va = vg) =Y |Ua PIUsil* + YUz UpilUajUsze™ 2, (3.19)
i i>j
which is independent of the Majorana phases. This probability furthermore does not
depend on the absolute neutrino masses, but rather depends on the differences of the
squared masses
AmZ =m] —m} . (3.20)
Thus it is impossible to inquire an overall scale of neutrino masses from vacuum neutrino

oscillation experiments. If

|Am;, L] < 47E (3.21)
the oscillation due to Am?j are negligible, since the distance between neutrino source and
detection is much smaller than the oscillation length

ATE
LY = — . (3.22)
T Aamy
When the uncertainty of the size AL or energy AFE for neutrino production or detection
are much larger than L, the neutrino oscillations due to Amy; get averaged [61].
In the case of three oscillating neutrinos, conventionally one labels the neutrino mass

states such that

0<Am3 , Ams <|Ami,|, Am3 < |Am3,]|. (3.23)
Then there are two options for the remaining neutrino mass mgs, denoted as normal ordering
(NO) and inverse ordering (10), respectively
m; < meo < Mgs (NO) ,

Experiments have not yet succeeded to distinguish between these mass orderings. A global
fit of neutrino oscillation measurements finds [62]

Am3y = 7501019 -107% eV?
Am2, (NO) = +2.457+0047 103 ¢y2 |
Am3, (10) = —2.44970017 - 107 eV?2 . (3.25)
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Because of Am3, < |Am§1(32)| and distinct neutrino energies for specific oscillation exper-
iments, one can find separate regimes of experiments, where a single mass squared split-
ting dominates. The observed solar v, — v, , oscillations are related to Am3;, whereas
the larger of the two mass squared splittings Am32, and AmZ,, is related to atmospheric
v, — v, oscillations. Therefore one often refers to these mass splittings as

Am2, (NO
A77/2‘50[ - Amgl ) ATn’atm — mf;l ( ) (326)
Ams, (10)
The experimental values of the lepton mixing angles are given by [62]
OVMNS — 33 48° TOTE and  ATMNS = 8.50° T30 (3.27)

The global best-fit value of §22N5 depends on whether a normal or an inverse mass ordering
is assumed as prior

(3.28)

QPMNS 42.3° t?:gz (NO)
49.5° T35, (10)

With small §PMNS | solar and atmospheric neutrino oscillations can be understood to be
dominantly two-flavour oscillations, where #YMNS is identified as solar mizing angle 64, and
atmospheric neutrino oscillations are related to the atmospheric mizing angle 0gpm = 0525,
Oscillation experiments measuring the survival rate of 7, from nuclear reactors are most
sensitive to corrections due to non-vanishing "M~ which is therefore sometimes referred

to as reactor mixing angle.

While large solar and atmospheric mixing angles were established in the early 2000s [45],
until 2011, when a small but non-vanishing ;2N was discovered [46], it was speculated
that HPMNS = 0. Two famous structures for Vpyns had been suggested: Bimaximal (BM)
mixing [63] features vanishing 67MN5 and maximal gP}MNS = gEMNS — 450

Vin = (3.29)

N | | Sl»i
N | =N
| NI’_‘Sl’_‘
N[ )
—
SES- ©

Like in the bimaximal case, tri-bimaximal (TBM) mixing [64] has 7MY = 0 and maximal
OEMNS = 45° however the solar mixing angle is given by #7MNS ~ 35.3°

2 L 9
1% 3 \{g 1 3.30
TBM — \/— 7— ?ﬁ ( . )
\/6 \/5 V2

Although this structures for Vpyng are ruled out by data due to the discovery of non-
vanishing 0°MNS | they are prominently used as candidates for the neutrino mixing matrix
U in neutrino mass model building, when the small non-vanishing 672" results from
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T
<U Ige)) , as so-called charged lepton correction to the neutrino mixing angle 67; = 0. As-

suming “small” charged lepton mixing angles and 6075, respectively, one can perform a small
angle expansion of (3.11) to find [65]

PMNS _isu _ise
SEMNS o =i0257 8536 03— S, chae ™0 (3.31a)
PMNS —igPMNS ~ QY. o~ e e _—idS v _—idk e v _—i0S
9 13 6 13 - 9136236 13 - 0126 12 (8236 23 — 9230236 23) 9 (3.31b)
_ PM e _ise
51132MNS LR 511/ "2 4 0751, shq€’ (0%3~00a) — 075 chactye "t (3.31c)

in leading order of #7;. The higher order term proportional to 65,65, is shown in (3.31b),
since it demonstrates that (3.31b) can be rewritten as

_;sPMNS sy _ise e | SPMNS
QESMNS(E 013 ~ 0536 oYy _ 9?36536 0%y 9 S2P§\/INS (85 +055105) . (332)

An especially interesting case is when 67, and 65, vanish, and one can derive from (3.32)

the interesting relation
IS ~ 0N (3.33)

highlighting that 052NS can result purely from charged lepton corrections. If one further-
more assumes 05, < 65,, one obtains from (3.31), using (3.17a), the lepton mizing sum
rule [65-67]

PMNS _ pPMNS_PMNS PMNS PMNS
STy R s1y =013y cot By cos d , (3.34)

to leading order in §PMNS. (3.33) and (3.34) will be in the center of the discussion in
chapter 6 and motivate much of the work in part III.

We now turn to a discussion of the phases in Vpyns. It was already mentioned that
the neutrino oscillation probability (3.19) does not depend on the Majorana phases. In
neutrino oscillations, CP violation can be parametrised by the Jarlskog invariant J defined
by [68]

Im (U3, UsiUajU3;) = T €apr€ijic (3.35)
kyy
which is independent of the phase convention for U. Note that CP violation can only be
observed in flavour violating oscillation measurements v, # vz. For oscillations of three
light neutrinos U = Vpyng one obtains

2 .
J = C13513C12512€23523 sin d s (336)

where again the superscripts PMNS have been dropped for readability. It follows that
CP violation is only observable in vacuum neutrino oscillations if all lepton mixing angles
are non-vanishing. Therefore only the recent detection of non-vanishing 672~ opened the
possibility to discover CP violation in neutrino oscillation experiments. Today global fits
report hints towards a value of [62]

gpans _ ) 300" foe (NO) : (3.37)
254° T30 (10)
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For the studies and numerical fits in this thesis, the value of §"MN5 has been kept an
open parameter, however. A future measurement of 5"MN5 can be expected from the long
baseline neutrino oscillation experiment DUNE [69], which will also be able to measure the
sign of AmZ, and determine the neutrino mass ordering.

We conclude this section with a brief discussion of the Majorana phases of™NS and
ab™MNS - In comparison to a Dirac mass matrix, which can be diagonalised by a SVD, a
Majorana mass matrix has to be diagonalised by a TD, and therefore the Majorana phases
are physical and can not be absorbed by neutrino fields. Whether neutrino mass is of
Dirac or Majorana type, can be distinguished by neutrinoless double beta decay (25, ) [70]:
In such processes two nucleons simultaneously experience beta decay. If neutrinos have
a Majorana mass, instead of two antineutrinos and two charged leptons with continous
spectrum, the antineutrino emitted by one W boson can be absorbed as neutrino by the
second W, leading to a final state of 23y, with two monochromatic charged leptons. The
rate of this process is proportional to the effective Majorana mass

Z Uezimi

)

(mpp) = = (fyCamy + sTycT5e" my + 3%361'(062726)7”3 ; (3.38)

where the superscript PMNS was dropped for readability. Because the mixing angles and
mass squared splittings are known from oscillation experiments, a measurement of (mgg)
could, additionally to answering the Majorana or Dirac mass question, bring insights into
CP violation due to Majorana phases and into the question of whether neutrino masses
follow normal mass ordering, inverse mass ordering, or are nearly degenerate.®> A careful
average of various 2[3, experiments leads to a conservative upper bound [72]

(mgg) < 0.46 eV . (3.39)

3.3 Neutrino mass models & flavour model building

We close this chapter with a discussion of neutrino mass models, whose aim is to explain
simple structures of Vpyng, such as tri-bimaximal mixing, from discrete symmetries. In
a basis where the charged lepton Yukawa coupling matrix is diagonal one can phrase the
neutrino mass matrix m, from (3.8) as [73]

my, = Viuns diag (mq, ma, ms) VFJ,rMNS = mli)’{(ﬂ + mQ(I);(D; + mgq);@; , (3.40)

where ®; are the columns of Vpyns. For a simple mixing structure such as TBM, these

vectors are
-2 1 0

(1)1:— 1 5 (I)Q

il :%} , (I)Bzﬁ _11 (3.41)

3Note that other BSM lepton number violating mechanism can lead to 28y, as well. It was shown
however, that regardless of the underlying mechanism of 283y, , neutrinos feature Majorana masses in all
cases, due to a “black-box” theorem [71].
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When the small neutrino masses result from a type-I seesaw with diagonal heavy right-
handed neutrino mass matrix M, the columns of the neutrino Yukawa matrix Y, are
proportional to the columns ®;

v’ 1T v? (e T, 6 T, € T
,=——Y MY =—— | —0 —= 0,0 — P3P , 3.42
m B v Ly 2(M111+M222+M333> ( )
where ¢; parametrise small couplings. If the lightest neutrino is massless, the first column
®; can be dropped and one is left with so-called Constrained Sequential Dominance (CSD)
[17,66], where the neutrino Yukawa and mass matrices are given by

€9 0

M, 0
YV,=|e e |, MV:<02 Mg). (3.43)

€2 —E€3

The resulting neutrino masses and lepton mixing feature NO and TBM. An inverse neutrino
mass ordering and bimaximal mixing can be obtained with a Dirac pair of of two heavy
right-handed neutrinos, such that M, is off-diagonal, and a neutrino Yukawa coupling
matrix given by [74]

a 0

0 M
Y,=10 b], My—(M 0). (3.44)

0 c
We will revisit these two configurations of the neutrino sector in chapters 7 and 8, when
we present two SUSY flavour GUT models in part III of this thesis.

The general idea of flavour models originates in the attempt to explain hierarchical
Yukawa couplings and mixing angles from a spontaneously broken Abelian flavour symme-
try U(1)pn [75]. Each generation of matter fields carries a different charge under U(1)py,
thereby requiring varying numbers of insertions of the flavour symmetry breaking flavon

fields @, in order to form (non-renormalisable) neutral Yukawa operators. When the flavour
symmetry is spontaneously broken, the Yukawa couplings emerge from the flavon vevs

Y ~ (ﬁl)n , (3.45)

where A is a high energy scale. Thus flavour models replace Yukawa couplings by vevs of
dynamical fields. In order to explain not only the hierarchy of Yukawa couplings, but also
special structures (like in (3.43)), non-Abelian flavour symmetries are necessary. Because
there are three generations, non-Abelian groups which feature a triplet representation are
prominent candidates for flavour symmetries. In CSD the flavons are also triplets and their
vevs are aligned such that

1 0
1 -1
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A complete flavour model will not only build the neutrino Yukawa matrix from flavons, but
the rows or columns of all Yukawa matrices will be obtained from vevs of flavons. To this
end a flavour model must also include a suitable potential which guarantees the desired
alignment of flavon vevs in flavour space.

There are several choices for symmetry groups G that can be used to successfully con-
struct flavour models. One example is the discrete group A4 (cf. [76-78] and appedix A). In
part III two predictive flavour GUT models are presented, using a supersymmetric SU(5)
GUT and A, flavour symmetry.



CHAPTER 4

Grand Unified Theories

Ignoring the evidence of massive neutrinos for the moment, the Standard Model is remark-
ably successful in describing particle physics phenomena. Yet there are some deficiencies
such as the unexplained charge quantisation of U(1)ey, or the “miraculous” anomaly can-
cellation. Arguably, the fact that the SM features three gauge couplings and five distinct
representations of matter fields may be viewed as the SM being too elaborate. A very
attractive solution to these questions at hand is the unification of SM forces and represen-
tations, respectively. If the SM gauge groups are embedded into one single gauge group,
such a theory of unification is denoted Grand Unified Theory (GUT). Since GUTs also en-
able quark and lepton unification, they are an appealing BSM setting to tackle the flavour
problem.

In this chapter we review the theoretical framework of SU(5) GUTs [79] and proton
decay, necessary for the understanding of the main part of this thesis, based loosely on
[80-82]. The subject of supersymmetric GUTs will be discussed in the next chapter. In
the final section of this chapter we briefly discuss the appearance of group-theoretical
Clebsch-Gordan factors in predictions for GUT scale Yukawa coupling matrices [83].

4.1 The Georgi-Glashow SU(5) model

Any GUT gauge group must contain the SM gauge group as subgroup. Since SU(3)c X
SU(2)r x U(1)y has rank four, any GUT gauge group must be at least of rank four as
well. The simple group SU(5) is of rank four and remarkably allows to fit all SM fields
into SU(5) representations, without having to introduce new matter fields.

In order to discuss how the SM gauge group is embedded into SU(5), one first must
reassure that the SM gauge couplings do indeed unify at a higher energy scale. To this
end the U(1)y gauge coupling ¢’ needs to be normalised to match the normalisation of the
non-Abelian SU(N) gauge groups. As discussed in appendix A, the SU(N) generators are
normalised as

1
Tr T°T" = 55‘“’ : (4.1)
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The fundamental representation of SU(5) decomposes into the SM gauge group represen-
tations as!

5=(3,1)_1 +(1,2) (4.2)

1
2
One can therefore identify 5 with dr and the charge-conjugated lepton-doublet L¢. The
trace over the U(1)y hypercharges within 5 is thus given by

5!

from which one can determine the GUT normalisation of hypercharge to be

5 3
Qy = \/;QyGUT and ¢ = \/;gl . (4.4)

One can now study the renormalisation group equations (RGEs) for the gauge couplings
g1, g2, and g3, which at the one-loop level are

(4.5)

with by = 33, by = =%, and by = —7 for SM field content [86]. If the three gauge couplings
unite into one gauge coupling g; at high energy, one could replace the SM gauge group
with the GUT gauge group. Starting from the experimental values for the gauge couplings
at Mz and evolving them to higher energy, one finds however that the gauge coupling

unification condition
95 =91 =92 = g3 (4.6)

is never sufficiently satisfied. As will be discussed in the next section, this problem is
solved when supersymmetry is introduced. For the moment we consider the energy scale
of approximately 10 GeV, where the discrepancy of gauge coupling unification is the
smallest, as unification scale Mgy ~ 10'® GeV, and continue with the field content of the
Georgi-Glashow SU(5) model [79].

The irreducible SU(5) representations 5, 10, and 24 decompose under the SM gauge
group as

5= (g,l)% + (1,2)_% ,
10 = (3, Z)é + (3, 1)_% +(1,1),,
24 =(8,1)0 + (3, 2)_% + (3, 2)% +(1,3)0+(1,1) . (4.7)

!Throughout this thesis, all decompositions of SU(N) and SO(N) representations have been obtained
with [84] (see also [85]).
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Thus for each generation one can embed the three charge-conjugated down type quark
fields dT and the lepton-doublet? L into a joint field F transforming as 5

F=|dh |- (4.8)

where R, B, and G denote the three colors of QCD. The remaining matter fields fit into
the antisymmetric 10 as charged-conjugated u}% and eg, and quark doublet @)

T T

0  —up., ug, —ur, —di,
1 uEG 0 —uiR —Uur, —di,
T:ﬁ —u;B UER 0  —un, —dp,| - (4.9)
Ur, ULy ULy 0 —eTR
dp, dp, di, eh 0

Right-handed neutrinos can be added as singlet fields, such that neutrino masses can arise
via the see-saw type-I mechanism. It is now easy to understand the origin of U(1)en, charge
quantisation: When SU(5) gets broken into the SM subgroup, the U(1)y generator arises
from the diagonal SU(5) generator®

3 1 1 111
Ty =4/° diag [ —=, —=, —=, =, = 4.1
0 \/;dl&g( 37 37 37272) ) ( O)

and the Qy hypercharges of the SM matter fields emerge from the embedding (4.7) of the
SM representation into SU(5) representations. The electric charge operator is

5 1 1 1
=T STy =diag [ —=,—=,—=,1,0) , 4.11
@ 3+\[3 0 lag( 377373 O> (4.11)

which explains the fractional electric charge of quarks from the fact that quarks come in
three colours and SU(5) generators are traceless. Overall the peculiar U(1)y hypercharge
assignment of the SM fields in table 2.1 is strikingly explained when the SM is embedded
into SU(5).

Note that the Georgi-Glashow model is anomaly free, since the contributions from F
and T to the anomaly coefficients cancel.

The gauge bosons G, W, and B, are contained in the adjoint 24. Finally 24 also
contains twelve additional gauge fields in (3, 2)_% and (3, 2)% , which do not correspond to
any existing SM field. These new leptoquark gauge bosons are named X and Y, respectively,

ZNote that 5 contains the SU(2) conjugate eL, which explains the sign of v in (4.8).
3The SU(3)¢ generators are embedded into the 3 x 3 upper-left block and the SU(2), generators into
the 2 x 2 lower-right block of the SU(5) generators.
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and carry SU(2) and SU(3) indices. The Higgs boson ¢ is supplemented by a new coloured
scalar Higgs triplet 7®) and embedded into a fundamental H;

Hs= |76 ] . (4.12)
¢0

To spontaneously break SU(5) down to the SM subgroup, one introduces a Higgs field
Hy, transforming in the adjoint representation 24, which obtains a vev aligned along the
hypercharge direction

(Hy) = V diag (1, 1,1, —g, —g> . (4.13)

Equation (4.13) is obtained as global minimum of the most general renormalisable potential
for the adjoint?

V(H,) = — Mgy A2 2 | A 4.14
(24)— 2r24+4(r24)—|—4r24, ()

when the parameters satisfy maos, Aoy > 0, and Ay > —a5Xp,. Because (Haq) commutes
with the SU(5) generators of the SM subgroup, the SM gauge group remains unbroken,
while the X and Y gauge bosons acquire a heavy mass due to the BEH mechanism

My = My = —g2V?. (4.15)

One identifies My with the mass scale of GUT unification Mgyt = Mx. Expanding Hoy
around its vev one finds that twelve degrees of freedom are would-be Goldstone bosons
and absorbed by the massive gauge fields X and Y. The remaining degrees of freedom are
transforming as one SU(3)c octet O®% one SU(2). triplet T and one total singlet
SCY | with masses

5 5
Mo = g)\'uvg . Mies = 5)\,24‘/2 , Moy =m3, . (4.16)

The full scalar potential also includes the Higgs boson Hj and (4.14) is extended to

V(Hyy, H Hs) = V(Hay) — pi2(Hi Hs) + \s(H3 Hs)?
+ NHIHTrHZ, + \"HIH2,H; . (4.17)

4For simplicity we assume that Hay carries charge 1 under an additional Zo symmetry, which however
is not a necessary condition for the potential V' to obtain (4.13).
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2
With g5, maeq > 0, Ny >0 > N Ay < —%)\’24, N > —1%)\”, and A5 > (X + 13—0)\”) 75—54 the
potential (4.17) is minimised by (Hs4) and the non-vanishing vev

(Hs) = —=

N (4.18)

S OO OO

which spontaneously breaks the Electroweak symmetry to U(1)en.” The two vevs (Hay)
and (H;) thus spontaneously break SU(5) — SU(3)c X U(1)em. The masses of the coloured
triplet 7(® and the SM Higgs boson h are given by

M) = —ZX’V2 and m; = \sv? . (4.19)
In the next section it will be discussed that the coloured triplet 7 mediates proton decay,
which leads to a lower bound of mys = 102 GeV. The Higgs mass on the other hand
is my, ~ 125 GeV, leading to the so-called doublet-triplet splitting (DTS) problem. It is
related to the hierarchy problem and can be accounted for by a fine-tuning of the potential’s
parameters \' and \”, as can be seen for example from the solution

s (BN 1Y)V

v = "

(4.20)

In SUSY SU(5) the DTS problem is tightened due to new proton decay mediating operators
involving sparticles. We will return to the DTS problem in section 5.5 and chapter 9.

We close this section with a discussion of the Yukawa sector of the Georgi-Glashow
model. There are two SU(5) invariant Yukawa operators

Ly = —YsTuF (H2) — Yie ™™ T T (Hs), + h.c. (4.21)

where 7, 7, ... m denote SU(5) indices and we have suppressed flavour indices for readability.
When SU(5) gets broken (4.21) decomposes into the SM Yukawa interactions

1 ~ 1 -
Ly = —4Y10Q - pul, + E%Q - pdl, + E1/5TL pel + he. (4.22)

and new Yukawa interactions between the coloured triplet 7®) and the matter fields
1 *
Lyvo = =50 (@ L - uledl) TO" — 2Yio (2ufyely ~ Q- Q) T e (4.23)

Comparison with (2.2) gives the following SU(5) GUT scale predictions for the Yukawa
matrices
Y=Y, Y,=YI. (4.24)

(Hs) also leads to negligibly small shifts of O (v/V) in the heavy masses of (4.16).
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The GUT scale relation Y; = Y. is however refuted by the observed quark and lepton
masses, when an RG analysis to Mgyt is performed. This problem can be solved by
adding a new Higgs field H,s transforming as 45 [87]. Under the SM gauge group 45
decomposes as

45 =(3,1)_1 +(1,2)1 +(3,1):s +(3,2)_z +(3,3)_1 + (6,1)_1 +(8,2), ,  (4.25)

1 1
2 2

therefore the SM Higgs field ¢ can be embedded in Hys. Writing SU(5) tensor indices
explicitly, Hys is given by (H45)Zj = - (H45)f: with vanishing trace (H45)§j = 0. When Hys
obtains a vev, SU(3)¢ must not be broken and because of the traceless condition the vev
is given by A

(Hip)y) = v (0 — 46"6*) ik =1,....4, (4.26)

such that the term giving mass to the charged leptons compensates for the number of
colours. Invoking new global symmetries, one can construct a Lagrange density such that
H,5 couples exclusively to the second family

Ly D —ys (T2), Fy (HZEJ)Z‘J' g (4.27)

whereas the remaining matter fields couple to Hs.® The resulting GUT scale Yukawa cou-
pling ratios are known as the Georgi-Jarlskog (GJ) relations [87]

1
Y = 3ys ) Ye = gyd ) (428)

where the second relation also requires vanishing 1-1 element of Y5. We will discuss later,
that the GJ relations are also challenged by the data today. In section 4.4 we will review
other predictions for GUT scale Yukawa coupling ratios, when higher-dimensional operators
involving the adjoint are constructed.

The crucial point is that within the framework of GUTs predictions for quark and lepton
mass ratios are constructed, setting the stage for flavour models.

4.2 Proton decay in SU(5)

The unification of quarks and leptons into joint representations inevitably enables baryon
and lepton number violating operators and thus predicts proton decay. Figure 4.1 shows
how exchange of the heavy gauge bosons X and Y leads to baryon number violating
operators, which can mediate proton decay, like for example p — e* + 7%, as shown
in figure 4.2. In the effective theory where the heavy gauge bosons are integrated out,
dimension 6 proton decay operators emerge proportional to the SU(5) gauge coupling gs
and MGUT [82]

2
Ly=—2

S (u%&@ - ehaQ + ubaQ - dk&L) . (4.29)
GUT

6Because of the additional shaping symmetries, in flavour GUT models several Hs’s might be required.
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uly dr dr, uly dr, dfy

Figure 4.1: Baryon number violating operators mediating proton decay due to heavy
gauge boson exchange.

Figure 4.2: Feynman diagram for the proton decay p — e™n" mediated by the heavy
gauge boson X.

The amplitude for proton decay depends on the RG evolution and the quark and lepton
mixing matrices. Based on dimensional analysis there is a model-independent estimate for

the proton decay rate

m5

T, ~a2—>" (4.30)
g 5‘]\4?}UT

where a5 = % and m, ~ 938 MeV is the proton mass. The most stringent bound on the
proton lifetime is 7 (p — e + 7°) > 8 - 1033 years [14], which yields a lower bound for the
GUT scale of

Mgur 2 10" GeV (4.31)

for a5 =~ % The too high proton decay rate predicted by the unification scale Mgyt =
10" GeV is another problem that can be elegantly solved in SUSY SU(5), where the
unification scale can easily be above 106 GeV, as discussed in 5.5 and 9.3.

Besides the heavy X and Y bosons, also the colour triplet 7®) can mediate proton decay
via the Yukawa couplings to quarks and leptons shown in (4.23) and figure 4.3. Like for
the heavy gauge boson mediated proton decay, the decay rate is flavour model dependent.
Again an estimate based on dimensional grounds is [82]

5

m
Ly = |Yuyal® —— (4.32)

T(5)

where y, and y, are the Yukawa couplings of the first generation quarks. The lower bound
for the mass of the coloured triplet is then given by

mye) > 5- 101 GeV | (4.33)
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Uy, €r
T(5)
— — —
dr, ur,

Figure 4.3: Example for a baryon violating operator mediating proton decay through a
heavy coloured triplet.

with y,yq ~ 4 - 107°. Thus we have identified the root of the doublet-triplet splitting
problem, in order to prevent too rapid proton decay the triplet in Hs has to be many
orders of magnitude heavier than the doublet, whose mass is at the electroweak scale.

4.3 Pati-Salam unification and SO(10)

The main part of this thesis is dedicated to SUSY flavour models in SU(5) grand unifica-
tion. We therefore only briefly discuss unification in Pati-Salam (PS) [88] and SO(10) [89]
gauge groups in this section.

The Pati-Salam gauge group is SU(4)c x SU(2)r x SU(2)g with the underlying idea
to identify leptons as fourth colour of SU(4)c. The SM matter content can be embedded
into two representations Qr and Qg transforming as (4,2,1) and (4,1,2), respectively.
Under the SM gauge group they decompose as

(4,2,1) =(3,2): +(1,2)_

(4,1,2) = (3,1)1 + (3,1)_2 + (1,1); + (1,1)p . (4.34)

(S ol
W N

Therefore the SM SU(2); doublets 9 and L are embedded into Q; and the charge-
conjugated fields u%, d;, and e}% are embedded into Q. The multiplet O is completed
with a SM singlet field, which can be identified with the charge-conjugate of a heavy right-
handed neutrino VL. Thus massive neutrinos arise as prediction from PS unification. The
SM Higgs doublet is contained in H, transforming as

(1,2,2) = (1,2); +(1,2) (4.35)

N|=

The most general renormalisable Yukawa interaction Lagrange density in PS is thus
Ly, = —YpsQrHOR . (4.36)

When the PS gauge group is broken to the SM, this gives rise to the (very bad) GUT scale
predictions
Y.=Y;=Y.=Y,. (4.37)
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These GUT scale relations can be improved. The GJ relations for example are obtained
with a new Higgs field transforming as

(15,2,2) = (1,2); + (1,2)_1 + (3,2)

1+ (3,2)
+ (3, 2)_% + (3,2)_% + (8,2)

+ (8, 2§ , (4.38)

1 1
2 2

since the SU(4)¢ adjoint 15 is traceless and the leptons compensate for the number of
three colours, when SU(4)¢ is broken to SU(3)¢. Another method to obtain better GUT
scale Yukawa coupling ratios is to introduce non-renormalisable operators, as outlined in
the next section.

Pati-Salam is a partial unified theory and has three distinct gauge couplings’, opposite
to complete gauge coupling unification in a grand unified theory. It is possible, however,
to embed PS into a simple GUT gauge group SO(10) [89]. All SM matter fields of one
generation plus one right-handed neutrino fit into a single field Q4, transforming in the
16-dimensional spinor representation of SO(10)

16 = (4,2,1) + (4,1,2)
=(3,2)1 +(1,2) 1 +(3.1): +(3,1) 2 + (L, 1)y + (1, 1)y, (4.39)

where the first row shows the decomposition into the PS and the second row into the SM
gauge group. With all matter fields contained in one single GUT representation, SO(10)
has the benefit of being anomaly free without the requirement of any cancellation between
different fields. The SM Higgs field is contained in Hg, transforming as

10 = (1,2,2) 4 (6,1,1)

= (1,2); +(1,2)_1 +(3,1)_1 +(3,1) (4.40)

W=

In SO(10) the most general renormalisable Yukawa coupling interaction is then simply
given by
‘CYso(lo) = _YSO(lo)QmHlOQlG ) (4.41)

with symmetric Ysoa0). This also yields the GUT scale relations (4.37) with the additional
prediction of symmetric Yukawa matrices. Again, also in SO(10) GUT model building one
can construct GJ relations by a Higgs transforming in

126 = (15,2,2) + (6,1,1) + (10,1, 3) + (10,3,1) , (4.42)

which contains the (15,2, 2) of PS for the GJ relations. Due to the high dimensionality of
126 we refrain from showing the SM decomposition.

PS is not the only subgroup of SO(10) which contains the SM gauge group. SO(10)
can also be broken into SU(5) x U(1)x, therefore Georgi-Glashow SU(5) as well as so-
called flipped SU(5) [90] can be embedded into SO(10). The breaking mechanisms of

"Two if one requires left-right symmetry.
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SUB) xU(l)x — SU(3)c x SU(2), x U(1) are rather complicated and involve several
GUT-breaking Higgs fields. Since the flavour models in the main part of this thesis are
SU(5) GUTs, the details of SO(10) and subsequently PS breaking are of no relevance for
this thesis and therefore not discussed.

4.4 GUT scale Yukawa coupling ratios

The SU(5) and PS predictions of Y, = Y} and Y, = Y; = Y, respectively, are highly
disfavoured by experimental results, when the RG evolution of the particle masses (or
rather their Yukawa couplings) to the GUT scale is studied.® A convenient test whether
GUT predictions for the first two families are consistent with the experimental data is
provided by the - RG invariant and SUSY threshold correction invariant? - double ratio [91]

Yu Yd

|~ 10.750% . (4.43)

Thus also the GJ relations (4.28) are in tension with experimental observations, since they
yield a double ratio of 9 and thus deviate from the constraint (4.43) by more than two
sigma.

The problem of poor GUT scale predictions can be solved when the Yukawa couplings are
effective higher-dimensional operators, containing a GUT breaking Higgs field. When the
GUT gauge group gets spontaneously broken to the SM, new GUT scale Yukawa coupling
ratios arise due to the appearance of group theoretical Clebsch-Gordan (CG) factors [83].

A c

C A
R V4 X R /
_ o« - X
™ / AN
B D~ B D N

Figure 4.4: Feynman diagrams with heavy messenger fields R give rise to the effective
dimension 5 operators ABC' D, thereby new GUT-scale predictions for the Yukawa coupling
ratios arise from group-theoretical CG factors.

/

A

Generally, in a higher-dimensional operator involving GUT non-singlet fields there are
several possibilities how the GUT group indices are contracted to form a gauge singlet,
yielding a non predictive, arbitrary linear combination of multiple CG factors. For example
in SU(5) GUTs the dimension five operator FT (Hs)*Hyy yields a linear combination of
the GUT scale Yukawa couplings ratios 1 and —3. In order to restore predictivity in a

8SUSY threshold effects in RG analyses are discussed in section 5.4 and chapter 10.
9As long as the first two families of sfermions are almost degenerate in mass, as commonly assumed.
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specific flavour GUT model, one therefore must introduce heavy messenger fields in GUT
non-singlet representations, which UV complete the model at high energy and single out
a specific GUT index contraction. This guarantees that only an unique effective operator
with defined CG factor is constructed in the effective theory, when the heavy messenger
field is integrated out. Figure 4.4 shows the two Feynman diagrams yielding predictive
effective dimension five operators. In table 4.1 some examples are shown for the case of an
SU(5) GUT. If for example the effective operator FT (Hj)* Hay is obtained via a messenger

AB CD R (Yeo)ji/(Ya)i

FT H:Hy 5 1
FT H:Hy 45 -3
HyF THj 45 -3
HyF TH; 5 -3
HyT FH; 10 6

Table 4.1: CG factors for the dimension five effective operators from figure 4.4. The upper
part corresponds to the left diagram, the lower one to the right one. See the main text for
details.

field ® 5 transforming as 45
LD —AFT®g — mH; Hy®, — my Prdy, , (4.44)

the unique CG factor —3 arises as prediction for the GUT scale Yukawa coupling ratios.
If one would use instead a messenger field transforming as 5, one would obtain the CG
factor 1.

In table 4.1 we have also listed the SU(5) CG factors —%, —%, and 6, since they are of
special importance in the main part of this thesis. The full list of possible CG factors ¢;
in SU(5) is given by [83]

1 3 9
7 __717:|:_7_37_7
A T

6,9, —18} . (4.45)

In PS partial unification one also finds CG factors for the Yukawa coupling ratios
(Ye)ij/(Ya)ij, as well as (Y3,)i;/(Ya)s; from higher-dimensional operators. An extensive list
of CG predictions from dimension 5 and dimension 6 operators in PS embedded in SO(10)
is found in [83] (see also [92]). We will be only interested in the relations between Y, and
Y,; in PS, for which for example the CG factors

3
¢ €{}.1.2.-3.9) (4.46)

are available.
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In a recent paper [93] further new CG factors were obtained, by replacing the masses
of the messengers fields with vevs from non-singlet fields. These new CG factors for Y, /Yy

are given by
—2 11 4 SU(5
el 3t (5) (4.47)
{—5,0, 5 in PS .

Utilising CG factors for quark and lepton Yukawa coupling ratios will be an essential
concept in the flavour GUT models of this thesis.



CHAPTER 5

Supersymmetry

The Georgi-Glashow SU(5) model beautifully unifies the SM matter fields into the joint
representation F and T, enabling the construction of predictions for quark - lepton Yukawa
coupling ratios. There are two problems however: Firstly the SM gauge couplings never
unite satisfactory, and secondly there is the prediction of too rapid proton decay due to
heavy gauge boson mediation. Remarkably, both problems can be solved at once with the
introduction of supersymmetry (SUSY).

In a nutshell, SUSY is a symmetry transforming fermions into bosons and vice versa.
The minimal supersymmetric Standard Model (MSSM) predicts the existence of a scalar
particle for each SM fermion and a Majorana fermion for each gauge boson of the SM.
When these additional supersymmetric partners (sparticles) of the SM particles have not
too heavy masses, the MSSM gauge couplings successfully unify at a GUT scale high
enough to sufficiently suppress proton decay. Additionally SUSY provides a solution to
the hierarchy problem and a candidate particle for dark matter.

In this chapter N' = 1 supersymmetry and SUSY SU(5) are reviewed, following the
presentations of [81,94-99].

5.1 The Wess-Zumino model

The simplest supersymmetric quantum field theory with minimal field content is given
by the Wess-Zumino (WZ) model [100]. A supersymmetric theory must contain the same
number of fermionic and bosonic degrees of freedom (d.o.f.). In four-dimensional spacetime
the smallest fermionic representation is a two-component Weyl spinor ¢. On-shell, ¢
satisfies the Dirac equation i5+9,1) = myT', which eliminates two of ¢’s four real d.o.f. A
complex scalar field ¢ is thus enough to balance the number of fermionic and bosonic d.o.f.
on-shell. The superpartners b and ¢ form a chiral supermultiplet. Finally, to match the
fermionic d.o.f. also off-shell, an auxiliary complex scalar field F' with two non-physical
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d.o.f. is additionally introduced. The Wess-Zumino Lagrange density of ¢, ¢, and F is
Ly z = i 6”0, + 0,00"¢"

— 5 (mr 4 mgt) = 7 (gt + 56 )

N

+FF*+F <mq§ + %4252) + F* (m*¢* + %*W) . (5.1)

There is no kinetic term for the auxiliary field F', since it does not propagate a physical
d.o.f. It can thus be integrated out yielding the scalar potential

Vivz(967) = FF* = m*o¢" + (mT”W? + %ﬁ*«fﬂ) P Weer . 62)

Ly 7z is invariant under the supersymmetry transformation

0¢ = ey, 5¢* = elyl
0 = —ia“eTﬁugb + el Spt = €0 0,0" + €F*
OF = —ie'a"0,1) SF* =id,)iate (5.3)

where € is a two-component spinor, anti-commuting, and the infinitesimal supersymmetry
transformation parameter.! The mass dimension of € is —%. Requiring invariance under
(5.3) is the reason why the couplings for all terms in Ly z and Vi are given only by the
two parameters m and y.

Using a Wess-Zumino chiral multiplet, one can now present in a simplified manner how
SUSY yields a solution to the hierarchy problem. Taking m in (5.1) to be due to the Higgs
vev m — \% (v+ h) one finds the couplings

—2—?/5 (b + hapTyt) | —)\;h%gb*, and  — Nohoo* (5.4)

between the real scalar Higgs boson h and the WZ component fields ¢) and ¢. The Higgs
self-energy contribution from the fermion loops shown in figure 5.1 is quadratically diver-
gent
d*k 1 2m?
D (0) = (—1 >\2/ 5.5
hh( ) ( ) (271')4 k2 — m?2 + (k’Q _ m2)2 ’ ( )

and independent of the Higgs mass m;,. We know that if the SM is embedded into a
GUT, there are particles with m ~ Mgyt in the spectrum, which yields the hierarchy
problem?: There must be a fine-tuning in the renormalisation of the quadratic divergence

"'We limit our discussion to the case of global SUSY, where € is independent of z*.
2The hierarchy problem is not specific to GUTs but appears whenever new (non-sypersymmetric)
physics at high scales is introduced.
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(& (8

Figure 5.1: The Feynman diagrams contributing to the Higgs self-energy via a fermion
loop. Note that for Weyl fermions the arrows on the propagators do not correspond to
charge or momentum (see e.g. [12]).
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Figure 5.2: The Feynman diagrams contributing to the Higgs self-energy via the scalar
superpartner ¢.

of 1 in 10?® since my, ~ O(100 GeV). In supersymmetry, however, the contribution to the
Higgs self-energy from the superpartner ¢ loops in figure 5.2 give

Ak 1 2m?
H;(f’Z(O)ZAQ/( +— (5.6)

27T)4 k? _ m2 (kg o m2)2 )

and thus precisely cancels the fermionic contributions. This is true to all orders in pertur-
bation theory.

There is no evidence for scalar particles with the same masses as the SM fermions,
therefore SUSY has to be broken. In order to keep the cancellation of the quadratic
divergence, only soft SUSY breaking terms are allowed. For example a small mass squared
difference ¢ between 1 and ¢ yields

dk 1 2m? 262

(b) ~ 12
M, (0) = A / (2m)* k2 — m? + (k2 — m2)2 + (k2 — m2)2 ) (5.7)

such that only a logarithmic divergence of O (52 log ’;—;) remains. Supersymmetry breaking

will be discussed in 5.3.

We close this section by a discussion of gauge supermultiplets. The superpartner of a
gauge boson Af is a two-component spin % gaugino A\*. Like for the WZ supermultiplet,
one introduces a real auxiliary scalar field D® to manifest SUSY off-shell.> All components

3We give the expressions in Wess-Zumino gauge [101].
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of the gauge supermultiplet transform in the same representation of the gauge group. The
Lagrange density for the gauge supermultiplet is given by

1 1
Lnuge = =7 F " + iINTE™uD, N+ 5D (5.8)

with the gauge covariant derivative for the gaugino

D, = 0% + g, ALX (59)
The SUSY transformations are given by
a 1 — a atl =
GAT = _E (ETO'M/\ + A TO'HE) ,
1
O\ = —0“0 eF“ + —eD* |
2V2 V2
5D = % (—€la" DA + DAY Ge) (5.10)

Finally the coupling of the WZ supermultiplet to the gauge supermultiplet is given by the
additional terms

—V2g (¢"TY) X", =29\ (¥IT¢) , g (¢"T"¢) D, (5.11)

where additionally in (5.3) the ordinary derivatives have to be replaced by gauge co-
variant ones and the transformations §F and 0F* get extra terms ++/2¢g (T%¢) e! A%t and
+v/2g\% (T “$*), respectively. The auxiliary field D* can be integrated out and the scalar
potential gets a D-term contribution in addition to the F-term (5.2)

V(g,¢") = FF* + %D“D“ . (5.12)

Note that V (¢, ¢*) is strictly non-negative. In section 5.3 it will be shown that in SUSY
theories the vacuum energy is always zero.

5.2 Superspace and Superfields

A simple formalism for supersymmetric theories can be be achieved be introducing super-
space [102]. In addition to the spacetime coordinate z*, superspace is spanned by two
anti-commuting two-component spinors 6 and 6. The mass dimension of § and 67 is —%.
Superfields are functions of 2*, 8, and ' and unite the component fields of a supermulti-
plet. Because 6 and ' are Grassmann variables, an expansion of a general superfield in 6

and 0 terminates

S(x",0,0") = ¢+ 06 + 0T\ + 00F
+ 00" p + 61510V, + 67010 + 006"t + 0061675 | (5.13)
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where ¢, I, p, 6 are complex scalar fields, V), is a complex vector boson, and &, x', n, and
(" are two-component Weyl fermions. Thus, the number of bosonic and fermionic d.o.f.
match.

In analogy with the gauge covariant derivative D, one introduces the chiral covariant
deriwatives D, and DL in superspace, which are SUSY covariant

0 )
Da = % N (U“QT)O[@M ) D:; =

i T1(00"),0, (5.14)

One can now prescribe constraints on a general superfield S to reduce the total number of
32 degrees of freedom to the small number of d.o.f. in the WZ supermultiplet. Imposing
Did =0 (5.15)
yields a left-chiral superfield
O(a#,0,0") = p(x) + V20(x) + 00F (x)
015400, 6(x) + }l%mmﬁuﬁ“(b(m) - %eemamﬂw(z) | (5.16)

which contains the component fields of the WZ supermultiplet. It’s complex conjugate ®*
satisfying D,®* = 0 is named right-chiral. Chiral superfields have mass dimension one.
Starting from several left-chiral superfields ®; one can build a new left-chiral superfield
from a holomorphic? function W(®;).
Imposing
V=V (5.17)

yields a wvector superfield
Vi(z",0,0") = ¢(x) + 0&(x) + 071 (z) + 00F (z) + 070" F* (z)
+ 01610V, (x) + 010T0n(x) + 000™T (v) + 0001075(x) | (5.18)
where ¢, §, and A, are now real fields. One can construct a vector superfield from chiral

fields by e.g. ® + ®* and ¢*P.
Whenever V' is the vector superfield to a gauge symmetry it transforms as

o Ak .
eZgV Se 2igA 629‘/62291\, (519)

where V = VT A = A*T*, T* are the generators of the gauge group, and A* is a chiral
superfield and the supergauge transformation parameter. Ordinary gauge transformation
are obtained as special case when A is restricted to its scalar component. The chiral
superfields transform under the supergauge symmetry as

D — e D DT 2N DT (5.20)

4Here holomorphic refers to the complex scalar component fields ¢; of ®;.



44 5. Supersymmetry

For an Abelian gauge symmetry the supergauge transformation for V' simplifies to
V—-V+4+i(A=A"). (5.21)

One can now use this freedom to make a suitable supergauge transformation and bring
(5.18) into Wess-Zumino gauge

V(" 6,01) = 015,04, (x) + 670T0A(x) + 006"\ () + %QGQTQTD(:U) . (5.22)

In WZ gauge it is easily recognised that V is dimensionless, justifying the ¢ terms above.
It is very useful to note that due to the Grassmann characteristics of § and #' the expansion
series of eV terminates

eV =14 29V + 2¢°V?

1
=1+2g (ea#em“ + 000" \T + 0T0TON + 5099*0*1)) +g%000'0" A, A" . (5.23)

One can construct chiral spinorial field strength superfields

1

1
Wo == DDV D™V W= - 1DDe*" Die™" (5.24)

which transform as
W, — e 29A W, 29N WOT{ _y 2ight I/Vc-te_?"g/\T , (5.25)
under supergauge transformations.

In superspace formalism the Lagrange density is obtained from integrating a vector
superfield over the Grassmann coordinates 6 and 47

L=1[V]p= /d%/dwvw,e,m) = %D+... : (5.26)

which is supersymmetric invariant since the D-term transforms into a total derivative
under SUSY transformations (5.10) and ... represents a total derivative term which is of
no importance in £. Another SUSY invariant term is the F-term of a chiral superfield
gauge singlet, which also transforms into a total derivative under SUSY (5.3)

(@] = /d%@(xﬂ,e,ef) =F. (5.27)

The Lagrange density can then be built from

L =3+ he (5.28)
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A general supersymmetric Lagrange density can thus be built out of chiral and vector
superfields as

ESUSY = {K (@:629‘/@]') + 2I<LV:|
D

+ (Ef’ab (@) W WP + W (@i)] t h.c.) : (5.29)

where 7,7 denote generation indices, a,b are indices of the adjoint representation of the
gauge group, and we introduced the following quantities:

Kahler potential K of left-chiral, right-chiral, and vector superfields. K is real and
has mass dimension two. In the renormalisable case it is simply given by ®;e?9V®, =
O*P + 2gP*V P + 2g°P*V2P and it’s D-term yields the kinetic energy terms of the matter
fields

Lic = (Duy)' D"¢; + it [o" D,y + FiF}
— V20 (¢*TYA* + h.c.) + g (¢*T¢) D* . (5.30)
In global SUSY the Kéhler potential is invariant under the transformation
K — K+ F(®;) + F*(9]), (5.31)

with F' a holomorphic function of ®;. All holomorphic and antiholomorphic functions can
therefore be removed from the Kéhler potential.

Fayet-Iliopoulos (FI) term 2x[V]p [103] in the case of an Abelian gauge group, since
the D-term of a gauge singlet V' is gauge invariant.

Lpr=kD . (5.32)

The FI term does not exist for vector bosons of non-Abelian gauge groups.

gauge kinetic function fu, a dimensionless chiral superfield and holomorphic function
of chiral superfields. In renormalisable theories f,, is simply given by d,, + ’gjria Oap, Such
that the F-terms yield the usual gauge kinetic energy plus in the case of a non-Abelian

gauge symmetry a potentially topologically non-trivial 6 term

1 29 1
Lomge = = P F™* = S cun, PP 4 iX0* DX + 2 DD (5.33)
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superpotential WV, a holomorphic function of left-chiral superfields. It has mass dimen-
sion three and for renormalisable Lagrange densities it is given by

1 1
W(®;) = L;i®; + §Mijq)iq>j + gyijkq)z’q)jq)k ) (5.34)

where the first term vanishes for non gauge singlet superfields ®;. The F-term W (®;)] .+
h.c. yields mass terms and Yukawa couplings

. 1. ...
L= WZE - §WU77/JZ‘¢J' + h.c.

1 1
= (Li -+ Mij¢j + §YLJk¢]¢k> F;, — 5 (Mij + Y;jkqbk) l[h@/)] + h.c., (5.35)

where the notation

2
W=y, O

; . = e 5.36
0% |y, 17 9%10di (5:36)

0=01=0

was introduced which indicates that we set § = 6" = 0 after differentiation, such that
only the scalar components remain. Similarly we define W** and W*¥ for the conjugate
superpotential W* (®*).

Like mentioned above, the auxiliary fields F; and D® do not propagate a physical d.o.f.
and can be integrated out to yield the scalar potential

1
V(g.¢") =WV + 23 |0.6' T + K (5.37)

where for non-Abelian gauge symmetries k* = 0.

For non-renormalisable SUSY theories it is convenient to introduce supergraphs [104]
(see e.g. [97,105] for a review). When heavy particles are integrated out from a renormalis-
able theory, a non-renormalisable Kahler potential and a non-renormalisable superpotential
emerge in the effective theory, as shown in figure 5.3. After the heavy superfields ®,, are
integrated out, the terms

YignYin ®,;0,0,®, and %@@@;@7 (5.38)

nn nn

appear in the superpotential and Kéahler potential, respectively. Note that one can easily
obtain the effective Kahler potential by cutting a propagator in the supergraph of an
effective superpotential term in half, “fip” one side to the charge-conjugated expression
and stitch the resulting parts together. From the Kahler potential one can define the
Kihler metric®

K/ > (5.39)

SHere we use the convention that lower indices correspond to derivatives with respect to left-chiral
superfields and upper indices to derivatives with respect to their complex conjugated (right-chiral) super-

fields, e.g. (Kg)* =K.



5.2 Superspace and Superfields 47
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Figure 5.3:  Supergraphs for non-renormalisable superpotential (a) and non-
renormalisable Kéhler potential (b).

A

with the inverse (K *1)3 satisfying (K *1); K§ = 05. Mathematically this means that the
chiral fields are defined on a Kahler manifold and one can calculate the connection

rh = (K" K7 (5.40)
and Riemann curvature tensor
Rl = K — (K" KK, (5.41)
where o ot
) (A — d Kk = i 5.42
97 0B,00,00% |,y Y (5:42)

09,009,000 | ,_yi_g
The on-shell Lagrange density for the matter component fields after integrating out the
auxiliary fields F' and D can than be expressed as

Lonatter = K Dy (D"¢;)" + iE 6" D,y

1
5 (Withito; — DEWiabinh; + h.c.)

1 .
+ Rt

. i 1 . 2
—1\? *7] tra 171 a
— (K1), W - 52 GudIT K + k%], (5.43)
where the covariant derivative of the fermion fields includes the connection
Dytp = 8,0 — igVi T 4 T,0,0;¢n (5.44)
and we introduced oK
K= - ) (5.45)
OP7 | —pi—o

For non-trivial Kihler metric K7 # 67 the kinetic terms in (5.43) have to be brought into
canonical form via canonical normalisation (CN) [106]. The CN procedure transforms the
superfields ® — P, '® such that K7 is diagonalised and rescaled [107,108]

PlKPy =1, (5.46)
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where the most general form of Py is given by

Py = U} (VI

1 . .
U, with UpKU}, = K% (5.47)

The unitary matrix U can be chosen arbitrarily and allows to set Pp hermitean. Rescaling
the superfields in CN also affects masses and Yukawa couplings in the effective superpo-
tential. In flavour models Yukawa couplings emerge from non-renormalisable operators
when flavon fields obtain their vevs. Therefore, in SUSY flavour models, the effective su-
perpotential for the Yukawa couplings will always adjoin an effective Kahler potential as
described below (5.38). Explicit SUSY flavour models thus have to either guarantee that
the CN effects are negligible (K’ ZJ ~ (53 in the effective theory) or otherwise the sizeable CN
corrections need to be carefully included into the model’s predictions [107,108].

We close this section by briefly discussing R-symmetries. A global U(1)g symmetry is
defined by the transformation of the anti-commuting coordinates 6 and '

6 — erf | and 0T — e~ rQT (5.48)

The Lagrange density can be invariant under U(1)z when R-charges Rg are assigned to
each superfield. A general superfield S(x#, 6, 60") transforms as

S(xh,0,07) — e oBe Gt g et | (5.49)

The components of a chiral superfield ® transform with R-charges R(¢) = Re, R(¢) =
Ry — 1, and R(F) = Rg — 2. To build an U(1)g invariant Lagrange density the superpo-
tential must carry R-charge R(W) = 2, thus the form of the most general superpotential
(5.34) gets constrained. A vector superfield V' always has R-charge zero, therefore the corre-
sponding (gauge-independent) R-charges of its component fields are R(A,) =0, R(\) =1,
and R(D) = 0. A gaugino mass term —%M A%A* has R-charge two and therefore not only
breaks SUSY, but also U(1)g. Discrete Z" are also candidates for R-symmetries, with
R-parity 72 conventionally assigned to the superfields in such a way that SM particles
have R-parity +1 and sparticles have R-parity —1. If R-parity is an unbroken symmetry
of nature, the lightest supersymmetric paricle (LSP) is stable and therefore a promising
candidate for Dark Matter.

5.3 Supersymmetry breaking

As discussed at the beginning of this chapter, supersymmetry has to be a broken symmetry
of nature, since there is no evidence for the existence of the the charged leptons’ superpart-
ners. There are two ways SUSY can be broken: spontaneously via non-vanishing vevs and
explicitly. We start the discussion with spontaneous SUSY breaking and look at the SUSY
transformations of the component fields of a general vev. Because of Lorentz invariance,
only scalar fields can have non-vanishing vevs, fermion fields and field derivatives must
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vanish. From Egs. (5.3) and (5.10) it follows

§{¢pi) =0, 6(wi) ~ e(Fy) 6(F;) =0,
A =0, SO ~eDY, 8D =0 (5.50)

Therefore a vev is only SUSY invariant if and only if (F;) = 0 and (D*) = 0. Consequently,
from (5.12), a supersymmetric vacuum has zero energy.® In order to break SUSY sponta-
neously one needs to assure that either (F;) # 0 or (D) # 0 via an F-term SUSY breaking
or D-term SUSY breaking mechanism, respectively.

F-term SUSY breaking requires that the global minimum of the scalar potential develops
a vev such that (F;) = 0 can not be simultaneously satisfied for all F;. Thus the superpoten-
tial for F-term SUSY breaking needs to contain a linear term of a gauge singlet W O L;®;
since otherwise F} = —W; has always a vanishing solution with (¢;) = 0. The sim-
plest F-term breaking mechanism of interacting superfields is given by the O’Raifeartaigh
model [109]

WO’Raifeartaigh = m(I)QCI)3 + )\(I)l ((I)g - NQ) 5 (551)
with real m, A, and . The F-terms are given by
Fi==-X(¢5—p) ., F=-m¢;, andF;=—mep;— \po;. (5.52)

Since F; = 0 and F5 = 0 are impossibly simultaneously satisfied, one F-term has to obtain
a vev and SUSY is spontaneously broken.

D-term SUSY breaking emerges from a non-vanishing vev of a D-term component of a
vector superfield, which has to be a gauge singlet due to gauge invariance of the Lagrange
density. The simplest model for D-term SUSY breaking is due to Fayet-Iliopoulos [103]

Vir(6,6%) = 5 (s + galof)” (5.53)

If kg > 0 no vev of ¢ can achieve vanishing scalar potential, the minimum of V' is given by
k% at (@) = 0, therefore the D-term is given by

D=—k, (5.54)

and SUSY is spontaneously broken.

That SUSY is broken by non-vanishing vevs of the auxiliary F' and D component fields
can also be noticed from the fact that (F) and (D) induce mass terms for the scalar
particles and therefore introduce a mass splitting between scalar and fermion components.
A general sum rule for the masses of fermions and bosons can be derived from the mass
matrices of scalars

M2 = (W*ikwkj + D*D$ 4+ D' D* WHIEW), + D D% )

WijkW*k + DgD? Wzkw*k] + D’(L}Daj + qujDa (555)

6More technical this can be derived by the A/ = 1 SUSY algebra {QQ,QE} = 205[93“ {Qa,Qs} =
{QL, Q;} = 0, where the generators of SUSY transformation @ and Q' are Weyl spinors and the Hamil-
tonian is given by H = Py = +({Q1, QI} +{Qa2, Q;})
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where we defined Df = 8& De

, the mass matrix of fermions

0=61=0
_( Wy —V2Df

and the mass matrix of massive vector bosons emerging from some non-vanishing vev (¢;)
and the BEH-mechanism

M2ab (Danz + Dasz) (557)
The result is the so-called supertrace [110]

1
STr (M?) =) (-1)*(2] + )M = —2¢"Tx (T*(D")) , (5.58)
J=0

which holds in spontaneously broken and unbroken SUSY, and the RHS vanishes for non-
anomalous U(1) such as the U(1)y in the MSSM. Analogous to Goldstone’s theorem for
bosonic symmetries, the spontaneous breaking of global SUSY yields the Goldstino [103,
111], a massless Majorana fermion, which is proportional to the fermionic partners of the
auxiliary fields obtaining a vev’

VO~ (B + —= (DA (5.59)

\/§

Phenomenological constraints such as the supertrace (e.g. 2m? = mZ +m2, for vanishing
lepton flavour mixing) or the fact that an U(1)y FI term would spontaneously break
SU(3)¢ or U(1)em necessitate SUSY breaking in a hidden sector, rather than superfields
of known SM particles. For this purpose it is useful to investigate soft explicit SUSY
breaking first. A SUSY breaking term in the Lagrange density is named soft if it is at
most logarithmically divergent and therefore does not reintroduce the hierarchy problem. A
necessary but not sufficient condition is that soft terms must not have mass dimension larger
than three [112]. To all orders in perturbation theory, a general soft-breaking Lagrange
density is given by [113]

1 ¥
Lsoft = _§Ma)\a)\a + h.c. — ml2]¢z ¢j
1 1
— (hi¢i + §bij¢i¢j + gaijk¢i¢j¢k + h-C-) - (5.60)

It contains Majorana mass terms for the gauginos A%, trilinear, bilinear, and linear terms
for the scalar fields ¢; as well as a hermitean mass squared matrix m;; for ¢7¢;. Of course

“In general this can be shown from the supercurrent formalism, here it suffices to notice that
((F;), (D*)/+/2)T is an eigenvector of My with eigenvalue 0.
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Lsof has to be gauge invariant, thus all terms have to be allowed by gauge symmetry and
the linear terms are only present for gauge singlets ¢;. Whether or not the terms in

1. 1
Loft /nard = —50”%2‘@% — 5Me Y — MU + hec. (5.61)

are soft depends on whether or not the theory contains a chiral superfield transforming as
gauge singlet. If such a gauge singlet ¢; exist, these terms can contract to linearly divergent
tadpole diagrams and thus spoil the solution to the hierarchy problem (see e.g. [98,114]).

The explicit soft-breaking Lagrange density introduces many new parameters and in
general the soft-breaking parameter space will be constrained by phenomenology, such as
the absence of large flavour mixing and CP-violating processes in nature. Such constraints
can be enforced when the soft-breaking parameters result from spontaneous SUSY breaking
in a hidden sector, which is only weakly coupled to the observable sector containing the SM
particles. Gravity, being the weakest force known and coupling universally to all particles,
is a promising candidate for mediating SUSY breaking between those sectors [115].

Allowing for gravity requires supergravity (SUGRA), the theory of local supersymmetry.
As a theory of gravity SUGRA contains the graviton, a massless spin two boson obtained
from linearising the Einstein-Hilbert action. The superpartner of the graviton is a massless
spin g fermion, the gravitino. As a generalisation of the BEH-mechanism, when SUGRA
is spontaneously broken the gravitino absorbs the goldstino and obtains a mass mg3/, due
to the super-Higgs mechanism [116]. The supertrace is then generalised to

3

STr (M?) = i(—n”(z} + 1)M7 = 2(N — 1)mj, — 2¢°Tx (T*(D")) , (5.62)

J=0

with NV being the number of chiral superfields in the theory. The sparticle masses are thus
expected to be heavier than the SM particles and are therefore no longer in conflict with
phenomenology.

Instead of constructing the SUSY breaking hidden sector explicitly, one usually assumes
that the superpotential splits into an observable and a hidden part W = W, + Whia, a
minimal Kahler potential, and a minimal gauge kinetic function. Then, when SUSY is bro-
ken in the hidden sector, universal soft-breaking parameters my o, mo, Ao, and By emerge
for the soft-breaking masses m? |¢i|2, trilinear couplings AoY;;x¢i¢;¢k, and bilinear cou-
plings BoM;;¢;¢; of (5.60) [117], where Y;;, and M;; are parameters in the superpotential
(5.34). The assumption of these universal boundary conditions at a high unification scale
(usually M, or Mgyr) is known as mSUGRA or Constrained MSSM (CMSSM).

Other common SUSY breaking mechanism are Gauge Mediated SUSY Breaking [118],
where gauge non-singlet superfields act as messengers between hidden and observable sec-
tor and SUSY soft-breaking terms are generated from loops. Another scenario is Anomaly
Mediated SUSY Breaking [119], which assumes that the hidden sector is localised on a sep-
arate brane than the observable sector in an extra dimension. SUSY breaking is mediated
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by the superconformal anomaly and the soft-breaking terms are generated via loops®.

In conclusion, while the details of an explicit SUSY breaking mechanism are quite
involved and beyond the scope of this thesis, well motivated by mSUGRA we can impose
universal CMSSM boundary conditions for the soft-breaking Lagrange density (5.60) at
a high scale. In chapter 10 we will analyse SUSY threshold corrections from a CMSSM
SUSY scenario.

5.4 The Minimal Supersymmetric Standard Model

In this section we extend the successful Standard Model by SUSY and introduce the min-
imal supersymmetric Standard Model (MSSM) [120]. First one must assign superpartners
to each SM particle and define the MSSM superfield content. The SM fermions are em-
bedded into chiral superfields. The superpartners are named like the fermion components
but with an ‘s’ prepended. Since the superpotential of the MSSM has to be a holomorphic
function of left-chiral superfields, one resorts to the left-handed conjugates of the right-
handed SM fermions. Of concern is the SM Higgs field. As seen in (2.2) the conjugated
Higgs field gz~5 couples to down-type quarks and charged leptons, which would require a non-
holomorphic term in the superpotential. Also, the fermionic superpartner of the Higgs,
the Higgsino, spoils the anomaly freedom of the SM. Both issues can be solved at once
with the introduction of a second Higgs superfield of opposite U(1)y hypercharge, such
that the anomaly coefficients cancel and Yukawa couplings of the down-type quarks and
charged leptons can originate from holomorphic terms. The vector bosons of the SM are
accompanied with gauginos and embedded into vector superfields. The gauginos are named
gluinos, Winos, Zino, and Bino. The supersymmetric version of table 2.1, the superfield
content of the MSSM, is thus as given in table 5.1.

As a renormalisable quantum field theory, the Kahler potential and the gauge kinetic
function of the MSSM are trivial. The most general superpotential allowed by the MSSM
gauge group would permit baryon and lepton number violating terms, which would induce
too rapid proton decay and are ruled out by observations. One therefore requires the
MSSM to be invariant under matter parity [121,122]

Py = (—1)3E-D) (5.63)

where B and L are the baryon and lepton numbers of a superfield, respectively.” The
MSSM superpotential is thus given by

Whassm = Yo, Hy - LiE} + Yq, Hy - Q; D] — Yy, i, - QiUS + pH, - Hy (5.64)

iJ
where we use the SUSY Les Houches Accord (SLHA) convention [123]. The first three
terms yield the SM Yukawa coupling terms, Higgsino-sfermion-fermion interactions, and

8Since the resulting sfermion masses are tachyonic, an universal shift by mg needs to be introduced by
hand nevertheless.

9Matter parity is equivalent to R-parity, where each particle of spin j is assigned Pgr = (71)3(5 —L)+23,
Thus all SM particles have even R-parity, all sparticles odd.
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Superfield SM field Superpartner Quantum Numbers
Vector superfields
G G, G (8,1)0 +1
%% W, w (1,3)0 +1
B B, B (1,1) +1
Matter superfields
_(m) s (T -
Ue uly ik (3,1)_2 -1
D¢ di, ;; (3,1): —1
_ (v = (VL 1 B
boon=(") (%) e, o
E* el &% (1,1), —1
Higgs superfields
A hi
(M i (S
(D) () way s

1
2

Table 5.1: Superfield content of the MSSM with their SM fields and superpartners. All
matter superfields come in three flavours, the superpartners to the SM fields are indicated
by a tilde. Besides the MSSM gauge group quantum numbers we list the matter parity Pp,.

(scalar)? terms. The p-term is important to the breaking of EW symmetry, as discussed be-
low. Together with the other terms of the superpotential it yields Higgs-sfermion-sfermion

interactions.

The soft-breaking Lagrange density of the MSSM is given by

1 . L. -
~Loots = 5 (MlBB MWW A+ MgGG) +he

_|_

T,

+mj |ha|® + mj, |hal* + (m3hy - hg + hec.) .

ha - Li €, + Tayha - Qi dyy, — T hy - Qi iy, + hec.

M2 A 2 T~ 2 T2 Gk a2 s
+ Qiinij + Limiiij + Ug,my, Up, + dRimJidej + €r,Mg, €x,

(5.65)

In addition to the 19 parameters of the SM, the MSSM adds the complex parameters pu,
mg, complex trilinear couplings T., Ty, and T,, hermitean matrices m?;, complex gaugino

masses My, Ms, and M;z, and real mass parameters m%u and m%d. The total number of

parameters in the MSSM is therefore 124.
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For vanishing p and m3 the MSSM would be invariant under a global U(1)pq. Treating
those parameters as spurions, the MSSM U (1)pq charges are given as in table 5.2. Thus by

Superfield / Spurion | H, Hy; @ U¢ D¢ L E° pu m3
1

1 1 1 1
U(1)pq I B R T e

Table 5.2: Non vanishing U(1)pq charges of the MSSM superfields and spurions p and
ms.

a Peccei-Quinn transformation of the superfields one can choose to work in a basis where
the phase of m3 is zero [124] (see also [98,125]). Similarly, while the soft-breaking Lagrange
density is invariant under R-parity, it explicitly breaks a global U(1)g. By treating gaugino
masses, trilinear couplings, and m2 as spurions, one can set e.g. one of the gaugino phases
zero [124] (see e.g. [98]).

Let us have a look at the (s)particle spectrum of the MSSM, starting with the Higgs
bosons. Unlike in the SM, the quartic Higgs coupling of the MSSM Higgs potential is not a
free parameter, but determined by the gauge couplings through the D-terms. The MSSM
Higgs potential is

Vi =

~—~

m3, + 1) [hal” + (m3, + ) hal + (m3hy - ha + hoc)

2
(67 +3) (Il = [hal’)” + %2 1ol (5.66)

ol =

+
In order for EW symmetry to be spontaneously broken, the Higgs bosons h, and h,; acquire
the vevs
1 U1 1 0
hy) = — and (h,) = —= ; 5.67
=75 () et (k= ( 1) (5.67)
with v? + v3 = v? &~ 246 GeV. The ratio between vy and v is denoted

tanf= 2. (5.68)

Requiring that the vevs (5.67) do minimise the Higgs potential allows to express |u|* and
m3 on tree-level in terms of

(tan(28) (mj,, tan 8 — mj, cot B) — MZ) |

(tan(28) (mj, —mj,) — Mzsin(25)) | (5.69)

2
| =

2 _
m3_

N~ DN

whereas the phase of p is left free. Another requirement for EW symmetry breaking is a
negative mass square for h, or hg, yielding

mi > (2, + ) (m?, +1uf’) (5.70)



5.4 The Minimal Supersymmetric Standard Model 55

With mSUGRA boundary conditions mj = mj_ at a high scale, the RGEs typically yield
small or negative values of mj at the EW scale, such that (5.70) is satisfied in what is
known as radiative EW symmetry breaking. Expanding h, and hy around their vevs (see

e.g. [125])

- 1 U1+51+ip1 o 1 h;r i€
hqg = ( he and h, = 75 N 4 5, + ips e, (5.71)

where ¢ is a relative phase between hy and h,, one obtains mass matrices

MSS MS
Mss;;p = <MT Mp) and Mh*h* X (572)
Sp pp
with )
_ 0 mssin &
M,, = (mg e 0 ) . (5.73)

Minimising the Higgs potential is equivalent to vanishing tadpole coefficients for s, so,
p1, and po. In chapter 10 we resort to the one-loop tadpole equations in order to obtain
the one-loop analogue of (5.69). For the tree-level potential the tadpole coefficient of p;
requires a vanishing phase . Therefore, in general on tree-level and in the CP-conserving
case'® where £ = 0 to all orders in perturbation theory, M, is block diagonal and the
mass eigenstates have well-defined CP quantum numbers

H\ [ cosa sina S1
h) \—sina cosa) \sy/) ’
A\ [ sinfB, cosB,\ (p
G°)  \—cosB, sinB,) \p2)’
H*\ [ sinf, cosp. hf
(Gi) - (— cos (3. Sinﬁc> (h;t ’ (5.74)
with h{ = (h])* and equivalently for h, . There are two CP even Higgs bosons h, H in the
real MSSM, where conventionally mj, < my. A is an CP odd Higgs boson and G°, G* are
the three Goldstone bosons that give massive Z and W= bosons. Note that on tree-level

the requirement of vanishing tadpole coefficients yields 3, = 8. = 5. The tree-level Higgs
masses are given by

2m3
2 _ 3
ma = sin(24) ’
mie = m4 + M,
1
my oy = 3 (m?4 + M F \/(m?4 — M2)* + 4M2Zm? sin2(25)) . (5.75)

10We will denote the CP-conserving MSSM as real MSSM and the CP-violating MSSM as complez.
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In the CP violating case, the three mass eigenstates hi, hy, and hs are obtained from

S1

hy 5

hal =S |72, (5.76)
h

hs3
b2

with S a 3 x 4 matrix satisfying STS = 1, and my,, < mpu, < my, (see e.g. [123]). The mass
of the lightest Higgs boson my, (or my, ) is strongly affected by loop corrections [126]. Precise
calculations of these loop corrections are very elaborate, in chapter 10 a two-loop Higgs
mass calculation will be performed with the published software FeynHiggs [125,127-129].

Turning to the sparticles, the mass eigenstates of gauginos and Higgsinos are four neu-
tralinos x? from B, WO, h% and b and two charginos x= from W*, hit, and h;. Their
mixing matrices are given in appendix B. The superpartners of the SM fermions are six
up-type squarks, six down-type squarks, six charged sleptons, and three sneutrinos. In
general they mix to form mass eigenstates, with the 6 X 6 (3 x 3) mass and mixing matrices
given in appendix B as well.

We close this section with three remarks:

Supersymmetric seesaw In order to extend the MSSM by a type-I seesaw mechanism
one introduces a left-handed chiral superfield N¢ as gauge singlet and adds the superpo-
tential terms
C 1 C (&
Wseesaw = YV;]HU M [/7']\]"7 + 5 nz]N’L N] . (5-77)

The soft-breaking Lagrange density is extended by

Lot D —Vp,m3, Uk, - (5.78)

Supersymmetric threshold corrections The SM is an effective theory of the MSSM.
When solving the MSSM RGEs, the MSSM is commonly matched to the SM at a renormal-
isation scale chosen to represent an average mass Mgysy of the sparticles. Conventionally
it is set to the geometric mean of the stop quark masses QQ = /my, my,, where the loop-
corrected result for the light Higgs mass is numerically stable against small changes of the
renormalisation scale [130]. The SUSY scale has to be larger than M and typical values
are assumed to be around 1 TeV.

On tree-level, down-type quarks and charged leptons only couple to the Higgs field hy.
On one-loop level however, there are also couplings to h,,. These loops yield tan S-enhanced
threshold corrections to Yukawa couplings when the MSSM is matched to the SM and the
sparticles are intergrated out [131,132]. Thus, although loop-suppressed, they can have
significant magnitude for sizeable tan f and are of importance for the prediction of quark-
lepton mass ratios [133]. A full calculation of SUSY threshold corrections will be presented
in chapter 10.
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Charge and colour breaking vacua Besides the Higgs fields h, and hg, the MSSM
scalar potential also contains sfermion fields. In principle those fields can obtain non-
vanishing vevs as well, thereby breaking SU(3)c and U(1)ey, spontaneously. The existence
of such dangerous charge and colour breaking (CCB) minima in the scalar potential is
linked to the violation of bounds for the soft-breaking trilinear couplings [134,135], e.g.

2 2 . .
yi tyi) iFJ
T2 (m2 +m2 +m2 + | W) 5.79
‘ zg| = mLii+ijj+mhf+|M| ) ( )
Byp i=j

where mp, mg, and my, denote the soft-breaking mass parameters of the scalar fields

associated with the trilinear coupling 7" in the basis of diagonal Yukawa matrices.
Additionally, the scalar potential might feature directions in field space which are un-

bounded from below (UFB). For the tree-level scalar potential these yield constraints [134]

miu —i—mid —i—2|/¢|2 > 2m§ ;
4
2 2 2 M3
my 4 |p|* +m; >
h L m%d—i- |,u\2—m2ii

my, +m; >0. (5.80)

Y

Note that the first equation is always satisfied when |u| is calculated from the requirement
(5.69) of successful EW symmetry breaking. If any of the CCB or UFB constraints are
violated for a particular MSSM parameter point, the decay rate of our physical vacuum
into the deeper unphysical one can still be so small, that our vacuum’s lifetime exceeds the
age of the universe by orders of magnitude. This will be discussed further in chapter 10.
Finally we note that the tree-level scalar potential receives radiative corrections and UFB
directions will become bounded from below eventually, thereby turning into CCB vacua.

5.5 Supersymmetric SU(5) GUTs

As shown in figure 5.4, the field content of the MSSM yields an unification of the gauge
couplings at Mgyt ~ 2 - 10 GeV, where the a; are defined analogous to the QED fine-
structure constant «o; = % and the one-loop S function coefficients for the gauge couplings
in the MSSM are b; = %, by = 1, and by = —3 [86,136]. This motivates the embedding
of the MSSM gauge group into a GUT gauge group like SU(5). Note that the gauge
couplings do not unify entirely, rather at Mgyt small differences'! do remain, but those
can be attributed to threshold effects from heavy GUT-scale particles, such as the SU(3)¢
octet 04, SU(2), triplet 7Y, SU(3)¢ triplets T®), TG) and heavy gauge bosons X
and Y in an SU(5) GUT [137]. In the last line we have already assumed that the field
content of the Georgi-Glashow SU(5) from section 4.1 is accompanied with superpartners

" Conventionally Mgy is defined by the unification oy (Mgut) = as(MguT)-
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Figure 5.4: One-loop RG evolution of the inverse gauge couplings o 1in the SM (left)
and MSSM (right), assuming a common SUSY scale Mgsysy = 10° GeV. The dashed lines
indicate Msysy = 103 GeV and Mgyt = 2 - 101¢ GeV.

and embedded into superfields. Because Mgysy < Mgur we almost never have the need
to write SU(5) superfields in scalar and fermion components notation. Thus we use the
same notation for the superfields as introduced for the corresponding non-SUSY SU(5)
multiplet, e.g.

FDODL and T DQ,U E°. (5.81)
Because of the two Higgs fields in the MSSM, another SU(5) Higgs multiplet Hj, trans-
forming as 5, is introduced

H; > H,,T® and H; > H,,T® . (5.82)

The embedding of the MSSM superfields into SU(5) multiplets, or equivalently the “su-
persymmetrisation” of the Georgi-Glashow SU(5) model, is denoted minimal SUSY SU(5)
[138]. The superpotential for this model is given by

W = Mo TrHZ, + Mg TrHy, + (s + NHoy) HsHs + YsT FHs + esY1oTTHs ,  (5.83)

where flavour and SU(5) indices have been suppressed. When SU (5) gets broken the colour
octet OV SU(2) triplet T?%, and gauge singlet S obtain masses

15 3
Mo4) = Mep21) = Z)\MV and mgey = Z)\24V . (5.84)

In addition to the MSSM superpotential, there are also terms coupling matter superfields
to the colour Higgs triplets

1 _
Wr=5¥5(Q- L= UD) T 4 2% (QU°E = Q- Q) T, (5.85)

which leads to dangerous dimension five baryon number violating operators [122,139-143]
(see also [82])
V2 2v2

2= (5Q - L) (YioQ - Q) + == (YsU°D") (YioU“E") . (5.86)

Wy = ~——
B My My
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These operators have to be “dressed” with gluinos, charginos, or neutralinos to become a
dimension six proton decay operator, as shown in figure 5.5 for an example. The resulting

— 0 ——— - - - - — - ———
Q <>\\ T5 L UR Tiy R AH{ L
N . B ¢
W ES />_ - 7{'[‘ 17
x d 5 A d“* y 11y,
LD A 0 b 1 o9

Figure 5.5: Examples for dressed LLLL and RRRR contributions to proton decay medi-
ated by the colour triplets T5 and T5. Note that flavour indices are suppressed.
. . . 1
dimension six operators are suppressed by oo
non-supersymmetric dimension six proton decay. Thus the lower bound on the proton

lifetime yields a heavy lower limit for the triplet mass [82,143],

in contrast to the # suppression of
T

My > 10" GeV . (5.87)

A SU(5) GUT model with a heavy Higgs triplet mass of this scale suffers from two prob-
lems:

Firstly, there is the problem of doublet-triplet splitting. When SU(5) is broken, the
p-term for the Higgs doublets and the mass of the colour triplets are given by

3\ _
WD <u5 — 7v) Hy, - Hy+ (5 + A\V) TOTE) (5.88)

Via fine-tuning of A, a strong hierarchy between doublet and triplet masses can be achieved.
In predictive flavour models, however, employing CG factors via higher dimensional Yukawa
coupling operators involving Haa, as discussed in section 4.4, will forbid terms like \Hoy Hs H
due to discrete symmetries and a fine-tuning solution to DTS will be no longer feasible.
Besides fine-tuning, the DTS problem can be solved via the missing partner mechanism
(MPM) [144]. We review MPM in part IV of this thesis in chapter 9, where we present
our results for combining predictive SUSY SU(5) flavour models with DTS.

Secondly, the contribution of the colour Higgs triplets to the RGEs of the gauge couplings
spoil the successful unification unless My < 10% GeV [145]. Giving up the condition of
renormalisability for the superpotential

b _
W D My TrHZ, + Ay TrH3, + ML (TrHZ,)® + MITng4 + (s + ANHzq) HsHs . (5.89)

pl p

the masses of O* and T®% split which shifts the upper bound for My to higher values [146]

My = M (mT<24’) , (5.90)

where M2 denotes the triplet mass in the renormalisable minimal SU(5). Building non-
renormalisable operators by coupling Hsy to Yukawa operators in general allows to fit the
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observed quark-lepton mass ratios, at the cost of loosing predictability. In chapter 9 in the
main part of this thesis we will discuss how DTS, a sufficiently heavy triplet mass Mp, and
gauge coupling unification can be achieved in predictive SUSY flavour GUT models.

Finally we note that the constraint Mgyt = 10*® GeV from dimension six proton decay
(4.31) is satisfied in minimal SUSY SU(5).



PART III

SUSY Flavour GUT models



CHAPTER 6

ngPMNS% (9(3 sin (923PMNS from GUTSs

Grand Unified Theories offer a promising setting to predict quark - lepton mass ratios. As
was discussed in 4.4, when down-type quark Yukawa matrix and charged lepton Yukawa
matrix are generated from the same set of GUT operators, the resulting entries are linked
and differ only by group theoretical Clebsch-Gordan factors. This connection is not limited
to quark and lepton masses, however, but also links quark and lepton mixing angles. In this
chapter we present our results of [1] and discuss simple conditions such that the large value
of OYMNS can be explained from 0FPMNS ~ 0 sin FMNS in SU(5) GUTs and PS unification.

6.1 A numerical expression for 05MNS in terms of ¢

After neutrino oscillations were discovered and large 02N and #FMNS had been established,
it was widely assumed 6} would be small or vanishing. In many GUT models small
non-vanishing 07N ~ 3° was predicted, when the Georgi-Jarlskog CG factor 3 (4.28) was
used to correct the minimal SU(5) prediction Y, = Y} in the first two families.

In 2011 a surprisingly large 6PMNS &~ 8.8° 4 1.0° was measured by T2K, DoubleCHOOZ,
DayaBay, and RENO [46,147]. Following the discovery, it was noted that by replacing the
Georgi-Jarlskog CG factor with the newly proposed alternatives of [83], large 67MN5 could
be obtained [148,149].

HPMNS also complied with a very interesting numerical expression in terms of the Cabibbo
angle 0 = 13.02° 4+ 0.04°

0
OEMNS ~ 2~ 920 (6.1)

V2

In the meantime the lepton mixing angles have been measured with higher precision [62]
42.3° 3 (NO)

49.5° 350 (10)
(6.2)

PMNS _ o +0.78° PMNS _ o +0.20° PMNS _
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With these updated values the lepton mixing angles still amount to a very interesting
numerical agreement of

OVMNS 5 g sin O5NS — 8. 84° 0307 (6.3)

in the case of the NO best fit point. Equation (6.1) follows from (6.3) as a special case
when OPMNS = 45° 1 The appearance of ¢ in relation (6.3) motivates the viewpoint of an
underlying GUT symmetry connecting the quark and lepton sectors.

Note that even before 07MN5 was measured various different approaches featuring large
values of OPMNS existed in the literature. The estimate 070N = O(6¢) for example can be
obtained from charged lepton corrections if one merely assumes the Wolfenstein parameter
A = 0¢ as expansion parameter in the charged lepton mixing matrix in so-called Cabibbo
haze [152], or e.g. in [153]. However, in such scenarios 62MN5 is not predicted, since it
differs from A by an unknown prefactor. In the context of Quark-Lepton Complementary
(QLC) 073™S 40 = 45° [154] the relation 973" = 22 appeared from assuming bimaximal

neutrino mixing and a lepton mixing matrix U'® 7 exactly equal to Voxy [155]. The latter
assumption, however, is not expected to hold in realistic GUTs since the mass matrices
of quarks and charged leptons cannot be identical, especially regarding the masses of the
first two families. The GUT scale mass ratio T:L—’: in particular is severely different from
one. As mentioned before, non-universal group-theoretical CG factors are required to bring
GUT predictions for quark-lepton mass ratios in accordance with observations. But with
different singular values of Y; and Y., it can not be expected that the charged lepton mixing
matrix equals Vok.

VPMNS
Condition 1 m, ———> Y,

| Conditions 3 & 4

GUTs

y
Y, —— (Y

Figure 6.1: In our set-up, the relation GFSMNS ~ f¢c sin HPMNS is obtained by linking the

charged lepton and quark sectors via GUTs, demanding four constraints on the mixing
angles and GUT structure, as discussed in the main text.

In contrast, we will not require bimaximal mixing in the neutrino sector nor identical
U ée) and Voku. In the light of the new CG factors available in model building, our strategy

Tn 2011, global fits reported large uncertainties for 05MN5 e.g. 9EMNS = 46.1°+£3.4° [147] and O5MNS =
40.4° with a one sigma confidence interval of [38.6°,45. O°] [150]. Also in 2016 there is still potential for

higher precision, with e.g. a one sigma interval of [38.60, 53.7°] reported by the NOvA collaboration for
OLMNS [151].
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is to use GUT relations plus additional conditions/constraints on the structure of SU(5)
GUTs and Pati-Salam models, as illustrated in figure 6.1, to establish 67, ~ 0, which
then induces 6°MNS ~ 0 sin QPMNS via a charged lepton correction to the neutrino mixing
matrix. In 6.5 we come back to a comparison between our results and the QLC relation.

In the following sections we discuss in detail four simple conditions to realise §7MN5 ~
Oc sin QPMNS in GUTs. Note that, while these conditions can act as an instruction how to
build predictive flavour GUT models with 07MNS ~ 0 sin 5MN5 | we do not claim that our
strategy is the only functioning set-up. For example, while our paper [1] was finalised, [156]
appeared, which also discusses strategies for obtaining 67MNS ~ 0 sin 9FMN5 | e.g. from a
shared flavon in the quark and neutrino sector of a flavour model.

6.2 Conditions for mixing angles

In the following, we will assume hierarchical Y,,, Y;, and Y., which implies that the left-
mixing angles 67, ij, and 07; are all comparatively small (i.e., not much larger than the
Cabibbo angle ¢) as is typical for GUT flavour models in the flavour basis.

We first revisit the charged lepton corrections (3.31)

PMNS —idPMNS_ s, e v _—ids.

S53 2 A so.e 02 — foache” 02 (6.4a)
PMNS 7i6P,MNS ~ OV —10Y. e v _—idS. e —idS v _—idk. e v _—id5-

015 1B & e 01 — G ch.e 018 — 0] e 12 (5.6 02 — (5. chae %) (6.4b)
PMNS 716PMN ~ &Y —i6Y e v v i(055—0%5) e v v _—if

S12 R SYp€ 12 + B3¢ 5893 72878 — Oy coacipe 012 (6.4c)

in leading order of 67, and (3.32)

PMNS —i6TMNS _ qv —idY. e v —i§ e GPMNS —i(df,+d55 """
Oy "Se T e Gy — By chye s — Byl NS OT T (6.5)

PMNS
013

~

in order to find simple conditions for obtaining a predictive GUT scenario with
Oc sin OFMNS - Similarly, the CKM angles HCKM can be expressed in terms of quark mixing

T
angles 0} and 07, by a small angle expansion of Voxy = (U éu)> U éd) [157]

—igGKM e
HCKM 033 g Qd 08 _ 0se 03y (6.6a)
CKM _—i6CEM _ hd  —iéd. u _—idl, u _—id% (nd —id2. u _—id
0755 e B & (9136 ofs _ Oise 13 — Oe 12(09,e7 02 — Ohe 02 | (6.6b)
_ sCKM _asd _isu
G%KMG Oy g 9‘1126 Wiy 0e Wiy (6.6¢)

The standard PDG Dirac CP phase dcky in Voxu can be identified as [17]

5CKM — 5CKM 5CKM 5CKM ] (67)

We are now ready to state first conditions towards scenarios featuring (6.3):
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Condition 1: Since we want to use the charged lepton correction proportional to 6,
to establish the link to 6o via GUTs we require, as assumed to derive (3.31) and (3.32),
hierarchical Y,,, Y;, and Y., and furthermore

13~0, 05;=0. (6.8)

Then the first two summands on the right side of (3.32) drop out and we obtain (3.33),
independently of any phases

PMNS . pe .PMNS
015 R~ 019593 . (6.9)

Condition 2: Secondly, since we want to establish a link between 07MNS and ¢ based
on GUT relations between Y, and Y., we require that to a good approximation

0, ~ 0c . (6.10)

This may follow from (6.6c) as a consequence of 6%, < 6, which is a typical feature of
models with hierarchical Yukawa matrices where the stronger hierarchy in the up-quark
sector implies the smaller mixing angles. An alternative possibility arises when one requires
0%, 0% ~ 0. Such cases yield the quark mizing sum rule [157] from (6.6) and (6.7)

HCKM
13 —igCKM

99 A |gCKM _

b~ (05 — S ~ 12.0°+£0.3° . (6.11)
23

6.3 Conditions from relations between Y; and Y,

To arrive at ~ 0o sin O5MNS | we want to employ GUT relations between the down-

type quark Yukawa matrix Y; and the charged lepton Yukawa matrix Y,. The GUT
relations emerge since the down-type quark Yukawa matrix and the charged lepton Yukawa
matrix are generated from joint GUT operators, as discussed in chapter 4. This leads to
the following condition:

PMNS
013

Condition 3: To obtain predictive GUT relations, we require that all elements of the
Yukawa matrices Yy and Y, are each dominantly generated by one single joint GUT oper-
ator. This condition can be somewhat relaxed in specific cases, for instance it would be
sufficient to restrict this requirement to the distinct matrix elements which enter the rela-
tion between - and 67,. Furthermore it is possible that two operators featuring the same
CG factor contribute at similar strength. In this case, the relation between the elements of
Yy and Y, is still given by only one single CG factor. We demand the stronger requirement
stated at the beginning at this point, to keep the discussion simple.
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Thus, the matrix elements are closely linked by group theoretical CG factors. For hier-
archic Yy and Y, and small mixing angles we can focus our discussion exclusively on the
1-2 submatrix of the first two families

(
Y,e _ (Cdd Cbb> (PS),
Ca@ CoC
Y, = (Z ’;) = . (6.12)
Y, = (Cdd Ca a) (SU(5) GUTs)
\

ab c.c

Here, c,, ¢, c., and ¢4 are the CG factors relating the elements of Y; and Y,. As discussed
in chapter 4, in SU(5) GUTs Y} is related to Y.!, whereas in Pati-Salam unified theories
Y, is related directly to Y.. Lists of available CG factors in SU(5) and PS were given in
(4.45) and (4.46), respectively.

The CG factors play an important role in flavour model building: A successful model
requires a consistent set of CG factors in (6.12), leading to viable mass relations for the
first two families. It has been noted in [148,149], that various combinations of phenomeno-
logically viable CG factors exist which can lead to a comparatively large 72NS. The
prediction 6PMNS = 0 sin OFMNS only emerges from a subset of these combinations of CG
factors, as we now discuss in the context of Pati-Salam unified theories and SU(5) GUTs.

To obtain conditions on the CG factors, we first note that the 1-2 mixing angle of Y is

given in leading order in a small mixing approximation by

b

0, ~ || , (6.13)

and the Yukawa couplings by

b
Y ‘d—%‘ and g, ~ || . (6.14)

6.3.1 OPMNS ~ 0 sin GEMNS jn Pati-Salam Theories

In Pati-Salam unified theories, to leading order in a small angle approximation the Yukawa
couplings y. and y,, of the first two families are given by [148]

CotCpb
Yo = |Cqd — b and y, = |c.c| , (6.15)
ceC
and the 1-2 mixing angle 6{, is given by
Cp b Cp
€y R ~|—|0 6.16
12 CoC ce CH ( )

where (6.10) and (6.13) were used in the last step. Finally, using (6.9) we obtain

. Ch
OIMNS 5, sin O5MNS ~ |2
CC

b Oc sin G5 ™5 (6.17)

From here we can read off the condition on the CG factors in Pati-Salam theories:
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Condition 4 (PS): In Pati-Salam unified models, and in general in unified models with
a direct GUT relation between Y; and Y, (and not as in SU(5) GUTSs between Y, and Y.)
we require that the CG factors for the operators generating the 2-2 element and the 1-2

element of Y, are equal, i.e.
|c] = leel - (6.18)

In Pati-Salam unified theories, this simple additional condition is indeed sufficient and
may readily be implemented in flavour models. The remaining parameters and CG factors
of such a model of course have to be constructed in such a way that the phenomenological
constraints on the down-type quark and charged lepton sectors are satisfied. In Pati-Salam
models it turns out that in the case of vanishing 1-1 element d = 0, there is no set of CG
factors available which simultaneously satisfies (6.18) and the double ratio (4.43)

Ce

Ca Cp

YuYd

~ 10.7+H18 6.19
" (6:19)

~
~

Therefore viable scenarios of Pati-Salam unification require non vanishing 1-1 elements in
Y, and Y. [148] (see also [158]). Let us remark that in principle the set ¢. = ¢, = 9 and
Ca = % yields the double ratio 12, which is also within the one sigma confidence interval,
but the GUT scale relation y, = 9y, requires SUSY threshold corrections of about 50%,
which exceeds typical results in realistic SUSY scenarios (see e.g. [133] and figure 10.3).
We will see next that in SU(5) GUTs zero 1-1 elements of Y, and Y, are consistent and

even favourable for obtaining the relation 0725 ~  sin OFMNS,

6.3.2 OTMNS ~ 0o sin O2MNS from SU(5) GUTs

In SU(5) GUTs the 1-2 mixing angle 65, is given in leading order in a small angle approx-
imation by

e _|Caa
12 ~

(6.20)

Ce C

Employing (6.13) and condition (6.10) shows that in order to obtain a link between 6 and
07, we need to relate
Ca O
and 65, ~ | 2—
n 12 oc
This implies that towards establishing a simple link between 0725 and 0 in SU(5) GUTs,
we have to impose at least one further constraint on the structure of the Yukawa matrices.
From (6.21) one can see that one possibility to restore a direct link between 6o and 65, is

to enforce

Oc ~ (6.21)

C

|a| ~ [b] (6.22)
which immediately translates into
Co 0 ¢
NN iy PV i 6.23
12 Coc c. Cs ( )
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and thus to a simple condition

cal = Jed] = 015 = O sin G5 (6.24)

on the CG factors in SU(5) GUTs. We discuss two ways to enforce |a| = |b| (or |a| =~ |b|
to a good approximation) in the following and give two choices for the final condition:

Condition 4.1 (SU(5) GUTs): The first possibility is rather straightforward, namely
that the Yukawa matrices Y; and Y, are symmetric in the 1-2 submatrix considered above.
Although this is not a typical feature in SU(5) GUTs, symmetric matrices could be a
consequence of a flavour symmetry in specific models. This would imply that

la| = |b] and |c,| = || , (6.25)

such that the above condition is satisfied. We note that in order to obtain realistic mass
ratios, in the case of symmetric Y; and Y., the 1-1 elements have to be non-vanishing and
the CG factor ¢4 has to be chosen appropriately.

Condition 4.2 (SU(5) GUTs): The second possibility is less straightforward but leads
to almost exactly the same prediction. It arises when one imposes vanishing 1-1 elements
of Y; and Y,. Then the resulting structure of the Yukawa matrices is quite predictive, since
the five observables e, Y., ya, Ys, and 0%, &~ O are determined by only three parameters
la|, |b], and |c| and the corresponding CG coefficients. In leading order in a small mixing
angle approximation, we obtain:

ab CoaCpb b
Ys = ’C’ o Y = ’CCC‘ y Y =R — |, Ye R , QC ~ |- (626)
CeC c
This situation has been considered in [148] and the relation
Ye |Cc| 1
2~ = |—| o= 6.27
2 Yu |G 90 ( )

has been derived. There is an interesting phenomenological relation between the Cabibbo
angle and the quark mass ratio (2.38)

M

=18.94+0.8, (6.28)
mq

commonly known as GST-relation

1 Yd
Oc =\ — =~ /—. 6.29
= 19 Ys ( )
2

Historically it was first phrased in [159] as 6% = 7.5, where m, and mg denote pion
K
and kaon masses, respectively, and in [160] in the context of quark masses. Necessary
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constraints for (6.29) to hold in viable flavour models are [161] approximately vanishing
1-1 element of Yy and |a| = |b|, as can be seen from (6.26)
ab a

2

Ya
Ys
Thus, although less direct than in condition 4.1, |a| ~ || is found via vanishing 1-1 element

of Y; and the GST relation. From (6.23) the connection to ¢, i.e. 65, ~ ‘ . ‘ ¢, is obtained,
HYMNS o, pEMNS,

(6.30)

C

thus realising ~ 0 sin

Note that ¢, haS to be properly chosen in addition to |c,| = |¢.|, to yield viable GUT
scale quark-lepton mass ratios for the first two families [148,149]. In SU(5) GUTs with
zero 1-1 elements in Y, and Y., only one combination of CG factors listed in (4.45) results in

OFEMNS ~ O sin OSMNS | while being consistent with phenomenological constraints (including
T’Zg ~ 19), namely
1
Ce=¢C=6, c=—=. (6.31)
2
6.4 Corrections to OPMNS ~ ¢ sin OEMNS

As we have discussed above, the relation #7MNS ~ 0 sin 9FMNS can emerge under four
simple conditions from GUTSs, by charged lepton contributions to Vpymng and linking 67,
to 0¢c. Let us now discuss how this relation is affected by certain, unavoidable corrections,
for example from RG running between the GUT scale where the prediction arises and low
energies where the neutrino oscillation experiments are performed. Other corrections arise
from the fact that we presented leading order results in a small mixing approximation.

Note that given a specific flavour model, the deviation from the exact relation can be
calculated, and future more precise measurements of the lepton mixing angles may allow
to discriminate between different models realising 7MY &~ 0 sin 95MNS.

Possible corrections are:

Corrections due to small mixing approximation: In 6.3 we omitted higher order
terms in a small mixing angle expansion to keep our discussion as simple as possible. The
error introduced by this simplification depends on the structure of the Yukawa matrices
and on the CG factors and can easily be computed. Let us consider, for instance, the
example of a SU(5) GUT with zero 1-1 elements in Y; and Y, and CG factors as in (6.31),

1.e.
0 b 0 ©O6a
e (00) v (9,00, o

Instead of a small angle approximation, we numerically perform an exact diagonalisation
of the Yukawa matrices (6.32) and find 07, = 13.8° from a fit to the experimental values
Z—Z and 0c. The more precise GUT scale prediction is thus

SU(G5) withd =0, c. =c, =6, ¢ = =1, and 0, = 0c: 013" ~9.3°. (6.33)
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Corrections from 6{, # 6c: In explicit flavour GUT models, condition 2 may not be
exactly fulfilled. Without a specific model, this is a source of theoretical uncertainty.
Within a specific model, however, such a deviation is calculable and results in a modified
prediction for #YMNS which may open up the possibility to distinguish explicit flavour
models with a future more precise measurement of the lepton mixing angles. As mentioned
above, the quark mixing sum rule (6.11) yields 6%, ~ 12.0° 4= 0.3° # 6 in models where
0%37 8?3 ~ 0.

Let us study this in more detail in a Pati-Salam model with CG factors 9 and —3,
where we assume embedding in a SO(10) GUT or a suitable flavour symmetry, such that

the Yukawa matrices are symmetric, i.e.

d b 9d —-3b
() - ()

As above, we perform an exact diagonalisation of the Yukawa matrices and fit to the
experimental value of = and 64, = 12.0°. We obtain the prediction
n

PS with 0% ~ 0% ~0,a=0b,cq=9,and ¢, = c, = —3: 0135 = 8.2°. (6.35)

PMNS.  There is still a large uncertainty for the

PMNS
023

Corrections due the uncertainty of ¢
value of ZMNS. The most immediate uncertainty is caused by the dependence of
on the yet undetermined mass ordering of neutrinos. But even when a specific ordering is
assumed as prior, the relative uncertainty induced in the prediction for FMNS still amounts
to about 5% (3%) for normal (inverse) mass ordering. Note that [62] reports a 30 range
for OYMNS of [38.3°,53.3°] in the general case where no specific mass ordering is assumed.
As mentioned above, the NOvA experiments finds an one sigma interval of [38.6°,53.7°]
for O5MNS [151]. An improved experimental accuracy for 525 and a measurement of the

neutrino mass ordering are therefore necessary in order to predict 7MY more precisely.

Corrections due to RG evolution: Let us now discuss the impact of RG corrections.
The relation 073N a2 0 sin 055 is defined at the GUT scale. Our strategy is to run the

measured values of o and O5MNS up to Mgur to determine §2MNS , and then perform

‘MGUT
the RG running of 673™%| . down to the electroweak scale Mgy to obtain 6735 | Mo

the parameter measurable in experiments. For simplicity, we assume a strongly hierarchical
neutrino mass spectrum with m; = 0 (NO) or m3 = 0 (I0) in the MSSM. The running of
¢ is known to be tiny (see e.g. [91]) and will be neglected in the following.

Using the analytical results of [162], one can estimate

AgPMNS —  ([PMNS PMNS 6.36
23 23 | Mpw 23 | Mayr (6.36)
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in leading logarithmic approximation and in leading (zeroth) order in #TMNS:

(Z/EM)Q(l + tan® 5) In (MGUT) (CPMNS)Q PMNS (NO),

ASENNS » 2 . (6.37)
1+t M,
(W) (16:2 an® 3) In ( M(;Iéj) (cEMNSY2 PMNS (7))

For the running of #YMNS | we obtain for
PMNS _ »PMNS PMNS
A = 03— 0 (6.38)

in leading (first) order in T MNS:

(P ), (o)

1672 Mew
2% cos(SPMNS - qPMINS _  PNINS ) PMINS (PMNS PMNS (PMINS (N ()
MENRNmpann)
B (y2M)2(1 + tan? §) In (MGUT) (EMNSY2PMNS 10y
].671'2 MEW “23 ’
\

6.39

where o MNS .

and a5~ denote the Majorana phases introduced in (3.16). 67NS| My, €1
now be predicted in terms of the measured values of - and HPMNS| Mavw using the GUT
scale relation (6.3):

PMNS PMNS PMNS

—tc QMNS\M — ASPMNS) + AGPNS. (6.40)

Remarkably, in the case of an inverse mass ordering the terms AOTMNS and 0o AsDMNS
cancel each other at leading order, while for normal ordering only the term proportional
to the neutrino mass ratio 2 remains. Plugging in the experimental values of the mixing

parameters and y>™ = 0.01 we obtain the following estimate for the effects of RG running:

tan 3 2
PMNS ° PMNS PMNS PMNS
- Oc So3 |MEW +0.2° cos (& +og — ay ") (T) (NO) ,
013 }MEW ~
Oc sp3 |y (10).
(6.41)
In the IO case corrections coming from the next order terms are estimated to be about

0(0.05°) (tanﬂ ) It is thus in general a rather good approximation to evaluate (6.3) with
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the measured parameters at low energies, even more so for the case of an inverse mass
ordering, where the effects due to RG evolution are negligible small.

Note that the above treatment does not include running of neutrino Yukawa couplings
in type-I seesaw scenarios. Such effects contribute above the mass thresholds of heavy
right-handed neutrinos. They are more model dependent and can be estimated using the
analytical formulae of [163] or calculated numerically, e.g. using the Mathematica package
REAP [163]. For hierarchical neutrino Yukawa matrices dominated by a large 3-3 element

Y,., one can obtain an estimate for the additional correction by simply replacing

(¥™)* (1 + tan® 8) In Mgur __, Y2 In Meur (6.42)
MEW Mrg
in the above equations, where M, is the mass of the corresponding righthanded neutrino.
Let us remark that when matching the MSSM to the SM at Mgysy, effects from SUSY
threshold corrections on f- and the lepton mixing angles are negligible to a very good
approximation. A numerical calculation can be performed with SusyTC [5], which will be
presented in chapter 10.

Corrections from canonical normalisation: Finally there can be corrections from
canonical normalisation of kinetic terms from a non-trivial Kahler metric, as it emerges
e.g. by integrating out heavy messenger fields in a flavour model, as discussed below (5.47).
Since the effective Kéhler potential in such scenarios contains terms proportional to the
Yukawa couplings, it is typically dominated by third family effects. For example, in a
specific flavour GUT model the effective Kahler metric might be written in leading order

as e.g. [107,108]
- ks (@5)(s)
K~k (Il S T §> , (6.43)

where ky and k3 are order one coefficients and ¢3 is a heavy messenger field of mass Ms;

yielding third family Yukawa couplings of y3 ~ % Then, defining

3

O = s (1) (¢s) (6.4

ko M

results in formulae analogous to the case of the RG corrections discussed above as estimate
for the CN corrections [107,108]. This formulae are given by (6.37) and (6.39) upon the
replacement

M
(¥2™M)* (1 + tan? B) In =L gye2y@N | (6.45)
Mgw
Thus, in scenarios with an inverse mass ordering the relation §7MN® ~ . sin 05MNS is also

quite insensitive to CN corrections.

Note that while (6.45) holds in general in theories with dominant third family contri-
butions to K, the specific form for n“V (6.43) and (6.44), and whether or not " is of
significant magnitude, are highly model dependent. Whereas in some models the effect
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of CN corrections can be of the same size as RG running corrections (in the NO case) or
larger, there are classes of models where CN effects are negligibly small (cf. [107]).

To summarise, in general the uncertainties for the relation PMNS ~~ f sin FMNS can
amount up to about O(10%), which is larger than the current experimental uncertainty.
However, it is important to note that within an explicit flavour GUT model, these cor-
rections can be explicitly calculated, thereby decreasing the uncertainty drastically. With
a typical theoretical uncertainty for 6525 of roughly +0.25° in a careful model analysis,
it is thus possible to discriminate between specific flavour GUT models. In the following
two chapters two predictive flavour GUT models featuring 67MNS ~ ¢ sin 05MN5 will be

constructed and analysed.

6.5 The underlying neutrino mixing pattern in the
light of OPMNS ~ ¢ sin O MNS

Assuming hierarchic Yukawa matrices such that condition 1 (05, 053 < 0¢) and 055 < ¢
are satisfied, the mixing angle 6%, is related to 6725 and 07N by the lepton mixing sum
rule? (3.34) [65-67]

v . PMNS _ gPMNS PMNS PMNS PMNS
Siy R 81y — 013 Yy cot by cos O , (6.46)

which in the light of O7MNS ~ 0 sin OFMNS becomes

sYy ~2 sTMNS g, (PMNSPMNS ¢ GPMNS (6.47)
Thus, based on a specific model for neutrino mixing, the Dirac CP phase 6N can be
predicted.
For example, if bimaximal mixing is realised in the neutrino sector, i.e. 87, = 45°, the
lepton mixing sum rule becomes

GEMNS g, (ENINS o (5PMNS) o 450 (6.48)

Note that this differs substantially from the QLC relation 0¢ + 672NS = 45°. With the
experimental data for the mixing angles, (6.48) predicts a Dirac CP phase §"MN ~ 180°.
As a further example, let us consider tri-bimaximal neutrino mixing, i.e. sin(6},) = \/Lg,

such that the lepton mixing sum rule is given by

1
PFPMNS _ g PMNS . o (sPMNS) oo (_) , 6.49
12 C 23 ( ) \/g ( )

Then one predicts a Dirac CP phase of
SPMNS — 100.8° 150 (6.50)

2RG corrections to the lepton mixing sum rule have been discussed in [164].
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Note that such values for 6*™~5 at the EW scale can result from specific GUT scale
predictions for 6*MNS ¢ {0° 490°,180°} in explicit flavour GUT models with discrete
shaping symmetries like Zy or Z,4 in the context of spontaneous CP violation (see e.g. [165]
and the flavour GUT models in the following chapters).

Finally, let us emphasise again that we do not require tri-bimaximal or bimaximal
neutrino mixing to obtain the prediction 65™N5 ~ o sin O5MN5 from GUTs. The only
requirement on the neutrino sector is 073 < 0¢ in condition 1. The future long baseline
neutrino oscillation experiment DUNE [69] aims to measure 6°™™5 and the lepton mixing
sum rule can be understood to “reconstruct” the value of 67, via a future measurement of
the Dirac CP phase, as shown in figure 6.2. Thus, using the lepton mixing sum rule (6.47),
a precise measurement of G5 9PMNS “and ¢PMNS may hint at a specific neutrino mixing
pattern.

450
40[)
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Figure 6.2: One sigma hpd intervals from a Monte Carlo simulation of the lepton mixing
sum rule (6.47) in case of normal (blue) and inverse (red) neutrino mass ordering. A
measurement of 67 MNS allows to determine 6%, (under the conditions 05, 055, 055 < 0¢).
See appendix C for a definition of hpd intervals.



CHAPTER 7

A SUSY flavour GUT model with
913PMNS% QC sin 923PMNS

In this chapter we propose a predictive supersymmetric SU(5) GUT model with an Ay
flavour symmetry, supplemented by discrete shaping symmetries and an R-symmetry,
which realises the relation (6.3)

0TS 2 G sin Oy > | (7.1)
based on [2]. The neutrino sector features tri-bimaximal mixing, and (6.3) emerges from
the charged lepton contribution to the lepton mixing matrix, which in turn is linked to
quark mixing via specific GUT relations, as discussed in the previous chapter. In addition
to 0PMNS " the model leads to promising quark lepton mass ratios in excellent agreement
with experimental results. Our model also features spontaneous CP violation, with all

quark and lepton CP phases determined from flavour symmetry breaking.

7.1 Outline of the model

Our model is constructed with the requirement to satisfy the four conditions of the previous
chapter. In this section we discuss how they are implemented in our model. The desired
structure of the Yukawa matrices will be achieved, as we discuss in the next section, via
spontaneously breaking the flavour symmetry A, by vevs of flavon fields, which — due to
an appropriate potential for the flavons — point in specific directions of flavour space.

Condition 1: 6¢;, 07; ~ 0 will be satisfied by constructing a Yukawa matrix Y. with
vanishing 1-3 element and tri-bimaximal mixing in the neutrino sector.

Condition 2: 6%, ~ 0 is achieved by constructing Y, and Y, with vanishing 1-3 elements,
such that the quark mixing sum rule (6.11) is realised. Additionally, under the condition
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0%, 04, ~ 0, the quark unitarity triangle angle

5
ViaVii (s23512 — C23513€126"°) Cascys
a=arg | ———2 | =arg | —

VuaVy), C12C13513€%

A arg (1 - 92;—?5“) : (7.2)

where the subscript CKM was suppressed for higher readability, is given by a phase sum
rule [157]
— 9?2 i(0%,-0%) \ _ sd _ su
01,

Equations (6.6) and (6.7) were used to derive (7.3) from (7.2). Thus, a right-angled quark
unitarity triangle with @ =~ 90° can be achieved by constructing Y, with purely imagi-
nary 1-2 element and Y, with purely real 1-2 element, yielding 6%, = 90° and &%, = 0°,
respectively, when all other elements in the 1-2 submatrices are real. There are two more
expressions that can be obtained from (6.6) and (6.7) with 6%, 6%, ~ 0 [157]

O o
12 ~ SORN CRM

033 023

e_Z-(SCKM ~ 1{2 <9f26_i(6?2_6%2) — 11‘2> . (74)

From (6.11) and (7.4), the experimental value 6“*M = 71.1° 4 3.1° yields

6%, — 64 = 86.1° 4+ 3.3° . (7.5)
Note that the experimental value of « is given by o = 85.4° 739, Thus our set-up implies
a realistic value for dckn, by a single purely imaginary 2-2 entry in Y.

Due to the SU(5) relation the 2-2 element of Y, is purely imaginary as well, and the
CP violation is carried from the quark to the lepton mixing sector, yielding a Dirac CP
phase 6"MNS ~ 90°. Thus, from the discussion in 6.5 and the lepton mixing sum rule
(6.47), the neutrino sector must feature tri-bimaximal mixing. In our model we therefore
employ type-I seesaw and Constrained Sequential Dominance (3.43), as described in 3.3.
Our model will also include a charged lepton mixing 65;, which can generate a deviation
of OEMNS from maximal mixing.

Note that the feature of purely imaginary Yukawa matrix elements can be achieved
by a suitable flavon alignment potential as well, such that CP symmetry is broken only
spontaneously due to CP-violating vevs of flavon fields.

Condition 3: All relevant elements of Y, and Y; will be generated by single GUT-
operators in order to construct predictive quark-lepton relations.

Condition 4: In the setting of an SU(5) GUT, we construct Y; and Y, with vanishing
1-1 elements. As mentioned in the previous chapter, we therefore must use GUT operators
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that yield the CG factors ¢ = 6, 91 = —%, and cgo = 6 (where ¢;; is the CG factor of the
i-j element of Y,).

Note that, since the CG factors play a crucial role for the phenomenological viability of
the model, it is essential that we not only provide an effective model at the GUT scale, but
that we also specify the messenger sector, which when integrated out realises only single
GUT operators with predictive CG factors, as discussed in 4.4.

We pursue the following procedure to construct a model with the features described
above:

e In our model the rows respectively columns of the Yukawa matrices are generated as
vevs of flavon fields, which are triplets of the flavour symmetry group Ay.

In order to obtain the desired structure of the Yukawa matrices, we first find a suitable
set of effective operators for the matter sector, appropriate vevs for the flavon fields and
a viable alignment potential generating these vevs.

e The next step is to identify the shaping symmetry of the thus specified superpotential.
As shaping symmetry we denote Z, and U(1) symmetries, required in addition to Ay,
to forbid terms which would spoil the desired features. Note that, since one can al-
ways redefine several Z, symmetries by linear combinations into another set of Z,s, the
resulting shaping symmetry is not unique.

e Now we turn to the UV completion of the effective superpotential and find a suitable
set of messenger fields, that, when integrated out, can generate all effective operators.
Usually, one has a sizeable freedom of choice in doing so, both from using different rep-
resentations for the messengers and from using different “topologies” for the supergraph
diagrams. An important constraint on the messenger sector is, however, that it must
guarantee the correct CG factors for the effective operators of Y,, see 4.4.

e Finally, with the flavon, matter, Higgs, and messenger field content at hand, and the
given shaping symmetry, one has to check whether the most general superpotential
contains any additional effective operators, which spoil the desired features of the Yukawa
matrices. If this is the case, one has to modify some choice made in one of the previous
steps, be it the flavon alignment, the structure of the effective superpotential or the set
of messenger fields. Ultimately, a consistent flavour model is developed, by successively
going through the previous steps and gradually improving the different sectors, until no
such dangerous operators are present.

7.2 The model

We now present our model in detail. The matter content of SUSY SU(5) is embedded
into one Ay triplet F, which thus contains all three families D and L;, and into three
Ay-invariant singlets 7;, one for each family. Additionally, we introduce two right-handed
neutrinos N and NS as invariant singlets under A4 and SU(5). The Higgs sector contains
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flavon o;: ¢2 ?3 Pab N, PN, §i2 &3 Sm X
0 0 Cab 0 1

<f\1> € | 1 es| 0] €| —isaw| en, | 1 en, | 1 €12 €23 €M €y
0 1 0 -1 1

Table 7.1: The vevs of the flavon superfields. The ¢; are all assumed to be real numbers.
We abbreviated cqp = cos(0y) and sqp = sin(fyp). The scale A is a placeholder for the
individual messenger mass suppression. See the next section for a detailed discussion of the
flavon alignment.

the Hay, responsible for the spontaneous breaking of SU(5), and the superfields Hs, Hs,
H,s, and Hy; lead to electroweak symmetry breaking.'

The flavon fields are five A4 triplets called ¢;, three A4 invariant singlets called &;, and one
A, non-invariant singlet in the 1’ representation called y. They break the flavour symmetry
by their vevs as given in table 7.1. In the next section we discuss the superpotential
responsible for the spontaneous breaking of A, which yields the desired flavon vevs in
flavour space. A brief review of A, group theory is presented in appendix A.

The scale A is a placeholder for the messenger mass suppression specific to the operator
which generates the entry, row, or column of the Yukawa matrices (7.10) and (7.12), where
the ¢; appears. A full list of all operators, including the messenger fields, which generate
the effective superpotential, is given in appendix D. There we also present the supergraphs
yielding the effective operators, such that the suppression of the effective operators by their
particular messenger masses and couplings can be read off.

The effective superpotential in the matter sector is given by

Wegg = Wy, + WMR + Wyd + Wy, , (7.6)
with
WYU - H5-F (Nf¢N1 + N2C¢N2) ) (77&)
Wiy = &0 (V063 + (NP%,) . (7.7b)
Wy, = [TiHys)us [F Houlzs ¢2 + [ToHaal1o [FHslig dab
+ [T3Hs)s [FHouls ¢3 + [TsHaal1o [F Hslig X02 (7.7¢)
Wy, = Hs (T3 + T26% + TE(03)? + ToTabos + TiTotls) (7.7d)

where [XY|r denotes the contraction of the fields X and Y to an SU(5) tensor in the
representation R, indicating which representation the messenger field, which was integrated

out to obtain the effective operator, had. In our model, the CG factors 6, —%, and —%

'We note that while we will explicitly construct the GUT matter sector and the flavour symmetry
breaking sector, the details of the (GUT) Higgs sector are beyond the scope of this flavour model. We will
come back to this question in chapter 9.
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arise from contractions mediated by messengers transforming as 10, 45, and 5 under
SU(5), coupling to Hs and H,s, respectively, as can be seen in table 4.1. Since we need
these specific contractions for our model to work, it is essential that we also construct the
messenger sector. The full set of messenger fields, together with their charges, is shown in
appendix D.

Note that for the sake of brevity, we do not explicitly write down the appropriate
suppression by powers of the relevant mass scales A (which are different for each operator)
in (7.7), and we also suppress the couplings in front of each term.

In order to parametrise the resulting Yukawa matrices, we define the quantities

€ = <I—]—24>€i and €, = U—IQZM

A
where again A is a placeholder for the individual messenger mass.
After GUT and flavour symmetry breaking, the superpotential for the Yukawa matrices
and right-handed neutrino mass matrix (5.64) and (5.77) is given by

€xs (7.8)

1
W= Yo, Ha- LiB§ + Yo, Ha- QoD = Yo, Hy - QiUS + Yy, Hy - LiNS + 5M, NENS , (7.9)

with the Yukawa matrices of the quarks and charged leptons given by

0 & 0 0 Geuscar O e &, 0

Yd: €abCab  —1€ahSap 0 7}/;: _%gZ —16€4pSap GWéx 7Yu: 6?2 EZb €3 1],
0 wé, & 0 0 —3& 0 €3 U

(7.10)

up to subleading corrections from higher-dimensional operators or canonical normalisation.
With the messenger sector of the model specified in appendix D both corrections can be
neglected. The rows and columns of the down-type quark and charged lepton Yukawa
matrices, respectively, are built from flavon vevs. The phase

w=es (7.11)
comes from the fact that the flavon field y transforms as one-dimensional 1’ representation
of A4. The hierarchy in Y, is generated by the different powers of flavon vevs in each entry.

The neutrino Yukawa matrix respectively the mass matrix of the heavy neutrinos are
given by (3.43)

0 €Ny
M 0
Yu = €N, €Ny s MR = ( ORl MR ) . (712)
_€N1 6]\[2 2

The mass matrix of the light neutrinos is obtained from the type-I seesaw formula (3.7)

, (A A A 2 2
— %A A+B A-B ith A= 2 p= M 7.13)
my—_2 s W1 :MR27 :MRI’ (

A A-B A+B

which implies tri-bimaximal mixing in the neutrino sector. Note that, since m, depends
only on the two parameters A and B, we are free to fix two of the four parameters which
enter Y, and Mg, as discussed below in (7.27).
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7.3 Flavon alignment

Here we present the mechanism responsible for the vacuum alignment of the Ay-triplet
flavons ¢;, the Aj-invariant flavons &;, and the flavon y in the 1’ representation of A,. For
a brief review of A, group theory, see appendix A.

The scalar potential for the flavon fields is obtained from the F-term contributions of
the driving fields S;, D;, A;, and O;, which have U(1)gr charge 2. Under the A, flavour
symmetry they transform as singlets, with the exception of A, D’, and D”, which transform
as 3, 1/, and 1”, respectively. In the supersymmetric vacuum the F-terms are required to
vanish, which forces the scalar components of the flavon fields to obtain the desired vevs.
All flavons and driving fields are listed in the lower part of table D.1 in the appendix,
together with their charges under the imposed symmetries. Note that the S-fields are
all singlets with respect to all symmetries (apart from U(1)g symmetry) and hence are
interchangeable.

After the messenger fields are integrated out, the effective superpotential responsible for
the vacuum alignment of the flavon field vevs, as listed in table 7.1, is given by

Waavon = Wi +Whni Ny + Wap + Wy + Wi + Wi, (7.14)
with?
Wi =S5 ((63)* — M3) + S (¢5 — M3)
+ Aa(2 * 92) + Az(P3 * d3) + Oa3(P203) (7.15a)
WNINQ = SNI ((¢N1 * ¢N1>2¢?\71 - M]2V1) + DNI (¢N1 *¢N1)¢N1 + ONl;Nz (¢N1¢N2)
+ SNz ((¢%,)° — ME,) + Dl (¢N2)1~ + D, (831 (7.15D)
Wab = Sab ((dab * da) 55 — M2) + D3y (2 + Aap E33) + D, ($ab * Pab) bab
+ Dy, (( o)1 (Do) + Kap (¢ab*¢ab) ) ) (7.15¢)
Wy =Sy (X° - M2) (7.15d)
Wi = Su (85, — M3,) (7.15e)
Wi = Sia (€95 — M) (7.15f)
where “x” denotes the symmetric product of two Ay triplets (see appendix A) and the

brackets (...);s and (...);~ indicate that the fields are contracted to the 1’ and 1” repre-
sentation of Ay, respectively.
The constants M? are real due to invariance under CP symmetry.®> Then the terms of
the type
S(p" — M?) (7.16)

2As we did for the matter superpotential, we omit the appropriate suppressions by powers of the
messenger masses.

3Note that we checked the CP invariance of our superpotentials using the generalised CP transformation
applicable to models with the discrete flavour group A4 [166]. See appendix A for a brief review.
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restrict the phases of the flavon vevs to specific discrete values. In particular, among the
discrete vacua for the phases there are the possibilities of 0° and 180° for n even and
M? > 0, which we assume everywhere in (7.15). Thus it is possible to obtain the desired
purely imaginary 2-2 elements in Y, and Y, and CP is broken spontaneously by the vev of
dap- The real vevs of x, &y, and &5 are then obtained, up to a discrete choice, as in table
7.1. Let us discuss the alignment of the remaining flavon fields in detail.

W,: Denoting the components of the triplets ¢ and ¢35 with x1, x9, x3, and y1, ys, ys,
respectively, the terms containing the triplet driving fields, e.g.

Tol3

Ag (2 * 2) = Ag | @321 | (7.17)
T1T9

force two of each (¢;)’s components to vanish. The term containing the A, singlet

O2;3 (¢293) = Oa3(T191 + Tay2 + 23Y3) (7.18)

forces (¢9) and (¢3) to be orthogonal. The phase and magnitude of the vevs is then fixed
by the S terms as discussed above

So (@3 +23+23)" = M3) Sy (v +ud+4d) — M3) | (7.19)

such that W, has a supersymmetric minimum at the points (¢s) and (¢3) specified in
table 7.1.

Whin,: The vev (¢y,) is fixed by the second line of Wy, n,. The two terms

Dy, (¢3,)17 + DY, (03,)1r = Dy, (27 + waj + w’z3) + Dy, (27 + w’a3 + wai)  (7.20)

force x3 = z3 = 22, and the Sy, term again fixes phase and magnitude such that (¢y,) oc

(1,1,1)T. The vev (¢y,) is constrained by

Dy, (¢, * dn, )N, = 3 Dvyyryays (7.21)

which requires the vanishing of one component, and the orthogonality condition between
(¢n,) and (Pn,), which results from setting the F-term of Op,.n, to zero. Then, with phase
and magnitude set by the F-term of Sy,, one obtains (¢, ) o (0,1, —1)7 as in table 7.1.

Wa: Here, the S-term determines the magnitude and the overall phase of the product
(Pap)(E23). The individual magnitudes and the relative phase between (dq;) and (€23) are
determined by

Dy (62 + Aab £33) - (7.22)

One of the components of (@q) is required to vanish by the term with the driving field
D’ analogously to (7.21). With the overall phase and norm of (¢g) fixed, the relative
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magnitude tanf,, = |%‘ and phase ¢ of the two non-vanishing components a and b are
constrained by

DY, ((92,)11(02)17 + kab (Gab * ap)?) = D, (a* + b* + (kap — 1)a®b?) . (7.23)
Setting the F-term of D), to zero, one obtains

2 b2
T (1 kw) . (7.24)

b2 a?

Depending on the value of k,;, there are three distinct solutions for a and b

—1<kp< 3: tanf,, =1 kaw = 1—2cos(2y)
kap < —1 : p e {O,ﬂ'} ko = —1 — 4C0t2(29ab) (725)
kap > 3 Y = :E% kg = 3+ 4COt2(2t9ab)

Thus, with an appropriate choice of ky,, the potential has a minimum at the points (@)
and (&»3) given in table 7.1.

7.4 Phenomenology

In this section we perform a fit of the model’s GUT scale parameters to experimental data
given at the low energy scale of the MS top mass my(m;). Towards this end, the RG
running from Mgyt to my(my) has to be performed, including SUSY threshold effects at
Msysy where the MSSM is matched to the SM. Here we discuss the numerical procedure
of our analysis and present the results.

7.4.1 Numerical procedure

The fit is performed in the following way: Using the one-loop MSSM RGEs of the Math-
ematica package REAP [163], we run the parameters in the MSSM from Mgyt to a con-
jectured SUSY scale Mgysy = 1 TeV. REAP automatically integrates out the heavy, right-
handed neutrinos at their respective mass scales and calculates the effective mass matrix
of the light neutrinos from the see-saw formula (3.7).

In our analysis we include the tan -enhanced SUSY threshold corrections at Msysy in
the basis where Y, is diagonal, with the approximate matching relations given by [132]

YdSM = (]l + diag(anm NQ12> 77@3)) YdMSSM cos 3, (7.26&)
ySM = yMSSMgin 3 | (7.26b)
ySM = yMSSM g 3 (7.26¢)

where the 7); are proportional to tan § and can be calculated from the sparticle spectrum,
see chapter 10. Since we do not specify a certain SUSY scenario, in our analysis they are
treated as free parameters. The SUSY threshold corrections for the first two families are
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assumed to be equal due to approximately equal down and strange squark masses, which
is typical in scenarios with CMSSM soft-breaking. We do not explicitly include SUSY
threshold corrections for the charged leptons, since, because GUTs only predict ratios of
quark and charged lepton masses, to a good approximation they can be absorbed in the
quark corrections 7g,, and ng,. We set tan 8 = 40 to allow for substantial threshold effects,
as required for the CG factors 6 and —32 appearing in our model (cf. [83]).

Then the Yukawa matrices are evolved from Mgysy to m¢(m;), using the one-loop SM
RGEs in REAP. Finally all observables are calculated and compared to the experimental
values.

There are 14 free parameters in our model which we fit: €, €3, €, Oap, €ys 1015, and N,
for the down-quark and charged-lepton sector and y;, €., €2, €12, and €y3 for the up-quark
sector. In the neutrino sector we choose to fix the masses of the right-handed neutrinos

0 e 1 0
Y,, = €Ny €Ny y MR =2- 1010 GeV - <O 10) R (727)
_€N1 €N2

so that the mass matrix of the light neutrinos depends on the parameters ey,, €y,. The
choice of the right-handed neutrino masses does not significantly affect the fit as long as
we are in the regime where the neutrino Yukawa couplings are < 1.

We fit these 14 parameters to 18 measured observables: 9 fermion masses, 3 quark
and 3 lepton mixing angles, the quark mixing phase, and the two neutrino mass-squared
differences. We report the results from our analysis in [2], where we used the quark
and charged lepton masses given in [167] at m;(m;), the winter 2013 results of the UTfit
collaboration for the quark mixing sector [168], and the 2013 1.1 lepton mixing data of the
NuFIT collaboration [169] for the fit. At the end of the chapter we add a discussion in
the light of newly available data. Note that, although the masses of the charged leptons
are given in [167] to high precision, in our analysis we set their uncertainty to one percent,
which is roughly the accuracy of the one-loop calculation used here.

Having four more observables than parameters implies that our model is capable of
predicting four out of these observables. Therefore, including the yet unknown Dirac CP
phase 6"M™5 and the single physical Majorana phase EMNS of the PMNS matrix in case
of a massless lightest neutrino and normal mass hierarchy, our model makes 6 predictions.

7.4.2 Results

Following the procedure described above, we find a best fit for the parameters with a
x? = 8.1. Having 14 parameters and 18 fitted observables this translates to a reduced x>
of x%/d.o.f. = 2.0. We present the results for the parameters in table 7.2.4

We perform a Markov Chain Monte Carlo (MCMC) analysis, using a Metropolis al-
gorithm, to determine Bayesian highest posterior density (hpd) intervals as (one sigma

4Note that there is a sign ambiguity for the parameters es and ey, which enter the Yukawa matrix of
the up-type quarks at quartic and quadratic order. In our analysis we fix these parameters to be positive.
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unless stated otherwise) uncertainty for our results. See appendix C for a brief review of
MCMC and Bayesian hpd intervals. Since in a realistic supersymmetry breaking scenario
the SUSY threshold corrections for large tan 8 typically do not exceed about 50% (see
e.g. [133]), we implement a prior in the MCMC analysis to restrict the SUSY threshold
parameters 1g,, and ng, to values between —0.5 and 0.5.

Parameter Best fit value Uncertainty

& in 1074 6.83 oo

& in 1071 2.16 +0.04

&w in107%  —3.09 o
0., 1.319 oo
¢ in1072  —1.27 056

N0, in 107! 3.31 i
No, in 107! 1.93 tose
e in 10-2 {5.27 {*8%‘6‘

6.07 036

€ in 1072 4.46 e
€, in107!  —1.65 +0.05
€o5 in 1072 1.78 o
y in 107! 5.29 Toas

ey, in 1073 2.91 +0.05
ey, in 1073 3.12 +0.06

Table 7.2: Best fit results of the parameters with y2/d.o.f. = 2.0. We give one sigma

highest posterior density intervals as uncertainty. The two modes for €5 can be understood
2

Yu
12 _ A4
Yoy, — Sl where Y,,, = €.

as the two solutions of the (leading order) equation y, ~

The corresponding best fit values of the observables at m;(m;) = (162.9 £+ 2.8) GeV are
shown in table 7.3. Since we used the “sin®” of the lepton mixing angles as experimental
input for the fit, we also present the values of the lepton mixing parameters in degree in
table 7.4, for convenience. Correlations among the lepton mixing angles and the Dirac CP
phase of the MCMC analysis results are plotted in figure 7.1.

We now discuss how the results shown in table 7.3 and figure 7.1 can be understood
from analytic formulae and the Yukawa matrices presented in 7.2.

Let us start with the prediction for the ratio of m, and my. From our fit, we obtain

Ts _ 18.9570:33 (7.28)

mgq



7.4 Phenomenology

85

10.5° i

10.0°F

PMNS
613

9.0°f

36.0°F
35.5°F
35.0°F

34.5°F

33.5°F

10.5°

PMNS
013

9.0°]

8.5°

Figure 7.1: Correlations among the lepton mixing angles and the Dirac CP phase. The
black star marks the best fit value, the yellow and grey regions give the one and three
sigma hpd regions obtained from the MCMC analysis, respectively. The dashed grey lines
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Observable Value at my(m;) Best fit result Uncertainty
m, in MeV 122 o8 1.22 00
me in GeV 0.59 =0.08 0.59 +0.08
my in GeV 162.9 +2.8 162.89 by
mg  in MeV 2.76 119 2.73 o
ms in MeV 52 +15 51.66 0
my in GeV 2.75  £0.09 2.75 +0.09
me in MeV 0485 +1% 0.483 +0.005
m, in MeV 102.46 1% 102.83 * o008
m, in MeV 1742 +1% 1741.75 s
sin ¢ 0.2254  +0.0007 0.2255 +0.0007
sin GSKM 0.0421 +0.0006 0.0422 +0.0006
sin 9OKM 0.0036  +0.0001 0.0036 +0.0001
SCKM - jp © 69.2 +3.1 65.65 S
sin? GPMNS 0.306 40.012 0.317 +0.006
sin? PEMNS 0.437 0061 0.387 0025
sin? GPMNS 0.0231 *00028 0.0269 00015
GPMNS 4 o - 268.79 ﬂj%
SEMNS i 0 - 297.34 oo
Am2, in105eVZ 745 1019 7.45 017
Am2, in107%eV? 2421 0022 2.421 My

Table 7.3: Experimental values, best fit results, and uncertainties of the observables at
my(my). We give one sigma highest posterior density intervals as uncertainty. Note that
although the masses of the charged leptons are known far more precise than listed here, we
set an 1% uncertainty for the experimental values, which is roughly the accuracy of the one
loop calculation used here.

which is in excellent agreement with (2.38)

M

=189+ 0.8, (7.29)
mq

obtained from experiments [22]. This can be understood from our choice of CG factors,
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Observable  Value at m;(m;) Best fit result Uncertainty

OPMNS ip o 3357 H0TT 34.29 03
PEMNS in o 414 132 38.49 o
OPMNS qp o 875 1042 9.43 0

Table 7.4: Experimental values [169] and best fit results for the lepton mixing angles at
my¢(my), given here in degree for convenience.

since in leading order in a small angle approximation they relate the ratio of electron and
muon masses to the ratio of down and strange quark masses

Ms | C12C21 | MYy

: (7.30)

~

2

as can be seen from (6.19) and (6.26). Although this is just a leading-order estimate, it

ms

illustrates well that in order to obtain a viable ratio s A suitable set of CG factors is

mandatory. In our model, the CG factors cio = coo = 6 and ¢y = —% are in a remarkably
good agreement with the experimental data, whereas the often used CG factors c19 = 91 =
1 and c9p = 3, leading to the GJ relations, would result in 2 = 25.27, when considering
the 1-2 blocks of Y, and Y; with zero 1-1 elements and ﬁttlng to the experimental values
of ¢, me, and m,. Additionally, these CG factors would also not satisfy condition 4 of
chapter 6 (c1o = ¢22) and therefore predict a too small #MNS,

The correlations between the lepton mixing parameters, presented in figure 7.1, can also

be understood from the lepton mixing sum rule (3.34)

GPMNS ~ 9 QPMNS GPMNS 5PMNS

cot oS ) (7.31)

and the relation®

01N = G sin Oy > (7.32)

The latter relation directly explains the correlation between §7MNS and 9FMNS in figure 7.1a.
The correlation between 655 and 95MNS follows from the lepton mixing sum rule: Larger
values of 05MN5 have Smaller values of cot O8NS, For more than 90% of the MCMC results
cos 0PMNS s negative. Therefore the values of #7MNS rise with increasing values of 5MNS
as can be seen in figure 7.1c. The correlation between PMNS and 6PMNS is opposite to
what one would naively expect from the lepton mixing sum rule. However one also needs
to consider the relation 6TMNS a2 0 sin 02MMN5 | which, when plugged into the lepton mixing
sum rule leads to

(9PMNS>2

PMNS . pv 3
C

|cos 675 (7.33)

SMore precisely, our model features a slightly larger 65, > 0, see (6.27) and [148]. This explains the
tendency towards larger values of 73MNS,
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where the negative sign of cos 6" MNS is written explicitly. This explains the rising of #F3NS
with increasing 6TMNS seen in figure 7.1b. The correlation in figure 7.1d is again obvious
from the lepton mixing sum rule. Naively one would not expect correlations between
SPMNS and the lepton mixing angles 0PMNS and OVMNS | regpectively. The correlations seen
in figures 7.1e and 7.1f however follow indirectly from the other correlations discussed

above.

7.4.3 Discussion of the results

We close this chapter with a discussion of the various predictions of our model and how
the model potentially can be falsified with future experiments.

e Our best fit values OTMNS = 9 44°F0-200 and 9EMNS = 38491117 lie within their re-
spective 20 intervals reported in [169]. The correlation between §TMNS and 9FMNS ipn
figure 7.1a shows that our model favours slightly smaller values of O5MNS and slightly
larger values of 135 than in [169], whereas the most recent global fit results [62],
given in (6.2), have a tendency in the opposite direction. Note however, that the uncer-
tainty of the individual measurements is still comparatively large, such as for instance
OYMNS — 8 29°T0857 reported by the RENO collaboration [170] and the one sigma in-
terval of [38.6°,53.7°] reported by the NOvA collaboration for #5MNS [151]. The latest
result from DayaBay on the other hand is 0}MNS = 8.42°%0-257 [171]. Therefore, a more

precise determination of #7MNS and 2MNS is needed to test our model in the future.

e For the yet unmeasured Dirac CP phase of the PMNS matrix we predict
SPMNS — 968 79° 1327 (7.34)
which is in agreement with the results from recent global fits (3.37) 6"MNS = 306°T2;.

e From the prediction of "MN5 follows that the cos NS term in the lepton mixing sum
rule leads to a negative correction to the TBM prediction of 35.3° for the solar mixing
angle. We find 9PMNS = 34.29°%0-357 which is within the one sigma interval of [169] and
just 0.03° outside of the one sigma interval reported in the recent global fit [62]. Like
for OTMNS figure 7.1c suggests slightly smaller values for #5MN5 than currently reported.

e In the quark sector, our model predicts a CKM phase of §°KM = 65.65°f(1)jg§:, which
is a slight discrepancy to the experimental value of 69.2° & 3.1°. With future, more
precise measurements of ™ our model thus could be falsified. As already discussed
in (7.28), the model predicts 7= = 18.95%5:3% which is currently in excellent agreement
with experiments, but will be tested further in the future.

e Finally, we discuss our prediction for the Majorana phase

EPMNS — 997 3408667 (7.35)
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which is extremely difficult to be tested, due to the normal ordering of neutrino masses.
The effective Majorana mass parameter (3.38), which is determined in neutrino-less
double beta decay experiments, is given by

mae) = (V) o+ (V) s,

which is far below the sensitivity of current experiments. Of course, a discovery of
neutrino-less double beta decay or of an inverse neutrino mass ordering would falsify our
model. Note however, that if a non-vanishing mass for the lightest neutrino v, would
be discovered, our model could simply be rearranged — with an appropriate adjustment
of shaping symmetries and messenger sector — by adding a third heavy right-handed
neutrino and corresponding flavon field.

= (2.31%0¢3) - 1072 eV, (7.36)

To conclude this chapter, we have successfully constructed a first SUSY flavour GUT
model featuring 6°MN5 ~ 0 sin 05MNS. Let us remark at this point, we do not consider our
model as the final model, rather it should be viewed as class of models, yielding realistic
quark-lepton mass ratios and mixing angles relations. For example, the set of shaping
symmetries and messenger fields can be understood as proof of principle, instead of being
an one-of-a-kind realisation of our model’s features.

A complete SUSY flavour GUT model will have to include a successful SUSY breaking
mechanism, a viable GUT Higgs sector, and a discussion on proton decay, among others.
Some of this questions will be approached in chapters 9 and 10, where we discuss a so-
lution to the doublet-triplet splitting problem in the context of flavour GUT models and
present detailed calculations of the SUSY threshold corrections, which have been simply
approximated as model parameters in this chapter.



CHAPTER 8

A SUSY flavour GUT model with inverse
neutrino mass ordering

It is interesting to note that the vast majority of SUSY GUT models in the literature (see
e.g. [172]) feature a normal neutrino mass ordering, whereas only few such models predict
an inverted neutrino mass ordering. In this chapter we present our work [3] and construct
a predictive and relatively simple SUSY SU(5) x A; flavour GUT model, in which an
inverse neutrino mass hierarchy is realised without fine-tuning of parameters. We follow
the general procedure outlined in chapter 7 and both models share some of their properties,
in particular the relation

013N = G sin Oy > | (8.1)

by following the conditions of chapter 6. Other shared features are the novel CG factors
—%, 6, and —% to obtain viable quark-lepton mass ratios, and spontaneous CP-symmetry
breaking by CP-violating vevs of flavon fields leading to o =~ 90° in the quark unitarity
triangle.

Besides these shared features, there are also important differences, mainly due to the
different neutrino sector. These differences not only change the predictions in the lepton
sector, but also in the quark sector, and will allow to discriminate between the two models
using the results of present and future experiments.

8.1 Constructing an inverted neutrino hierarchy

If the neutrino mass ordering would be measured to be inverse, it would imply that at
least two of the neutrino masses, namely m; and mo, are almost degenerate, i.e. with mass
splittings much smaller than the mass eigenvalues. Often, in order to realise such a small
neutrino mass splitting, an effective “special” lepton number symmetry like L, — L, — L,
[173] or more generally some U (1) flavour symmetry is appealed to, yielding a mass matrix
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for the light neutrinos of the form

(8.2)

3

AN

2
* * o
o o *
o o *

Such symmetries have been used to construct GUT models (e.g. [174,175]), but realising
an inverse mass ordering often turns out to be more involved than realising a normal one.

As discussed in 3.3, a promising approach for explaining an inverse mass ordering is to
consider a (mostly) off-diagonal mass matrix My for two of the right-handed neutrinos,

e.g.
~ e 1
Mgr = Mg <1 O) , (8.3)

so that the two right-handed neutrinos form a (quasi-)Dirac pair with (almost) degenerate
Majorana masses. The small entry € in the 1-1 position of My lifts the degeneracy of the
right-handed neutrino masses and is in turn also responsible for the small mass splitting
between the light neutrino masses m; and ms, as seen below. With a neutrino Yukawa
coupling matrix given by (3.44)

a 0
v,=(0 »], (8.4)
0 c
the seesaw formula (3.7) yields the light neutrino mass matrix
0 B C 0 0 0
m, =B 0 0]4+a |0 B C(C : (8.5)
C 0 0 0 C C?*/B
with
2 2
b
B=—p 2 , C=—c 4% , and a = —e—. (8.6)
2Mp 2Mp a

The first part leads to two light neutrinos vy, v, with exactly degenerate masses [173], while
the second part can be considered as a small perturbation which induces the solar mass
splitting Am?,. Here we consider only two right-handed neutrinos, thus the mass of the
lightest neutrino is zero, ms = 0, and our model features a strong inverse neutrino mass
hierarchy, although strictly speaking the hierarchy is only between mgs and m; ~ ms.

Implementation in flavour models: In order to construct a flavour model which re-
alises an inverse neutrino mass hierarchy, we thus need to have the columns of the neutrino
Yukawa matrix (8.4) be generated by vevs of flavon fields, which are triplets under a non-
Abelian discrete flavour symmetry group like A4. Additionally, the right-handed neutrinos
need to be charged under the model’s shaping symmetry such that the desired mass matrix
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(8.5) is obtained. In 8.3 we present an alignment superpotential which enforces flavon fields
to obtain vevs pointing in the specific directions

a 0
0 and b (8.7)
0

in flavour space.

Mixing angles and the Dirac CP phase: One can calculate the non-vanishing neu-
trino masses m; and the mixing angles 6;; in leading order in «

—~Am3, = m3 ~ B>+ C?, (8.8a)
Am3, =m3—mi ~2a <B2TTC|2)3/2 : (8.8b)
tan 07, ~ |1 — % % ~ ‘ + EAA::EOI , (8.8¢)

atm
tan 05 = ‘%' , (8.8d)
07, =0, (8.8¢)

where all parameters were assumed to be real. The small mass splitting between v; and
vy thus directly results from the correction «, whose smallness can be naturally explained
as being due to a higher-dimensional operator, such that no unnatural cancellation of a
priori unrelated parameters is necessary.

Looking at the neutrino mixing angles, we find that 6%, is a free parameter. On the other
hand, the deviation from tan 6%, = 1 is smaller than 1072, which amounts to a negligibly
small deviation from maximal 67, = 45°, and the 1-3 mixing in the neutrino sector is
fixed to zero. Thus, it is in accordance with condition 1 of chapter 6 and it opens up
the possibility to explain 0135 ~ 0 sin FMNS via charged lepton corrections and suitable
CG factors in GUTs. As discussed in 6.5, via the lepton mixing sum rule (6.47) maximal
0%, and the observed value of #PMNS require a Dirac CP phase of 6"MNS = 180°. Note
that all necessary assumptions of chapter 6 like 07, ~ 05, ~ 0, and a Dirac CP phase of
SPMNS — 180° will be built-in features of our model, as we discuss in the following section.

8.2 The model

As in the previous chapter, we embed the three families of the MSSM matter superfields
D§ and L; into one Ay triplet F, transforming as 5 of SU(5), and the remaining matter
superfields into three Aj-invariant singlets 7;, one for each family, which transform as 10
under SU(5). We introduce two right-handed neutrinos Ny and N§ as singlets under SU(5)
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and A4. Spontaneous breaking of electroweak symmetry is due to the usual Higgs fields Hj
and Hs, and newly introduced Higgs fields Hys and Hys. The Higgs field Hys, transforming
as 45 under SU(5), is necessary to obtain the CG factor —%. Finally there is the GUT
breaking Higgs field Hyy, transforming as 24 under SU(5), in the model®.

We now discuss the desired Yukawa matrices of our model, which emerge after SU(5)
gets spontaneously broken. The rows respectively columns of the Yukawa matrices are
formed by specific vevs of flavon fields, which we present in table 8.1. There are five
flavon superfields ¢; transforming as triplet under A, and three Aj-invariant singlets &;.
The symbol A is again to be understood as placeholder for suppression by messenger

flavon ¢;: 01 O2 ¢3 Dab Obe §2 &3 &
<f\i>i e |0 e | —i es | 0 €ab | Sab €be | Che €12 €23 €M
0 0 1 0 Sbe

Table 8.1: The vevs of the flavon fields. The ¢; are all assumed to be real numbers. The
flavon alignment yielding this specific directions in flavour space is discussed in the next
section. We abbreviated ¢y, = cos(f,p) and sqp = sin(6,p) and analogously for 6.

mass scales, keeping in mind that in fact each effective operator is in general suppressed
by different messenger masses, as can be seen from the supergraphs in appedix D. As
discussed in the next section, the parameters ¢; are all real.

The effective superpotential for the matter sector is given by

W= WYV + WMR + Wyd + Wyu , (89)

with
Wy, = (HsF) (N1 + N3owe) (8.10a)
Wi, = & (NFNS + 6 (ND)?) (8.10b)
Wy, = [TiHus) 5 [FHalgs 62 + [TaHaalyo [FHs g5 bap + [TsHs], [FHals ¢35, (8.10¢)
Wr, = Hs (T + T2, + T2 (63)” + ToTatas + Tl ) (8.10d)

where again we omitted real order one coefficients and messenger mass scales A for the
sake of brevity. After GUT- and flavour symmetry breaking the desired neutrino Yukawa
matrix and right-handed neutrino mass matrix, which, as discussed above, lead to a strong
inverse neutrino mass hierarchy in a natural way, are obtained from Wy, and W,,,,. The
parameters Mp and € in (8.5) are then given in terms of €, and €),. Finally, the Yukawa

! Again we note, that we restrict our discussion to the matter and flavon sector, whereas the details
of the (GUT) Higgs superpotential are beyond the scope of this flavour model. This question will be
discussed in chapter 9.
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matrices of the quarks and charged leptons are given by

0 —ies 0 0  6éwcaw O €5 € 0
Yi= | €wCap €apSap 0], Ye= i%gz G€apSap 0 yYu=1[€, €, eas|,
0 0 & 0 0 —3¢ 0 €3 u
(8.11)
where we defined I
& = < A24>ei (8.12)
for convenience. Note that Y; and Y, fulfil the necessary conditions 6%, 6{, ~ 0 for the

quark mixing and phase sum rule, respectively, such that 6{, ~ 6 and a right-angled quark

unitarity triangle is obtained.

As discussed in 7.1, in order to construct a viable and predictive flavour GUT model,
it is necessary to identify a shaping symmetry and a set of messenger fields, that, when
integrated out, gives rise to the effective superpotential (8.10). Specifically, no effective
operators must exist which spoil the features of our Yukawa matrices, e.g. by generating
unwanted CG factors or relevant corrections to the desired structure of the Yukawa ma-
trices (8.4), (8.11), and of the right-handed neutrino mass matrix (8.5). In appendix D
we therefore present the model’s shaping symmetry and messenger fields, and explicitly
construct the renormalisable superpotential which yields (8.10) after the messenger fields
are integrated out. With this messenger sector at hand, sub-leading corrections from e.g.
higher-dimensional operators or from canonical normalisation can be neglected.

8.3 Flavon alignment

In this section we present the flavon alignment superpotential, which enforces the flavon
vevs into the specific directions in flavour space shown in table 8.1. We introduce the
driving fields S;, D;, O;, and O}, which are all singlets under SU(5) and — with the exception
of O}, which transform as 1’ under A, — invariant singlets 1 under A,. In appendix D, all
flavon and driving superfields are listed in the lower part of table D.3, together with their
charges under the imposed symmetries. The effective flavon alignment superpotential is
given by

Waavon = We, + Wap + Whe + Wi + Wi, (8.13)

where

3
W, = 52 <(¢§)3 + Mf) + > Si(¢f = M)+ (Of(¢id)rr + Oij(iy))

i€{1,3} i,]g;1

(8.14a)
Wb = Sab ((Gab * Pa)” E35 — M2,) + DS, (62 + AavEss)
+ be (Pab * Pab) Pap + Dy, ((ﬁzﬁb)l/ (ﬁbib)lu + kab (Pap * ¢ab)2) : (8.14b)
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= Sbc ((Poe * G6e)” D = M) + Dy (Poe * duc) b
((¢bc>1/ (¢bc)1u + ke (Ppe * Pue) ) , (8.14c)
WM = SM (& — M3y) (8.14d)
Wig = Sia (512 M122) : (8.14e)

Since CP symmetry is assumed to be broken only spontaneously, the constants k; and M;
are real. In addition we assume MZ2 > (0 everywhere. The terms Wi, and W), lead to vevs
with discrete phases as discussed in 7.3, of which we select the real phases. The alignment
superpotential W, is the same as in chapter 7, i.e. the term containing S,;, determines the
magnitude and a discrete global phase of the product of ¢4, and 23, whereas the individual
magnitudes are fixed by the F-term of D%. The term with the driving superfield be sets
one of the components of (¢,) to zero and the relative magnitude or the relative phase
is finally enforced as in (7.25) by the value of ky,. Similarly, replacing a,b — b, ¢ and
ka, — ke, respectively, the vev of the flavon superfield ¢y., which appears in the neutrino
Yukawa matrix (8.4), is obtained. Let us now discuss the remaining flavon vevs in detail.

We,: Let us denote the components of ¢; with x;, x2, and 3, and the components of ¢;
with y1, 42, and y3. The F-term equations corresponding to O;; and O;; then take the
form

T1y1 + Toy2 +23Yy3 =0, (8.15a)
and
Ty + wialys + wiasys =0, (8.15Db)

respectively, where for each pair O;;; and O] ; there is one such system of equations. There
are two classes of solutions to the system (8.15), namely

T1Y1 = ToY2 = 23y =0, (8.16a)
and
T1Yr =7, TY=WwW7y, T3Ys= w27 , (8.16b)

where 7 is a complex constant v # 0. There is no consistent solution for ¢y, ¢5, and ¢3 that
satisfies (8.16a) for one pair O;; and O} ; and (8.16b) for another pair. The only solutions
to all three equation pairs are thus elther all of type (8.16a) or all of type (8.16b). They
are given by

prx (0], ¢aox 1], P3x |0}, (8.17a)
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or permutations thereof, and

1
diox [ Vw ], fori=1,2,3. (8.17Dh)

w

Which solution is realised depends on the terms containing the driving superfields S;. Since
for solution (8.17b) the invariant ¢? vanishes for all ¢;, in our superpotential (8.14a) only
solution (8.17a) is generated. Again, their phases take on discrete values and we select an
imaginary vev for ¢, and real vevs for ¢; and ¢3, as shown in table 8.1.

8.4 Phenomenology

We now turn to a discussion of the model’s phenomenology. There are 14 free parameters:
€2, €3, €ab, Bap, 1MQ.,, and 1, parametrise the Yukawa matrices Yy and Y,. The parameters
Yt, €ab, €2, €12, and €3 enter Y,, where, since €,, and €; do only appear at quadratic and
quartic order, respectively, we restrict them to positive values. As shown in (8.5), the
effective mass matrix of the light neutrinos depends only on three parameters after the
heavy right-handed neutrinos are integrated out. It is thus possible to fix two out of the
five parameters in the neutrino sector: While we use €1, €., and 6. to fit the GUT scale
Yukawa neutrino matrix Y,, we set the parameters of Mgz to M r = 2-10 GeV and
e = 1072. Again, for neutrino Yukawa couplings much smaller than one, which implies
that Y, is irrelevant in the RGEs, our choice of My does not affect the fit. The neutrino
sector is therefore given by

‘1 0 1072 1
Y, =10 eecosby. | , Mrp=2-10" GeV - : (8.18)
) 1 0
0 €pesin By,

We follow the same numerical procedure as described in 7.4.1 and again set tan 8 = 40
due to the need of tan S-enhanced SUSY threshold corrections in order for the models’s
CG factors to be viable. Once again the SUSY threshold corrections at Msysy = 1 TeV
are included by the approximate matching relations (7.26) as model parameters assuming
degenerate first and second family sfermion masses.

Analogous to our model in chapter 7, we here report our results from [3], where we used
2013 data [167-169] for the experimental values at the low energy scale my(m;). We will
discuss our results in the light of newly available data at the end of the chapter.

Note that with a strong inverse neutrino mass hierarchy and massless v3, the single
physical Majorana phase predicted by our model is given by

GPMNS _ (PMNS _ 4PMNS (8.19)

With the prediction of the Dirac CP phase "5 and from fitting 14 parameters to 18
measured observables, it follows that our model makes six predictions.
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8.4.1 Results

We find a best fit point with a total x? = 4.6. The reduced x? is thus x?/d.o.f. = 1.1.
Compared to x?/d.o.f. = 2.0 in the fit of the normal hierarchy model of chapter 7, we
thus obtain an even better agreement with the measured observables. In table 8.2 we
present the best fit values of our parameters, together with uncertainties obtained as one
sigma hpd intervals from a MCMC analysis using a Metropolis algorithm. Note that again
we enforce a prior on the SUSY threshold correction parameters to restrict their absolute
values |n;| < 0.5, justified by the typical size of SUSY threshold corrections in common
SUSY breaking scenarios.

Parameter Best fit value Uncertainty

& in 1074 6.71 0r

& in 107" 2.23 +0.03

€ in 1073 3.03 +0.03
O 1.314 0003
N0y, in 1071 3.36 Ry
No, in 1071 1.64 a7
e, in 10-2 {5.22 {*8;3‘%

6.04 023

€ in 1072 4.45 o-bs
€2 in 107! —1.64 o0
€3 in 1072 1.76 e
¥ in 107! 5.30 057

e, in 1073 3.21 s

e In 1073 —5.12 o

One 0.71 +0.02

Table 8.2: Best fit results of the model’s parameters with x?/d.o.f. = 1.1. The uncertain-

ties are given as one sigma hpd intervals. Again, the two modes for €5 can be understood
2

Y _ Y“12
U1l Yu22

as the two solutions of the (leading order) equation y,, ~ , where Yy, = ea.

In tables 8.3 and 8.4 the best fit values of the observables at my(m;) are shown.
Correlations among the lepton mixing angles in the MCMC analysis are shown in fig-
ure 8.1. Like in 7.4.2, they can be understood in terms of the lepton mixing sum rule
OEMNS ~ gv, + OVMNS cot, GEMNS cog §PMNS and 9PMNS ~ 0 sin O5MNS. The noticeable differ-

ence in the shape of figures 7.1c and 8.1c is due to the different values of 5"MNS. Whereas
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cos "MNS almost vanishes in 7.4.2, leading to 053N given almost exclusively in terms of
0%,, the value of "™N5 = 180° in the inverse hierarchy model maximises the contribution
of OFMNS o 9YMNS 'leading to a large deviation of §2MNS from 0y, = 45° and explaining the

larger hpd regions in figure 8.1c.

10.57F ! M 10.5° : )

10.0° 10.0°

’ 9.5°r g 95°
| >
9.0°F ! 9.0°
8.5° 3 8.5°
34° 360 38°  40°  42° 447 46° 32.0° 32.5° 33.0° 33.5° 34.0° 34.5° 35.0°
o o
(a) (b)

35.0°F
34.5°

34° 36° 387 40° 42° 44°  46°
G

(c)

Figure 8.1: Correlations among the lepton mixing angles. The black star marks the best
fit value. The blue and golden regions give the one sigma and three sigma hpd regions
obtained from the MCMC analysis, respectively. The dashed grey lines indicate the one
sigma intervals for the measured observables.

As for the normal hierarchy model in chapter 7, we obtain an excellent prediction for

Ts 1855702 (8.20)

mq

due to the specific CG factors in our model.
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Observable Value at mi(m;) Best fit result Uncertainty
m, in MeV 1.22 048 1.22 039
m. in GeV 0.59 +0.08 0.59 o0s
m; in GeV 162.9 +2.8 162.91 S
mg  in MeV 2.76 119 2.73 o5
ms in MeV 52 +15 50.70 oo
my in GeV 2.75  +0.09 2.75 +0.09
me in MeV 0.485 +1% 0.483 +0.005
m,, in MeV 102.46  £1% 102.87 oo
m, in MeV 1742 +1% 1741.99 e
sin O 0.2254  +0.0007 0.2255 +0.0007
sin G55 M 0.0421  £0.0006 0.0421 +0.0006
sin HOKM 0.0036  =£0.0001 0.0036 +0.0001
SCKMjp © 69.2 +3.1 69.27 08
sin? gL MNS 0.306 +0.012 0.303 +0.005
sin2 gEMNS 0.437 +0.001 0.397 0%
sin? GPMNS 0.0231 *9:9023 0.0267 ooots
GPMNS 4 o - 180 -
SOPMNS in © _ 180 -
Am?, in10-5eV? 745 f019 7.45 o7
Am2, in1073 eVZ —2.410 +0062 —2.410 L0.004

Table 8.3: Experimental values, best fit results, and uncertainties of the observables at
my¢(my). We give one sigma highest posterior density intervals as uncertainty. SPMNS and
@PMNS are exactly 180°, since Y;, is real and the phase of Y,,, can be absorbed by the right-
handed electron field. Note that although the masses of the charged leptons are known far
more precise than listed here, we set an 1% uncertainty for the experimental values, which

is roughly the accuracy of the one loop calculation used here.

The sign of the larger neutrino mass splitting Am2, will be in the focus of the next
round of neutrino oscillation experiments and will allow to distinguish between inverse and
normal neutrino mass ordering. Furthermore, neutrino-less double beta decay experiments
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Observable  Value at m;(m;) Best fit result Uncertainty

OPMNS ip o 3357 H0TT 33.38 B
PEMNS in o 414 132 39.06 s
OPMNS qp o 875 1042 9.41 05

Table 8.4: Experimental values [169] and best fit results for the lepton mixing angles at
my¢(my), given here in degree for convenience.

will soon be able to test predictions from inverse neutrino mass ordering models. Our
model predicts an effective Majorana mass parameter (3.38) of

<m,8ﬁ>:‘(VPMNS \/ A7”:),2 Ale (VPMNS) \/ —Am%z

= (1.83%900) - 1072 eV . (8.21)

This is in reach of future experiments, such as nEXO (see e.g. [176]) and AMoRE [177].

8.4.2 Discussion

In the following we turn to a detailed discussion of the fit results of our model, including
comments regarding the more recent data for lepton mixing angles [62].

e Our model predicts the PMNS phases of
SPMNS — 180° and "™ = 180° . (8.22)

Since Y, is real and the phase of the 2-1 element of Y, can be absorbed by the right-handed
electron field EY, the PMNS phases are fixed at the GUT scale and do not evolve under
the RGEs. Our model’s best fit value for the Dirac CP phases is marginally outside the
one sigma interval of the recently reported hints towards 6"MNS = 254° T657 from global
fits assuming a inverse neutrino mass ordering (3.37). A future precise measurement of
OPMNS could decide whether our model agrees with the data or not.

e As for the normal hierarchy model in chapter 7, our inverse mass hierarchy model also
features a best fit value 5N = 9.41°70-287 slightly larger than the reported experimental
Value in [169], and a best fit, value O5NS = 39.06°7 1337 slightly smaller than reported

n [169]. Both best fit points are within their respective two sigma intervals, however.

In the light of the recent global fit [62], the most drastic difference lies in the reported
value for 65MNS| which, when an inverse neutrino mass ordering is assumed as prior,
lies in the second octant O5MNS = 49.5° T15° whereas the 2013 data [169] reported
a best fit point in the first octant for both, normal and inverse mass orderings. If

future measurements of 05MN5 would confirm a value larger than 45°, it effectively would
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refute the relation OFMNS ~ . sin 05MNS | especially since in the case of an inverse mass

hierarchy this relation is highly insensitive to corrections from RG running or canonical
normalisation, as discussed in 6.4. Large corrections would be necessary however, to

cure the bad contribution of sin G55 > \%

Let us remark at this point, that precise measurements of 5MN5 are still work in progress,

e.g. by the NOvA collaboration, which reports an one sigma interval of [38.6°,53.7°]
[151]. The subject whether 5MNS lies in the first or second octant therefore remains an
important open question and in the future global fits might report O5MNS < 45° again.
Future improvements on the determination of #5MN5 and 6PMNS thus have the capability
to falsify our model, or to strengthen the relation 0125 a ¢ sin 052N5 with higher
precision.

e Finally, our model finds a best fit point 5MNS = 33.38°+0-307 which lies within the one

sigma range of the experimental values as reported in the 2013 [169] and 2015 data [62].

8.4.3 Phenomenological differences to the model of chapter 7

Let us close this chapter by discussing the differences between the SUSY flavour GUT
models of 2] presented in chapter 7 and the model of [3] discussed in this chapter. There
are five major differences between these models, summarised in table 8.5.

NH IH

Am; 2‘4211_8:833 1073 eV? —2.4101‘8:822 21073 eV?2

(mgg)  2.317082. 1073 eV 1.837000 - 1072 eV
SPMNS 268.79° 1132 180°

OPMNS 34.29° 1055 33.38° 1050
HCKM 65.65° 415, 69.27°0-91°

Table 8.5: Major differences in the best fit results between the two SUSY flavour GUT
models of [2] (NH) and [3] (IH).

The sign of the larger neutrino mass splitting Am2, (IH) respectively Am32, (NH) is
the defining characteristic of normal vs inverse hierarchy models. Its measurement is in
the focus of upcoming long baseline neutrino experiments, e.g. at DUNE [69]. Similarly,
the different magnitudes of the effective Majorana mass (mgg) for neutrinoless double beta
decay are a typical distinction between normal and inverse neutrino mass ordering.

The observed large value of 675 opens up the possibility of measuring the Dirac CP
phase d"MNS in long-baseline neutrino oscillation experiments. Therefore our two SUSY
flavour GUT models models can also clearly be distinguished via their respective predic-

tions of d"MNS | whose measurement is also a scientific goal of the DUNE experiment [69].
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The lepton mixing angles in both models share the same characteristic correlations and
the differences between the best fit values turn out to be less than one degree. Since future
more precise measurements of MY and OFMNS will support or disprove our models in
equal measure, they are not expected to distinguish our two models. A future 50 — 70
km baseline reactor experiment though could measure 0725 with high precision [178],
allowing to discriminate between the respective predictions of #7)NS in the normal and
inverse mass ordering models. Note however that the fit results for 655 depend on the
experimental ranges for 02MNS and OPMNS via the lepton mixing sum rule.

Finally let us note the remarkable fact that our models, although mainly distinct by their
neutrino sector, can furthermore be distinguished in the quark sector by their predictions

for the CKM phase.



PART IV

Doublet-Triplet splitting in SUSY
Flavour GUT models



CHAPTER 9

Towards predictive SUSY flavour SU (5)
models with doublet-triplet splitting

Grand Unified Theories offer an attractive framework for flavour models, since they link
the quark and lepton sectors of the MSSM. As discussed in chapters 4 and 5, they however
also feature potentially wrong predictions for proton decay. In the previous chapters we
presented two predictive SUSY flavour SU(5) GUT models, which successfully explain
the observed hierarchies of fermion masses and mixing angles. But in addition to correct
predictions for the flavour observables, a complete SUSY flavour GUT model also has to
include a viable mechanism for GUT symmetry breaking, including sufficient suppression
of proton decay without unacceptably large fine-tuning.

In this chapter we present our results of [4] and introduce a novel version of the double
missing partner mechanism (DMPM) solution to the doublet-triplet splitting problem,
which can be combined with predictive models for the GUT scale quark-lepton Yukawa
coupling ratios. Two explicit flavour models with different GUT scale predictions are
presented, including shaping symmetries and renormalisable messenger sectors.

9.1 The missing partner and double missing partner
mechanisms

Since we are considering SUSY SU(5) GUTs, the GUT scale of about 10'6 GeV is large
enough to sufficiently suppress proton decay from dimension six GUT operators, as dis-
cussed in 5.5. There we also discussed the doublet-triplet splitting problem arising from
requiring sufficiently heavy Higgs colour triplets 7 and T®), which mediate dimension
five proton decay, whereas the MSSM Higgs doublets have to remain light.

In SU(5) GUTSs, one proposed solution to the DTS problem is the missing partner
mechanism (MPM) [144] or its improved version, the double missing partner mechanism
(DMPM) [179], which we will review briefly below.! These solutions have been applied in

n theories of extra dimensions, another solution exists, see e.g. [180].
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GUT models, but they either predict the unrealistic quark-lepton Yukawa relation Y, = Y,/
(e.g. [181]), the experimentally disfavoured combination of the Georgi-Jarlskog relations
(4.28) (as e.g. in [182]), or they rely on linear combinations of GUT Yukawa operators
(e.g. [183]), which again implies the loss of predictivity.

On the other hand, there exists a large number of GUT models which focus on the
flavour sector, but do not include the (GUT) Higgs potential. It is therefore an interesting
question to ask how the DTS problem can be resolved in predictive SUSY flavour GUT
models, given the present rather precise experimental data on the fermion masses and
mixing angles.

As successfully constructed in our two SUYS flavour GUT models of the previous chap-
ters, we employ new Clebsch-Gordan factors emerging from higher-dimensional operators
containing a GUT breaking Higgs field in the adjoint representation, to arrive at experi-
mentally favoured GUT scale Yukawa coupling ratios. In this chapter we present how this
approach can be combined with a novel DMPM version for solving the DTS problem.

Let us now review the missing partner mechanisms. Note that throughout this section,
for illustrative purposes, we consider that the bounds on proton decay rates require the
effective mass of the colour triplets (5.87) to be of at least M&™=5 ~ 10'7 GeV [82,143],
while the effective mass suppressing dimension six proton decay mediated by the colour
triplets (4.33) is required to be ME&m=6 > 1012 GeV [82].

9.1.1 The missing partner mechanism

The basic idea of the MPM is the introduction of two new superfields Zs, and Zs, in 50
and 50 representations of SU(5). The decomposition of 50 under the SM gauge group is
given by

50 = (1,1) 5+ (3,1)_1 +(3,2)_z + (6,1)s +(6,3)_1 +(8,2) , (9.1)

1
2
which does not contain an SU(2),, doublet, but it includes an SU(3)¢ triplet. Thus, using
the 50s as messenger fields to generate an effective mass term for Hs and H; keeps the
electroweak doublets massless, while the colour triplets acquire masses of the order of the
GUT scale.

Note that 50 is not in the SU(5) tensor product

24 x5="5+45+70. (9.2)

Thus, instead of 24, the MPM contains a GUT breaking Higgs field H75 transforming as
75 of SU(5) [184,185], since

75 x 5 = 45 + 50 + 280 . (9.3)
The superpotential for the MPM is given by?
Whipnm = HsHis Zso + ZsoHos Hs + Mo ZsoZso - (9.4)

2For readability we omit SU(5) indices and most order one coefficients in the superpotentials, except
where they are relevant to the discussion.
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Note that, because of
75 C 24 x 24, (9.5)

H75 can be replaced by the effective combination HTQQ‘* in non-renormalisable theories, where
A denotes a general mass suppression [181], see also 9.2.2.

With the triplet mass contribution from (H7;) denoted by V| the mass matrices of the
Higgs fields Hs, Hs and Zsy, Zs are given by

0 Vv
mp = 0 , M = (V M50) > (96)

for the doublet and triplet components D and T" of H5 and Z5q, respectively. The dangerous
terms for dimension five proton decay are obtained from the Yukawa couplings (5.83)

Wyuk = 7;-7'—3‘1{[5 + T T; Hs . (9.7)

To calculate the effective dimension five proton decay operators, all Higgs triplets from
all 5, 50, and their respective conjugate representations have to be integrated out, but
only the triplets in Hs and Hs couple to matter. We denote the triplet mass eigenvalues
with M; and M,, and the corresponding mass eigenstates as T, and Ty, respectively. The
triplets that couple to matter are given by the combinations

O =N UrT, TO =Y W, (9.8)
1z

where U and V' are unitary matrices defined by my = U deiagVT. Integrating out the
triplet mass eigenstates T; leads to the effective dimension five operator for proton decay,
which is proportional to the inverse of the effective triplet mass

1 .
Vij = Ut (m§%) V= (mi')u (9.9)

ij

(M,gim:S)—l = Uy, (m%liag>

ij
The Kéhler potential for the MPM triplet superfields is given by
Ky = TOTE* 4 7OTE* 1 pEOTE0x  pEOTE0)x (9.10)

When the heavy colour triplet mass eigenstates are also integrated out in Krp, effective
dimension six Kahler operators emerge from inserting their equations of motion. Then
the Lagrange density obtained from the D-term of the effective Kéhler potential contains
baryon number violating four fermion operators, proportional to

im=6Y —2 ia, -1 ia, -1 — —
(M=) = Vi (mf*) U Ui (m§) Vi = (mz'ml ) (9-11)

i m
from TWT™* and to

(M%im=6)*2 — (m;—lm;)ll (9.12)
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from TTM* With the mass matrix mq given in (9.6), the effective triplet mass is thus®

MEm= = () | = 7 (9.13)
’ r/n My’ '

while the suppression of dimension six proton decay is given by

- v

Ndim=6Y2 _ (3 dim=6)2 _ ( ~1 T—l) _ ‘
( T ) ( T ) mT m 11 ‘M50’2 + ‘V‘Q

(9.14)

Note that with a GUT scale value of V =~ 10'® GeV and M;y, below the Planck scale,
the dimension six proton decay is suppressed sufficiently with values of M3I™=¢ between
10'3 and 10'¢ GeV.

The splitting between doublet and triplet masses is achieved since the doublets obtain
no mass term. Using M&m=5 > 1017 GeV one obtains an upper bound for M5, < 10'° GeV.
Having the large representations 50 and 50 enter the RGEs at such a low energy scale,
however, leads to the breakdown of perturbativity just above the GUT scale. Thus, the
MPM solves the DTS problem — but trades it for SU(5) becoming non-perturbative much
below the Planck scale M.

9.1.2 The double missing partner mechanism

This trade-off can be avoided in the DMPM, where the number of Higgs fields in 5, 5,
50, and 50 representations gets doubled [179]. The fields Hs and H; couple to the matter
fields F; and T;, whereas Hf and H: do not. The superpotential for the DMPM is given
by

Wonenm = HsHis Zso + Z50H75H5,) + HéH75Z§,o + ZQOH75H5
+ M5()Z5()Z50 + ME;OZéOZéO + /J/HéHé . (915)

The mass matrices of the doublet and triplet components of the Higgs fields Hs, HL, Zs,
Zi, and their corresponding conjugated fields after Hrs gets a vev V' are given by

0 0 O V
(0 0 o W Vo0
mp = (O ,u,) , Mmr = Vo0 M5() 0 . (916)

0V 0 M,

While the Higgs doublets coupling to matter remain massless, the second pair of Higgs
doublets contained in H and H{ has mass y'. The improvement of the DMPM compared
to the MPM can be seen from the effective triplet mass

. V4

dim=5 -1
Mp™=" = (mz'),, = T Mg (9.17)

3In the text when we quote numbers for Mm=5" prdim=6 anq M%im:(j we will always refer to their
absolute values.
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The same effective triplet mass of M$™=5 ~ 1017 GeV can now be obtained while keeping

high masses M5 ~ M}, ~ 10'® GeV, provided the heavier doublet pair has a (relatively)

small mass p/ ~ 10'* GeV. With the large representations of SU(5) having large masses,

the perturbativity of the model can be preserved up to (almost) the Planck scale.
Dimension six proton decay is suppressed by

. - v
pydim=6Y2 _ (m’lmT 1) — | ~ (10™ GeV)?,
(M) T I VP Mol (VI MG+ Vi) | )
(9.18)
- ) -1 v
Aydim=6)2 _ (mT 1m—1> _ | ~ (10" GeV)?
(M7°) SRSt LN VINE (V" + [Msop!|* + [V i) ( )
(9.19)

in agreement with the bounds on proton decay.

9.2 Combining predictive flavour GUT models and
DMPM

We saw that the DMPM can solve the DTS problem while preserving perturbativity. In

order to construct SUSY flavour GUT models with viable GUT scale predictions for the

quark - lepton Yukawa coupling ratios, we want to combine the DMPM with the novel CG

factors of 4.4, which require the GUT breaking Higgs field to be in the adjoint represen-

tation of SU(5), 24. Thus we will want to replace the Higgs field H7; with the effective
. . H2

combination =+ [181].

On the other hand, we must require renormalisability, since otherwise the predictability
for unique SU(5) index contractions yielding specific CG factors would be lost. Analogously
to the previous chapters, we now introduce a shaping symmetry and heavy messenger fields,
to construct a renormalisable DMPM with an adjoint and forbid dangerous Planck scale
suppressed operators.

9.2.1 Planck scale suppressed operators

In the last chapters we carefully constructed the messenger sectors of the SUSY flavour
GUT models and thoroughly checked that that the shaping symmetries forbid dangerous
Planck scale suppressed effective operators.

The superpotentials (9.4) and (9.15) include mass terms for the 50 messengers. Thus,
there are no symmetries to forbid non-renormalisable Planck scale suppressed operators

such as

1 _
—H;H-H 9.20
Mpl 5t4d75145 ( )
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for the MPM, and
1

_ 1 _
M_leg)H?SHé and M—leéH725H5 (921)
for the DMPM. These Planck scale suppressed effective operators do not involve the 50
messengers and therefore spoil the solution to the DTS problem by generating dangerously
large contributions to the masses of the doublets contained in the 5s.

Thus, in order to forbid these effective operators, a shaping symmetry has to be em-
ployed. The MPM and DMPM can then be restored by adding a singlet field S, which
obtains a non vanishing vev (S) # 0 that yields mass terms to the 50s by couplings of the
form

SZ5()Z50 and SZéOZéo s (922)

as shown in the diagram in figure 9.1. A non-trivial charge of S under a shaping symmetry

Figure 9.1: MPM supergraph where the mass term for the 50 messengers is given by the
vev (S). Note that S is generating the mass term and is not acting as an external field.

then forbids the dangerous Planck suppressed effective operators (9.20) and (9.21).

This strategy of generating masses for messenger fields through an additional singlet field
will be generalised in 9.2.2 and 9.4, to avoid similarly Planck scale suppressed operators
spoiling the DMPM solution or the predictions for the Yukawa coupling ratios.

9.2.2 The double missing partner mechanism with an adjoint

In order to replace Hrs by an adjoint GUT breaking Higgs field Hs4, while keeping the
model renormalisable, the effective combination HTS“ is generated by integrating out heavy
messenger fields in the 45 and 45 representations of SU(5) [183].

In the MPM, we have to introduce a set of messenger fields Xy5, Xu5, Yas, and Yis.
For the DMPM, we also need to add a second set Xjs, X}s, Y/s, and Y};. In figure 9.2
we show the supergraphs generating the non-diagonal entries of the triplet mass matrix
in the DMPM with an adjoint Hsy. In analogy with the discussion in 9.2.1, we forbid
direct mass terms for the messenger pairs ZsoZso and Z%,Z}, in order to avoid dangerous
Planck scale suppressed operators that would generate universal mass contributions for
both, Higgs doublets and triplets. Similarly, the messenger pairs Xy5Xus5, Ya5Yas5, and their
corresponding primed versions also obtain masses from the vev of a singlet field S, which
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Hs : H;
\\ i A i /
/ X5 X5 * Zs0 750 * Yis Yis \\

H24 H24

Hy, Hyy

) (S) (S) (S)

Hy , Hj
\ i A i /
// Xy X + Zy  Zy + Yo Y \\

H24 H24

Hyy Hoy

Figure 9.2: Supergraphs generating the non-diagonal entries of the triplet mass matrix.

is charged under the shaping symmetry, since otherwise the symmetry would allow direct
mass terms

SX45Y;15 and SXZ/15}74,5 (923)

or non-renormalisable operators

1 — 1 _
M—152X45Y;15 and M—IS2XZ/15YZ5 s (924)
p p

which could replace the important 50 messengers in the supergraphs 9.2 and generate
universal mass terms for doublets and triplets. We will specify the shaping symmetries of
two example models in 9.4.

It is an interesting questions to ask whether some of these heavy 45s could be the same,
such that the number of fields in the spectrum would be reduced while the structure of
figure 9.2 would be preserved. But if either X 5 = Yy5 or X, = Y., it can be seen that the
750750 mass insertions could be removed, such that the splitting of doublets and triplets
would be spoiled and large non-diagonal entries in mp would be generated. Also, if either
Xys = Xis, Yis = Y5, or Zsg = Z%,, supergraphs with Hs and Hjs as external fields
would be allowed, thereby reducing the DMPM to the MPM and reintroducing the issue of
perturbativity. Finally, an identification of X45 = Y. would allow diagrams bypassing the
50 messengers, generating unwanted mass term for both doublet and triplet components
of Hs and Hs, and thus yielding a too large j-term.

With this messenger superfield content, we carefully checked that no dangerous Planck
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suppressed operators spoil the DMPM. The renormalisable superpotential is given by

Wonpnies = HsHoyXus + XasHosZsg + ZsoHoaYis + Yis Hay Hy,
+ HyHoy Xl + Xjs HauZh + ZigHoaYis + YisHou Hs
+ SXu5Xus + SYasYis + SZs0Zs0 + S X5 X + SYisYis + SZ50 25
+ /' HLHY (9.25)
After Hyy and S obtain their vevs and integrating out the 45 messenger fields, the mass
matrices for the Higgs doublets and triplets are given by

0 0/ ov 2 — %
mp = (8 3,) C mp= _% ’é _<5<?>> 8 , (9.26)
0 -5 0 (9
where (Hay) is given by (4.13)
(Hyy) =V diag (1, 1,1, _; —%) . (9.27)

Note the similarity between the mass matrices of (9.16) and (9.26). Integrating out the
heavy 50 fields in a next step, the mass matrices become

0 0 0 —_V43

— (5)
mp = ., mp = ) (9.28)
(0 74 > <——<‘§>43 ' )

Thus, the doublets in the pair HsHs remain massless, while the doublet pair in HLH{ is
heavy. Using only H; and Hj for the Yukawa couplings of the MSSM matter superfields
as in (9.7), the effective triplet component mass relevant for dimension 5 proton decay is
given by
Nydim=5 _ -1\ -1 _ Ve

P = (mg'), = R (9.29)
The effective masses suppressing dimension six proton decay mediated by colour triplets
are given by

(M%imzﬁ)Q _ (Mgim:6)2 ~ |V|8
! [(5)°

where we used the fact that [(S)| > |V| and [(S)*/| < |V[*. With (S) ~ 10' GeV it
follows from requiring M$m=6 > 102 GeV in (9.30) that the GUT scale is higher than
V > 10' GeV. Then in order to obtain an effective triplet mass M&™=> ~ 1017 GeV for
dimension five proton decay, one finds from (9.29) that p’' ~ 10" GeV is needed.
Therefore, with a high enough GUT scale, the effective triplet masses can be large
enough to sufficiently suppress proton decay, while the large SU(5) representations used in
the DMPM can be heavy enough to keep the theory perturbative up to the Planck scale.

(9.30)
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Let us note two remarks: When Hs, is uncharged under additional symmetries, having
i several orders of magnitude smaller than V' requires p’ to be generated from vevs of
fields charged under the shaping symmetry, to forbid the term

Hy HLHY (9.31)

which would give rise to a much too small effective triplet mass.

Finally note that the effective triplet mass entering dimension five proton decay can be
conveniently expressed in terms of the mass eigenstates M, and M, of the triplet compo-
nents and p’ of the doublets

My M,
woo
The effective triplet mass of dimension six proton decay is then excellently approximated

by
Mim=5 — pqdim=6 [ Mgim=5,y (9.33)

9.2.3 Introducing a second adjoint

dim=5 __
M, =

(9.32)

The DMPM with an adjoint GUT breaking Higgs instead of a 75 already solves the DTS
problem while providing the necessary building block for the desirable CG factors for
flavour model building, if the GUT scale is high enough. Yet, it still suffers from two
problems:

Gauge coupling unification As mentioned in 5.5, demanding gauge coupling unifica-
tion in the minimal renormalisable SU(5) requires the mass of the colour triplets to be
about 10'® GeV, which violates the bounds on proton decay. Non-renormalisable operators
in the GUT breaking superpotential can split the 24 component masses, allowing a higher
effective triplet mass [146], at the price of giving up the predictive quark-lepton Yukawa
coupling ratios.

Shaping symmetry charge of the adjoint The renormalisable superpotential (5.83)
requires Hoy to be uncharged under shaping symmetries in order for it to obtain a vev.
However, such a shaping symmetry charge is vital in the type of flavour models considered
here, to avoid unwanted admixtures of additional CG factors involving less insertions of
Hy,. See for example the SUSY flavour GUT models in the previous chapters and tables
D.1 and D.3.

Both problems can be solved at once by introducing a second adjoint superfield:

e An additional heavy 24 can be used to UV complete a non-renormalisable superpotential,
thereby realising a renormalisable theory which shifts the upper bound for the effective
triplet mass to higher values (5.90), by splitting the masses of the 24 components.
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e It turns out that the introduction of an additional 24 is not just an UV-completion of
the non-renormalisable superpotential of [146]. When both adjoints have approximately
the same mass and therefore the second 24 is not integrated out, the additional colour
octet and electroweak triplet in the spectrum lead to more freedom for the GUT scale
and effective triplet masses.

e Finally, with a second 24, the adjoint fields can acquire non-vanishing vevs even when
charged under shaping symmetries.

There are four possibilities for renormalisable superpotentials of two adjoints with non-
vanishing vevs and masses. Classified based on their symmetry, they are:

(a) W = My, Tr H2, + M}, Tr H? + k' Tr Hyy HYZ + \Tr H3,,
Zy symmetry where Hyy is uncharged and HJ, charged.

(b) W = My Tr HypyH), + ATr H3, + N Tr HS,
Zs3 symmetry, where Hoy has charge 2 and HJ, charge 1.

(c) W = Moy Tr HyyHb, + N Tr H3, + &' Tr HyyHR,
Z1 symmetry where Hyy has a charge of 2 (with R() = 1) and H}, is uncharged.

(d) The trivial case with both fields only charged under SU(5) and all (non-linear) terms
allowed. We will not consider this case any further.

Let us remark that since the superpotentials (a), (b), and (d) do not feature an R-
symmetry and superpotential (¢) spontaneously breaks the R-symmetry simultaneously
with the GUT gauge group, all four superpotentials are not in conflict with the No-Go
theorem that the MSSM with an additional unbroken R-symmetry can not be obtained
from the spontaneous breaking of a four-dimensional SUSY GUT [186].

9.2.4 The case of more Higgs fields coupling to matter

Consider the SUSY flavour GUT models of the previous chapters, where an additional
Higgs field Hys transforming as 45 under SU(5) was introduced in order to construct the
CG factor —%. In 9.1 we have so far only considered the case where a single pair of Higgs
fields Hs, Hs couples to the matter superfields. Let us now discuss the case where more
than one Higgs triplet is coupling to matter.

With additional Higgs fields (9.7) generalises to

W = ko TiT;Ho + Nip TiF; Hy + mp,, H,Hy, (9.34)

where a and b denote different Higgs fields, x and A\ are Yukawa couplings, and myg is the
Higgs mass matrix. When the heavy triplets are integrated out, the proton decay channels

/'iija)\k:lb ’iija)\klb cerre e
—(M%ing))ba (Qi-Qj) (Qr - Ly) and MUiEjUkDZ (9.35)
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are suppressed by the effective triplet mass

()t = U () Ve = U (mf) CVE = (mih, (930)

)

with my being the mass matrix of the coloured triplets in H,, H,. Similarly, the Kihler
potential in general reads o

Kp=T,T;+T,T; . (9.37)
When the heavy Higgs triplets are integrated out, baryon number violating operators
emerge in the Kahler potential

Aijal”
(Mdlm 6)

aa

|’€ija|2

(1)

aa

(Qi- Q) U ES™  and (Qi- L) U7 DS, (9.38)

where no sum over ¢, j, and a is implied. The dimension six effective triplet masses are
then in general given by

(M%im:6>;j =V, <de1ag>i Uijbm ( dlag>m VEZ — (m;lmTTfl>aa (9.39)

and

im=6\~2 _ - —
(=) 2 = (mf ') (9.40)
Thus, in models featuring several Higgs fields coupling to specific matter fields, as e.g. to
construct predictions for quark-lepton Yukawa coupling ratios from certain CG factors, the
individual effective triplet masses for each proton decay channel can be easily calculated.

9.3 Grand unification and the effective triplet mass

In addition to the MSSM superfields, the DMPM introduces one extra palr of SU (2)r

doublets, D® and D®), and two additional pairs of SU(3)¢ triplets, T ) and T =1,2.
Since we introduce a second adjoint, there are furthermore two SU(3)¢c octets O( Y two
SU(2), triplet Ti(24), and two singlets Si(24) of the SM gauge group, when SU(5 ) gets
broken. Finally there is one leptoquark superfield pair L% in the spectrum, whereas the
other pair yields massive X and Y vector bosons via the BEH mechanism.

All this new superfields enter the RGEs for the gauge couplings at their respective mass
scales and therefore their impact on gauge coupling unification has to be studied. Such an
analysis has been performed by the author’s collaborator Vinzenz Maurer. Thus, in this
thesis only some results — which are important to the author’s work presented afterwards
— are briefly reviewed in this section. Details can be found in our paper [4] and Vinzenz
Maurer’s PhD thesis [158].

We assume that the heaviest incomplete SU(5) multiplets to enter the RGEs are the X
and Y vector bosons, such that the GUT scale corresponds to their heavy mass Mgyt =
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Myx = My. This is a common situation in SU(5) GUTSs and it allows to make the effective
triplet mass heavy, although cases of other heaviest SU(5) components are possible.
With the definition of the geometric mean

M2 = M) My (9.41)
of the masses of the colour triplets and analogously

M7 = Myeo Mes (9.42)

Méey = Moo Mpes (9.43)

for the masses of the components of Hyy and H),, one can solve the RGEs for gauge
coupling unification and express the results for the effective triplet mass (9.32)

. M?
Mgim=s — TG 9.44
T Moo (9.44)
the GUT scale SU(5) gauge coupling «,,, and Mgyt at the one-loop level by
43 15 11 197 3
To = " + 7T—|— " — —log My + = log Mpr (9.45)

YT 20y 8as | 1203 20 5
3 15 11 7

— Z log ML(24) + I log MT(24) + Z log MO(24) + 5 10g MSUSY s
5 5T 5T

. 1
log Mdm=5 — _ — —log M 9.46
08 M 60(1 + 20(2 3063 + 6 08 Z ( )

5
+ 5log MT(24) —5log MO(24) + 6 log Mgusy

5% T T 11
log Meum — - S log M 9.47
o8 MeuT = 15 T oy 6oy | 6 087 (9-47)

1 1 1 1
+ 5 log M 24y — 5 log M4y — 5 log M sy — 3 log Msysy ,

where “logm” should be understood as

m

logm = 1 ( ) 0.48
ogm = log Gov ( )

and we have introduced the mass

Then one finds numerically
3 5
. M. 6 [ Mo

Mm=> = 25408107 GeV ( —r 2 9.50
T —08 © 1TeV MO(24) ’ ( )

1 1 1

M. o3 M 24 2 Moy Maoes \ 2
M -1 +0.05 1 16 SUSY L(24) T(24) LVLH(24) 51
Gur = 1372505 - 107 GeV ( 1 TeV 1016 GeV (1016 GeV)? » (98D)
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where the resulting uncertainty is dominated by the experimental error on . The change
of the relative uncertainty for the different superpotentials (a)-(c) is negligible and hence
in the remainder of this section the error is not explicitly shown anymore.

In analogy to tan 8 of the MSSM, we introduce tan By = % for the two GUT breaking
superfields Hyy and H), with

(Hyy) = V4 €' diag(1,1,1,-3/2,-3/2) ,
<Hé4> = ‘/’2 ei¢2 dlag(lv 17 17 _3/27 _3/2) ) (952)
where Vi, V5 > 0.

Then one finds for the geometric means of the masses of the colour triplets, octets, and
the mass of the remaining leptoquark superfield in Hoy and H),

35 15 1
M ) = 7 M?, Mpe, = =T M?, and M7e, = S (23) M? (9.53)
for superpotential (b) and
9 9D .o 9 D 9 2 1 2
MT(24) = Z M s MO<24> = Z M y and ML(24) = zlst—(Qﬁ‘/) M 3 (954)

for superpotential (c), where M = ‘MM‘, i.e. in both cases all mass eigenvalues turn out

to be phase independent. The effective triplet mass is then obtained from (9.50)

5 5
im=5, 1- M, s J(%)*~83 (b)
Mdlm 5, 1-loop —95.1 17 SUSY 3 '
d 5107 GeV (T ) <4 o (9)

and the GUT scale from (9.51)

1.37-10% GeV [ M. 3 Mo\ 2 8 ~132 (b
Mgpr® = . ( SUSY) (—) x{2 vl (b (9.56)

V| sin 26y | 1 TeV 101 GeV (c)

Thus, assuming the same parameters, the effective triplet mass in superpotential (b) is ten
times higher than in (c).

The effective triplet mass M3™=5 receives significant two-loop contributions (cf. e.g.
[145]). See our paper [4] and [158] for a numerical two-loop analysis. Its results are given
by

Mdim:5, 2-loop _ (MSUSY>O'74 ‘ 59.10% QeV (101%6\1)—0.15 (b) (9 57)
T 1TeV 6.8- 101 GeV (7Lo) " (c) '

and

)—0.61

M, 1 [2.89-10' GeV (5L (b)
M2-100p — |sin 2 —0.48 ( SUSY) . 1015 GeV B ’ 9.58
cur’ = [sin2fBv| 1 TeV 4.78 - 10% GeV (i) % (9:5%)
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where Mpi) = 1000 TeV has been fixed and the dependence on other parameters is very
small. Thus, a heavy effective triplet mass M3™m=5 > 107 GeV requires Msygy = 2.3 TeV
and 35 TeV for superpotential (b) and (c), respectively.

Note that gauge coupling unification depends only weakly on M ;). The effective triplet
mass for dimension six proton decay can be approximated by (9.33) from the square root
of the product of Mps and Ma™=> 0% op MA™=> 210 regpectively.

Finally we turn to superpotential (a), which is more complicated since it contains two
mass parameters My, and MS,. Thus we introduce a second angle (), and mean mass
M > 0 such that My = Me® sin 8y and M,, = Me®2 cos 8. Then the geometric
mean masses of the SU(3)¢ octet, SU(2),, triplet, and of the additional heavy leptoquark
superfields are

M7 = 5M? cos By \/(2 cos B — 3sin By tan? By)2 + .. .sin® ¢ (9.59a)

M2 = 5M? cos By \/(3 cos By — 2sin By tan? By )2 + .. .sin? ¢ | (9.59Db)
1 cos? B

My = 7 M T B, (9.59¢)

where not only the geometric mean masses, but also the mass eigenvalues themselves, only
depend on the phase combination

0= (a1~ 02)/2+¢1 — ¢2, (9.60)
and are invariant under ¢ — ¢+m. Due to (9.50), the effective triplet mass is heaviest when
the ratio ]\]\jT—iz is not bounded from above, and hence when ¢ is 0, 7, or 2. In figure 9.3

o

the resulting plots for Mgimzf’ and Mqur are shown with Mgysy = 1 TeV, M = 10*° GeV,
Mpi) = 1000 TeV, and ¢ = 0, including a comparison between one- and two-loop results.

M$F™=6 and MI™=5 are again approximately given by /M&™=5Mp).

9.4 SUSY Flavour GUT models with DMPM

After the interlude of the last section, we return to the author’s contribution to [4] and
present two example models, combining the DMPM (featuring two adjoint superfields)
and predicitive GUT scale quark-lepton Yukawa coupling ratios due to CG factors. Both
models are UV complete and we give the shaping symmetries and messenger superfields,
which guarantee that only the desired effective GUT operators are generated when the
heavy degrees of freedom are integrated out.

Note that we construct only the Yukawa matrices of the quarks and charged leptons
explicitly. Adding one of the ubiquitous mechanisms to generate neutrino masses and
lepton mixing angles would be straightforward. Since they are however not directly relevant
for the discussion of proton decay, doublet-triplet splitting, and the CG factors between
Y,; and Y,, we do not consider neutrinos in this chapter.
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Mgim=5 Mgurt
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Figure 9.3: The effective colour triplet mass M3™=° (left) and GUT scale Mguyr (right)
in GeV at one-loop (upper) and two-loop (lower) order as resulting from superpotential (a)
for Msysy = 1 TeV, M = 10' GeV, Mp;) = 1000 TeV, and ¢ = 0. Note the different
colour coding between left and right. For illustration, the white strips denote areas with
light M4 or Mpes (< 1013 GeV). Such relatively low values for these components can
arise either from cancellation between terms, or from a generic suppression due to small
parameters, cf. (9.59). For more details see [4,158].
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We also remark, that our two models are not yet predictive for the quark mixing param-
eters, but the experimentally observed values can be fitted by both of the models. They
thus should be viewed as proof of existence, showing that a successful solution to DTS
and experimentally viable predictions for GUT scale Yukawa coupling ratios can indeed be
combined. The strategies discussed here, however, provide the tools for the construction
of more ambitious SUSY flavour GUT models, which should include the observed neutrino
masses and finally also predict the quark and lepton mixing angles and CP phases.

Thus there are two types of predictions our example models make: As discussed in 4.4,
in general one can directly constrain GUT models from their GUT scale double ratio (4.43)

Yn Y

9.61
= (9.61)

which as mentioned previously is not affected by RG evolution or SUSY threshold cor-
rections. As for the SUSY flavour GUT models of the previous chapters, we will again
use the CG factors &= = -3, Z’—‘S‘ =06, and = = —1 in agreement with (4.43), whereas
the ubiquitous GJ relations are challenged with more than two sigma deviation from the
experimental value.

Secondly, the predictions for the Yukawa coupling ratios at the GUT scale imply — via
SUSY threshold corrections — constraints on the SUSY breaking parameters, which may be
tested at future collider searches if SUSY is discovered. See e.g. [187] for a discussion and
an explicit example of such constraints. We will discuss this link between GUT predictions
and SUSY spectrum in general in chapter 10.

Our two examples will feature different Yukawa matrix structures. In the first model
we construct diagonal down-type quark and charged lepton Yukawa matrices Y; and Y.,
with all quark mixing originating from the up-type quark Yukawa matrix Y,. Then, in the
second model we realise the attractive feature of ¢ originating from Yj.

9.4.1 A model with diagonal Y; and Y. Yukawa matrices

We now turn to our first model featuring diagonal down-type quark and charged lepton
Yukawa matrices Y; and Y, in the flavour basis. An approach to flavour (GUT) model
building with diagonal Y, (and Yj) has been discussed in [188]. In this case all the mixing
in the quark sector has to come exclusively from the up-type quark Yukawa matrix Y.
Explicitly, our model has the following structure for the Yukawa matrices

ya 0 0 —3%a 0 0 Y1 Yz Yis
Yo=10 ys 0|, Ye= 0 6ys 0 s Y= vi2 y22 w3 | - (9-62)
0 0 w 0 0 _%yb Y13 Y23 Y33

We introduce flavon superfields 6#,, 65, 03, and 6, that obtain a vev and generate the
hierarchical structure of the Yukawa matrices. After the flavons and the GUT breaking
Hy, and H), obtain their vevs, the Yukawa matrices (9.62) originate from the effective
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superpotentials

Wu - FH5TT92092 + H57'1759292 —|— A H5T7§,9102 + A2 H57§7§
1
+ XH5757591 + HsT3T5 (9.63)
. 6,
Wd <Sl> (H24‘F3) (H57?’>)5 + o <S/> [H2475]10 [HE"FQ]

04

(S’> (5 [H3,Filgs [ﬂH24H5]

(9.64)

45 7

where like for the SUSY flavour GUT models in the previous chapters, we do not show order
one coefficients, and denote the different messenger masses generating W, by a generic A.
However, keep in mind that this is just for the sake of simplicity and different entries in
the Yukawa matrix should be understood as independent parameters. The ratios of flavon
vevs and messenger masses is small of about 1072 — 1071, A list of all superfields, including
their charges under the shaping symmetry, is presented in tables D.5 and D.6 in appendix
D.

In order to construct the desired CG factors and to guarantee the unique contraction of
SU(5) indices as shown in (9.64), the effective superpotential has to be UV completed by
messenger fields Z;, Z;, and the adjoint Hj, must be charged under shaping symmetries.
We therefore implement superpotential (a) for the adjoint superfields. Since in this case
the second adjoint Hay is left uncharged, direct mass terms for the messenger fields M;Z; Z;
would always be accompanied by terms of the form

(Hy)Z: Z; | (9.65)

which would inevitably spoil the desired CG factors between Y; and Y.I' [93]. To avoid this
problem and still generate the desired operators, the masses of the messenger fields that give
rise to W, originate from vevs of the SU(5) singlet superfields S and S’, which are charged
under the shaping symmetry (but with different charges than HY,). The full messenger
sector, which yields the effective superpotentials W,; and W, when it is integrated out,
can be read off from the supergraphs presented in figures D.13 and D.14 in appendix D.
We would like to make two remarks: First, note that the vev of S also gives masses to
the heavy messengers of the DMPM (see 9.2.2). Secondly the CG factor —% for the 1-1
element of Y, emerges from the heavy messenger X,5 of the DMPM, as shown in figure 9.4.
Therefore there is no requirement to introduce another Higgs field Hys transforming as 45,
as we had to in the SUSY flavour GUT models of the previous chapters. Let us discuss
the effective triplet masses for the proton decay channels involving the triplet of X45. The
full mass matrix for all triplets of the DMPM before any messengers are integrated out is
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04 T

1,
\\ Zis5 1 245,1 Zy52 Zi59 X5 Xus /
s N

Fi H H Hy,

(" () ()

Figure 9.4: Supergraph leading to y. = —%yd when the heavy messenger fields are inte-
grated out.

given by

Hs HY Xus Yis 750 Xis  Yis 750
B /0 0 0 0 0 0 Vi 0
H o w 0 Vi 0 0 0 0
x| Vi 0 (S) 0 0 0 0 0
vis | 00 0 (S) Vi 0 0 0

=gl 00w <0> (8) 00 0 |’ 990

x| 0 Vi 0 0 0 (S 0 0
v | 00 0 0 0 0 (S W
2z, \0 0 0 0 0 Vi 0 (S

where V) is defined in (9.52) and we have annotated the rows and columns for a better
overview. The proton decay mediated by the triplet pair in H5 and X5 is then suppressed
by the effective triplet mass (9.36)

‘/17

dim=5) _ (. —1 -1 _ .
(MT )31 - ( T )31 (S)op!’ (9.67)

which is about two orders of magnitude larger than the effective triplet mass associated
with proton decay mediated by the triplets in H5 and Hj (9.29)

im= VS
(M% 5)11 - _<S>16u/ :

(9.68)

Also the dimension six proton decay mediated by the triplets in X5 (9.40)

AN

( %im:6)33 ~ |<S>‘4 : (9.69)

is approximately four orders of magnitude larger than (9.30)
> W
TS

It is thus sufficient to limit our discussion to the effective triplet masses of proton decay
mediated by the triplets in Hs and Hj.

(9.70)

(1)
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Finally note that the additional colour triplets of all DMPM messengers, HZ, and H}
can couple to the matter superfields only via effective operators, which can contribute to
proton decay but are suppressed compared to the leading operators by one or more powers
of J\Hd_i and % Their contribution can thus safely be neglected.

Let us now comment on the phenomenology of Y; and Y,,. The hierarchical structure of
Y, is enforced due to the use of higher order effective operators in W,;. The eigenvalues of
Y, and the mixing angles are given in leading order in a small angle approximations as

2
Yy Y12 Y23 Y13
yu%yn——lz, Ye R Y22, Y RYsz, Oom=—, bp~=="7, Oig~—7. (9~71)

Y22 Y22 Y33 Y33
Phenomenology requires that all parameters y;; of Y,, are independent, which needs to be
carefully considered in the construction of the messenger sector. When we present the
messenger sector in appendix D we also discuss that a similar choice of messenger fields,
which generates the same structure (9.62) for the Yukawa matrices and thus would seem
as an equally viable choice, in fact predicts invalid dependencies between the quark mixing
angles.

We argued in 9.2.2 that for the case of an uncharged Hyy, as it appears in the selected
superpotential (a) for our model, the mass term for the additional Higgs fields HfH. must
come from the vev of some singlet field. In our model an effective p/ term is generated
from a higher-dimensional operator and with an even higher suppression, there is also a
p-term for the Higgs fields coupling to matter

W = HsHy + @/ HLHY (9.72)
where (0,)° (0,) (02
/ 3 3 4
= and pu=-——— . (9.73)

Alternatively, we checked that an UV-complete generation of these u and p’ operators
via messenger fields would be possible. However, the necessary messenger fields are not
included in the model since it turns out that the desired masses are already generated by
Planck scale suppressed effective operators.
Integrating out the heavy 45 and 50 messengers and after SU(5) gets spontaneously
broken, the effective triplet mass for dimension five proton decay is given by (9.29)
8 81 /3
Mgim:S = [ — Vvl ~ _ Vvl MPI , (974)
(S)0u" (5)%(0s)*

and the effective triplet masses suppressing dimension six proton decay by (9.30)
‘/14

(9)

Let us give an explicit example for the scales involved in the model: Because of pertur-

bativity the mass of the 50 messengers has to be almost at the Planck scale. We therefore
assume

dim=6 __ 3 ydim=6 __
Mim=6 — pydim=6

(9.75)

(S) ~ 107" M, . (9.76)
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Using the known values of the Yukawa couplings, we can estimate the values of the rele-
vant masses of our model. At the GUT scale with tan 8 = 30 the Yukawa couplings are
approximately given by [91]

yg~16-107*, y,~3-107%, and y,~0.18, (9.77)
which in our example model are (up to order one couplings) given by the operators

o ) VL)) (H) (6
(SR T e

Then we find from (9.52), (9.74) — (9.78) for the effective triplet masses, the p-term, and
the mass of the additional heavy Higgs doublet the following values

H/
and  y, ~ (Ha) : (9.78)

(5")

ME™=5 1410 GeV , p~ 225 GeV
MEm™=0 ~14.10"2 GeV, i/ ~130 TeV, (9.79)

where we assumed a SUSY scale Mgysy = 1 TeV, %—éj =1, and % = 1.2.* With these
parameters, the GUT scale is given by

Mgyt ~ 6.4 - 10' GeV . (9.80)

Although these numbers are only estimates, which neglect order one couplings, they
illustrate the model’s key features: the DTS problem is solved by the DMPM with large
effective triplet masses suppressing the proton decay rate and the fermion mass ratios are
realistic. The small pu-term emerges from a Planck scale suppressed operator. We remark
that the DMPM does not suffer from any dangerous Planck scale suppressed operators,
due to the charge assignment of the singlet field S.

9.4.2 A model with 0, from Y}

Motivated by our SUSY flavour GUT models [2,3] presented in the previous chapters to
explain OYMNS 5 f sin OFMNS via charged lepton corrections [1] and a right-angled quark
unitarity triangle [157], we present a second example model, which realises the attractive
feature of fc emerging dominantly from the down-type quark mixing 6c ~ 6¢,. The

Yukawa matrices are given by the following structure

0 Yag, O 0 6Ya,, O yin Y1z 0O
Vo= Van v Of.Yo=|—3%a. 6ys 0 |.Yu= /{112 v v3] . (981)
0 0w 0 0 _%yb 0 w23 Y33

Our strategy requires to couple F; and F, to 7Ty, but both fields need to be distinguished
from each other by shaping symmetry since F» needs to couple to 77 while F; must not

“Vevs Vi and Vs with cot By = 1.2 and Vi = 3.4-10'6 GeV are obtained in superpotential (a) with the
real parameters A\ ~ 0.19, k' ~ 0.04, and M}, = Moy ~ 7-10** GeV, see [4,158].
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couple to 7;. This suggests to employ at least a Zs shaping symmetry and we therefore
use superpotential (b) from section 9.2.3, where Hyy and HJ, are charged.

The effective superpotentials that yield the desired Yukawa matrices after integrating
out heavy messenger fields and breaking of the GUT gauge group are

1 1
W, = 5 H Tt + A2H5T750 + A2H57‘27592+ FHToTs0y + HsTsTs o (9.82)
1 0 . 04
Wy = I3} o (Hy F3)5(HsT3)s5 + <S?>Q(H2475)10(H5}—1)ﬁ 52 oz (H3uTo)w(Hs Fa)io
1 _
+ W(HQ4.F2)R(7EH24H5)45 ; (9.83)

where again we use a common placeholder A to denote a generic messenger mass and the
messenger fields responsible for W, obtain their masses from vevs of singlet fields. Note
that in comparison to Y, of the previous example model (9.62), the vanishing Y,,, element
requires to introduce an additional flavon field 65.

The supergraphs that generate these effective operators are shown in figures D.15 and
D.16 in appendix D. A complete list of all superfields including their charges and rep-
resentations is given in tables D.7 and D.8. Note that again we do not introduce a new
Higgs field Hys that couples to matter superfields, but the CG factor —% emerges from the
DMPM messenger Xys, see figure 9.5. Analogously to the discussion below figure 9.4, it is

T

Figure 9.5: Supergraph yielding the CG factor —3 When the heavy messenger fields are
integrated out.

sufficient to limit our discussion to the effective triplet masses of proton decay mediated by
the triplet pair in Hs and Hj, since the effective triplet mass of the X5 decay channel is
orders of magnitude higher. Other effective operators coupling matter superfields to other
. . . M
triplets of the DMPM are again sufficiently suppressed by powers of M_ij
In a small angle approximation the mixing angles and Yukawa couplings are given by

Yd12Yd Yd
yd ~ 12 21 , 00 912 ~ 12 ,
Ys Ys
2
Yy Y23 Y12
Yu = Y11 — Zi2 s YR Y, YR Ysz, b, O3~ —ls, (9-84)
Y22 Y33 Y22

and in leading order the strange and bottom quark Yukawa couplings are given by the
parameters y; and y, of Yy in (9.81). Thus the Yukawa matrices can fit the experimental
values without tension.
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Let us now discuss the DMPM details of the model. As in 9.4.1, the mass terms of
the Higgs fields HsHs and HLH! are generated from Planck suppressed effective operators
(9.72) with
/ <‘94>4

(03)*
and p = .
Msl M§’1

" (9.85)
Although p and g appear at the same order, a modest hierarchy (03) < (6,) sufficiently
splits their masses. We will see below that indeed such a slight hierarchy is realised in our
model.

The effective triplet masses (9.29) and (9.30) are given by

. V38 V8 M3
Md1m=5 — . 1 ~ _ 1 Pl 986
PSR e S TSy, (9-86)
‘/14

Mim=6 _ pfdim=6 o, (9.87)

(9)

As for the first example model we can estimate the values of the relevant masses in an
explicit example from the known Yukawa couplings [91]. In a small angle approximation
the down-type Yukawa couplings are given by

UL SO
and -
?/bN<T2/A;%O.18, (9.89)

where the numerical values are valid for tan 5 = 30 and again order one coefficients have
been neglected. Again, because of perturbativity we assume (S) = 107" M. Then the
numerical values of the effective triplet masses, u, and i/ can be estimated

ME™=5 = 1.4-10" GeV, MI™5 10" GeV, p~7TeV, ' ~800TeV, (9.90)
where we assumed tan By = 3.° Note the solutions for (fs) and (6,), which are
(03) ~2-10" GeV and (f4) ~ 610" GeV , (9.91)

whose slight splitting explains the huge hierarchy between p and p/, as mentioned above.
We also find

Msysy =~ 26 TeV  and Mgyt ~ 3.4 - 10'7 GeV . (9.92)

Also in our second model we thus successfully suppress proton decay via large effective
triplet masses, where the DTS is achieved via the DMPM with two adjoints. The Yukawa
sector of the model features viable fermion masses and mixing angles. A small u-term for
the Higgs doublets emerges from Planck suppressed effective operators.

°In superpotential (b) this tan Sy can be obtained with V; = 3.2 - 10'® GeV from real parameters
A~107% N ~1.3-107% and M ~ 2.4 -10'2 GeV, see [4,158].
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9.5 Proton Decay

We now turn to a discussion of proton decay and start by discussing the dimension five
operators (5.85)

Wr = (YuQ - L — Y, qUD) T® + (Y, UE* = Y,,Q - Q) T® | (9.93)

which are usually considered to be the greatest danger for the validity of any SUSY GUT
model. To suppress proton decay sufficiently, the colour triplets have to be very heavy or
their couplings to the matter fields should be very strongly suppressed.

Minimal SU(5) models lead to wrong predictions for the quark-lepton mass ratios. In
many models it is thus assumed that non-renormalisable operators resolve this problem,
at least for the first two generations, as for example [146,189]. In such settings the model
loses predictability and usually it is impossible to calculate the strength of the coupling
between matter fields and Higgs triplets.®

In our method viable GUT scale quark-lepton mass ratios are predicted by new CG
factors due to specific effective operators, which are uniquely obtained by integrating out
a distinct set of messenger fields charged under a shaping symmetry. With the same
technique also the GUT scale Yukawa couplings to Higgs triplets are predicted from group-
theoretical CG factors. These CG factors for the triplet Yukawa couplings have been
calculated by the author’s collaborateur Vinzenz Maurer from dimension five and dimension
six operators containing one or two adjoints [4,158]. The CG factors used in our models
are listed in figure 9.6.

Then the Yukawa matrices of our first model 9.4.1 are given by

) , 1 3
Yd - dlag (yd7 Ys, yb) 5 }/e - dlag (_Eyd7 6?/57 _éyb) P (994)
) 3 ] 2
Yy = diag | ya, ys, o) Y,q = diag V> —4ys, Yp | (9.95)
1
Y, = §Yu , Y.=Y,, (9.96)
where the structure of Y, can be read off from (9.62). For the second model 9.4.2 we find
0 a2 —§yd 12 O
Yo= | Ya21 Ys 6yd 21 63/3 0 ) (997)
0 0 w _%yb
0 Yae 3yd,12 0
Y:;l = | Yd21 Ys 0 , Yy = —4yd,21 -4y, 0 ) (9-98)
0 0 3y 0 0w
1
Y, = §Yu ., Y.=Y,, (9.99)

6GUT textures for proton decay, without fully constructed models, have been considered, for example,
n [190].
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Dimension five operators

AB CD R (Ya)i (Yo)ji» (Ya)iy o (Yua)ij
Hou T, FiH; 10 1 : 6 : 1 : —4
H24.F:7' 7;H5 5 1 . —% . —% . 1

Dimension six operators
AB C DE IR (Yo)iy: (Yo)u: (Ya)y: Yua)y
H24 H5 7: H24 E EE 1 . —% . 1 . %

Figure 9.6: Supergraphs generating Yukawa couplings upon integrating out messengers

fields in representation R;, R;, used in our models. See [4,158] for an exhaustive list and
discussion.

where the structure of Y,, can be read off from eq. (9.81).
When the heavy Higgs triplets are integrated out the baryon number violating effective
operators (5.86) emerge

Y,..Y.
W,B/_ 995 * ali (Qz Q]) (Qk Ll) +

- dim=5
My

Yudi]‘ Yuekl

which are denoted LLLL and RRRR operators, respectively. Note that due to the total
anti-symmetry of the SU(3)¢ indices the dimension five operators need to be non-diagonal
in flavour space [139]. In order to predict the proton decay rate, the RGE evolution to the
SUSY scale has to be calculated, where these operators need to be “dressed” by MSSM
sparticles to dimension six operators, as shown e.g. in figure 5.5. These sparticles are then
integrated out to form dimension six operators, which finally are evolved to the energy
scale of the proton, see e.g. [82] and references therein. Such an extensive study, which
i.e. would ultimately require to explicitly construct predictions for sparticle masses and
mixings, goes beyond the scope of this thesis.

Let us now turn to a qualitative discussion of dimension five proton decay in the consid-
ered class of models. Firstly, note that due to the predicted flavour structure of our models
and especially for the model 9.4.1 which features diagonal Y,; and Y, in flavour space,
one can expect that decay channels which require a flavour transition in these matrices
are suppressed. Thus, combining the DMPM with our setup of CG factors, messenger
fields, and shaping symmetries is more predictive than conventional GUT models, since it
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allows to determine the specific flavour structure of all Yukawa matrices relevant for proton
decay. Note that due to the shaping symmetry, both of our models guarantee the absence
of Yukawa matrix entries from other DMPM messengers’ triplet components, which would
lead to a lower M{™=5_ This is, of course, model dependent and has to be checked for any
specific model.

Also, by introducing a second adjoint into the DMPM, we have seen that the effective
triplet mass M{™=5 can become conveniently heavy, while keeping the GUT breaking
superpotential renormalisable and thus maintaining predictability for CG factors. With
a SUSY scale of one TeV superpotential (b) yields an effective triplet mass of roughly
5-10'% GeV, which raises higher with increasing Mgysy. And as can be seen in figure 9.3,
for superpotential (a) there is a broad region of parameter space where the effective triplet
mass can be easily above 108 GeV.

Finally, let us comment on the SUSY dressing of the LLLL and RRRR operators.
Because gluino and neutralino dressings are flavour diagonal”, the dominant diagrams are
due to chargino exchange [140, 142], where wino and Higgsino dressings are related to
the LLLL and RRRR operators, respectively, as illustrated for the example diagrams in
figure 5.5. Then, the Wilson coefficient for the effective dimension six operator due to
wino exchange contains the gauge coupling g%, whereas the Wilson coefficient for Higgsino
exchange contains additional Yukawa couplings. Thus, the contribution of the RRRR
operator is enhanced by tan? 3 (for large values of tan 3) [191], thereby posing a challenge
for many GUT models relying on tan 8 ~ 50. Compared to such models, our setup with
Z—; = —% requires only moderate tan 8 =~ 30 and thus the RRRR operator is relatively
suppressed by a factor of roughly three.

Therefore, in total we expect the proton decay rate to be sufficiently small, but possibly
in the reach of the next generation of proton decay experiments, due to the very large
effective triplet mass in the DMPM and predictive Yukawa coupling matrix structures.

Let us now turn to a discussion of dimension six proton decay operators, which appear
also in non-SUSY GUTs. First, we discuss the dimension six proton decay mediated by
colour triplets, which originates from the Kéhler potential (9.37)

Ky =T, T +T,T: . (9.101)

When the colour triplets are integrated out of the superpotential (9.93), they also have to
be integrated out of the Kahler potential, yielding dimension six baryon number violating
Kahler operators

Yoo Yoo Yo, Vi
Ky = -2t 0, Q U B — 22, QLU DE" + hec. . (9.102)
(M=) (M=)

Again, these operators have to be evolved from the GUT scale to the energy scale of the
proton mass. Proton decay is suppressed by high enough effective triplet masses M$m=6

"Note that for degenerate squark masses of the first two generations, as is typical in many SUSY
scenarios, the diagrams with gluino dressing approximately cancel each other due to a Fierz identity [139].
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and M%im:ﬁ. Since in terms of superfield components the dimension six operators are
effective four fermion operators, there is no need for a sparticle dressing. Therefore, the
resulting proton decay rates are independent of the details of the SUSY spectrum.

We close this chapter by commenting on dimension six proton decay due to heavy X
and Y gauge boson exchange, which due to the higher unification scale in SUSY GUTs are
considered to be less dangerous [145]. The gauge sector of our SU(5) model is exactly the
same as in minimal SU(5), therefore the proton life time can be estimated by (4.30)

m5

I, ~al—"— (9.103)
“ Myt

neglecting effects due to RGE evolution and order one coefficients due to nuclear matrix

elements. Since the GUT scale can be easily above 10'® GeV and /a, ~ %, the proton

decay rate from dimension six operators is sufficiently small, but possibly in the reach of

the next generation of proton decay experiments.
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PART V

Supersymmetric threshold
corrections



CHAPTER 10

Predicting the Sparticle Spectrum from

GUTs via SUSY threshold corrections with
SusyTC

In the final chapter of this thesis, we close the last edge of the triangle in figure 1.2 and
discuss supersymmetric one-loop threshold corrections. In part III of this thesis we dis-
cussed how GUTSs can feature predictions for quark-lepton Yukawa coupling ratios and for
relations between quark and lepton mixing angles. Whether a flavour GUT model can
successfully explain the observations in the flavour sector, depends on the RGE evolution
of the Yukawa matrices from the GUT scale to lower energies. In supersymmetric theories,
when the MSSM is matched to the SM, tan f-enhanced supersymmetric threshold correc-
tions [131,132] are essential in the investigation of quark-lepton relations and thus link a
given GUT flavour model to the sparticle spectrum.

Two predictive flavour GUT models were presented in chapters 7 and 8. Here we present
our software tool SusyTC, which was introduced as extension to the Mathematica package
REAP [163] in [5], where we calculated the one-loop SUSY threshold corrections for the
full down-type quark, up-type quark, and charged lepton Yukawa coupling matrices in the
electroweak unbroken phase.

10.1 The REAP extension SusyTC

In our SUSY flavour GUT models in part I1I, we constructed the GUT scale predictions
Ye = —%yd, Y, = 6ys, and y, = —%yb.l Other promising quark-lepton mass ratios at the
GUT scale have been discussed in [83,92,93], e.g. y, = gys, see the discussion in 4.4.
Moreover, many GUT models feature b — 7 or b — 7 — ¢ unification (for early work see
e.g. [138,141,192]), or the Georgi-Jarlskog relations (4.28) [87] as predictions.

!Although Y, and Y. are non-diagonal in (7.10) and (8.11), these GUT scale relations are approxi-
mately satisfied after the Yukawa matrices are diagonalised. This can also be seen from a small angle
approximation (6.26).
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As mentioned in 5.4 and above, in supersymmetric GUT models the SUSY threshold
corrections can have an important influence on the Yukawa coupling ratios. When the
MSSM is matched to the SM, integrating out the sparticles at loop-level leads to the
emergence of effective operators, which can contribute sizeably to the Yukawa couplings,
depending on the values of the sparticle masses, tan 3, and the soft-breaking trilinear
couplings. Thereby, via the SUSY threshold corrections, a given set of GUT predictions

for the ratios Z—;, Z—”, and ‘Z—d imposes important constraints on the SUSY spectrum.

With the discovery of the Higgs boson at the LHC [193] and the possible discovery of
sparticles in the near future, the question whether a set of SUSY soft-breaking parameters
can be in agreement with both, specific SUSY threshold corrections as required for realising
the flavour structure of a GUT model, and constraints from the Higgs boson mass and
results on the sparticle spectrum, gains importance. To accurately study this question, we
introduced the new software tool SusyTC as a major extension to REAP [163].

REAP, which is designed to run Yukawa matrices and neutrino parameters in (SUSY)
seesaw scenarios with a proper treatment of the right-handed neutrino thresholds, is a
convenient tool for top-down analyses of flavour (GUT) models, with the advantage of an
user-friendly Wolfram Mathematica front-end. However, the SUSY soft-breaking sector is
not included. In the analysis of our SUSY flavour GUT models in part I1I, we therefore
had to incorporate the effect of SUSY threshold corrections as mere model parameters at
an user-defined “SUSY” scale in a simplified treatment assuming, e.g., degenerate first and
second generation sparticle masses, without specialising any details on the SUSY sector.
Although this procedure is quite SUSY model-independent, it only allows to study the
constraints on the SUSY sector indirectly (i.e. via the introduced additional parameters
and with simplifying assumptions), and it is unclear whether an explicit SUSY scenario
with these assumptions and requirements can be realised. Let us remark here that the
latest version of REAP has implemented such a treatment of SUSY threshold corrections as
additional model parameters.

In this chapter however, we want to make full use of the SUSY threshold corrections
to gain information on the SUSY flavour structure from GUTs. We have thus extended
and generalised various formulae in the literature which are needed for a precision analysis
of SUSY flavour GUT models and implemented them in our software tool SusyTC. It
includes the full (i.e. CP violating) MSSM sector, a computation of the sparticle masses,
and a careful calculation of the one-loop SUSY threshold corrections for the full Yukawa
coupling matrices in the electroweak-unbroken phase. The matching of the MSSM to the
SM, including DR to MS conversion, is then automatically performed at the SUSY scale.
For a further processing of its results by external software, e.g. for performing a two-loop
Higgs mass calculation, SusyTC also calculates the one-loop corrected DR value of y, the
one-loop corrected pole mass of the charged (or the CP-odd) Higgs boson and provides
output in SLHA conventions as Les Houches file [123,194].

We have developed SusyTC specifically to perform top-down analyses of SUSY flavour
GUT models. This is a major difference to other well-known SUSY spectrum generators
(e.g. [195-198], see e.g. [199] for a comparison), which run experimental constraints from
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low energies to high energies, apply GUT scale boundary conditions, run back to low
energies and repeat this procedure iteratively. SusyTC instead starts directly from GUT
scale input, which can be defined as general (complex) Yukawa, trilinear, and soft-breaking
mass matrices, as well as non-universal gaugino masses and m%u and m%d. The RGEs for
these parameters are solved to obtain their values at low energies, thereby enabling an
investigation whether the GUT scale Yukawa matrix structures of a given SUSY flavour
GUT model are in agreement with experimental data.

10.2 SUSY threshold corrections & numerical
procedure

We now present the numerical procedure and the formulae for the SUSY threshold correc-
tions. Note that in this chapter we follow the notation of REAP [163] (see also [105]) and use
an RL convention for the Yukawa matrices. These differ from the SLHA conventions [123]
used in the previous chapters. They can easily be translated by

REAP & SusyTC | Y, Y; Y. T, 1T; T, m2 m% m2
SLHA vl v onh i 17 (mp)t (m3)T (m2)T

Thus the MSSM superpotential extended by a type-I seesaw mechanism is given by
Waissut = Ve, ECHy - L + Yy, NeH, - I
1
+ Ydi‘jD;:Hd : Qj - Yu”Uchu : Qj + EMHHNZCNJC + :UHu -Hg (101)

and the soft-breaking Lagrange density by

1
— Loty = §Ma)\“)\“ + c.c.
+ T ha L+ Ty b - Ly + Ty diy ha - Qg — Ty Wi, h - Q + coc.

m2 O, + Eim2 Li 4 @t m2 dip + dhm2 dp + 8% m2 ép + 0% m2 i
+ Qim@j@] + Limiiij + Up,my, Ur; + dRimJidej + €p,mz, €R; + VR My, Vg,

+mj |ha|* + mj, |hal® + (M3hy - ha + c.c.) . (10.2)

Since REAP includes the RGEs in the type-I seesaw extension of the MSSM (with the DR
two-loop S-functions for the MSSM Yukawa matrices and the neutrino mass operator given
in [105]), we have calculated the DR two-loop S-functions of the gaugino mass parameters
M,, the trilinear couplings 7%, the sfermion squared mass matrices m?;, and of the soft-
breaking Higgs mass parameters mj and mj_ in the presence of Y, M,, and m2,
the general formulae of [136]. We list these S-functions in appendix E.

SusyTC calculates the SUSY scale

using

Q = /m;my, (10.3)
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where the stop masses are defined by the up-type squark mass eigenstates 4; with the
largest mixing to ¢; and #,.2 The Yukawa matrices and soft-breaking parameters are then
evolved from the GUT scale to the SUSY scale and REAP automatically integrates out the
right-handed neutrinos at their respective mass scales in doing so. Note that we assume
the mass of the right-handed neutrinos to be much larger than the SUSY scale (). REAP
also features the possibility to add one-loop right-handed neutrino thresholds for the SM
parameters, following [200].

At the SUSY scale @), SusyTC then calculates the tree-level sparticle masses, mixings and
the SUSY threshold corrections. These can be subdivided into two classes: Firstly there are
tan S-enhanced threshold corrections, which arise for Y, and Y, since at the one-loop level
down-type quarks and charged leptons couple to h, via exchange of sparticles, as shown
in figure 10.1. These are the most relevant contributions to the corrections of the quark-
lepton Yukawa coupling ratios. The corresponding threshold effects to Y, arising from
effective couplings to hg, are tan S-suppressed. The second class of threshold corrections
emerges from the supersymmetric loops shown in figure 10.2. While some of them are
strongly suppressed, others are proportional to the soft SUSY-breaking trilinear couplings
and can become important in some cases. A third class of threshold corrections, due to
wave-function renormalisation of the external fields, will be implemented into a future
version of SusyTC. Given the precision of our numerical analysis in 10.4, their additional
contribution can be neglected at present.

Considering heavy sparticles and large () = TeV, SusyTC calculates the SUSY threshold
corrections in the electroweak unbroken phase. There are in total twelve types of loop
diagrams, which are shown in figures 10.1 and 10.2 for Yj;. In the basis of diagonal squark
masses the SUSY threshold corrections for Yy are (in terms of DR quantities) given by

tanﬁ(ng+ng+ﬁ5+ﬁfj) +

ij

) ) 1
Y Ydl\i/JL_SSM cos B <1 I T (eg/ + ef; + Ezj;))

~ 1
+Tcll\ijSM 0085167T2 ( 5+ 5) ; (10.4)

1672

where
2 2
8 M* ms mx
G 2 l’ d’L QJ
e o —— —_—
hij 3937, 2(Mg’ Mg) ’

2
3 My (M2,
UW = gg 2H2 227 2] )
1 p2’

2 2 2 2
3 1 ms Ma. 1 My me M2 1 M M2 Mg
=2 (gt (G S ) g2 (T M) M (M0 ))
) 9 M, M:" Mj 3 W 6 u W

2SusyTC can also be set to use the convention ) = ,/mg, mg, or an user-defined fixed value for the
SUSY scale, as described in appendix G.
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LYy, T\

correspond to the tan S-enhanced loops of Figure 10.1, and
eV

2 a2 mi
we Ms
= 129%000 (@27 3 Q]) 9
2

(10.5)

2
. 2 m
Umn, Yunj H2 ’l;n ) ng )
d'LJ n.m ’LL ILL
2 2
G §g2 1 ) M, mQj
U378 M, M2 MZ )
= .

(10.6)
correspond to the loops in Figure 10.2, respectively, where the contributions
become important in cases of small tan 5 and large trilinear couplings. The loop functlons
H, and Cy are defined as

and
xlog(x
Hg(l'7y) = g( )

ylog(y)
A—)@—y)
OOO(Qa -T,y) El (3

2\~ 108;((])

Can

-9y -0)° (107
z?log(x) y? log(y)
A=)z —y) )

Q-yly—2))
Y, T are the Yukawa and trilinear coupling matrices rotated into the basis where the
squark mass matrices are diagonal, using the transformations

(10.8)
m% = WQmé dmgWT

iSzNJ FaTld

Wam? d’“QWT
Y, = WY, WT ,

T, = WiT, WT ,

and analogously for down-type (s)quarks and charged (s)leptons

The SUSY threshold corrections to Y, are given by

(10.9)
1
SM MSSM 1% 0% B
Ye” Y cos 8 (1 + 6.2 tan (3 (7-., + T ) 162 (5ij + 5ij)>
=MSSM B
+T6¢j 251

(10.10)
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Figure 10.1: tan g - enhanced SUSY threshold corrections to Yj.

with the tan S-enhanced contributions

2
3 ,M; M3 ™M
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Figure 10.2: None tan g - enhanced SUSY threshold corrections to Yj.

2
3,1 2 my
&) = —gi—Ho (me’ LJ) : (10.12)

57" M, M2’ M}

The diagrams for the Y, SUSY threshold corrections are analogous to the ones in figures
10.1 and 10.2, with the exception that the loop diagrams shown in the top rows do not
exist.

Turning to Y,, the types of diagrams which were tan S-enhanced for Y; and Y, are
now tan S-suppressed. However, there also exist SUSY threshold corrections which are
independent of tan S and enhanced by large trilinear couplings. These SUSY threshold
corrections to Y, could have important effects. For example the SUSY threshold corrections
to the top Yukawa coupling y; can be of significance in analyses of the Higgs mass and
vacuum stability. The expression for the Y, SUSY threshold corrections can be readily
obtained from the SUSY threshold corrections to Yy (10.4)—(10.6) by the replacement

d—u,
cosf —sinf, (10.13)
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with the exception of the bino-loops, whose contribution become

2 2 2

3 2 my Mg 2 My m2  M? 1 My M2 Mg,

i =3t (gt Tk ) 5ot (G ) — gt (S =) )
) 9 M, M7 Mj 3 W 6 W

2

3,/(8 2 M2 om2 2 2 N2 Mg

Eﬁz_g% _COO a ) 17 - __COO H ) 17 < )

i 5 3 Q2 12 2 3 Q2 12’ 2

2
3.2 1 2 mgs
B_Spt g (mul Qﬂ>7 (10.14)

59905, 2\ 3

due to the different U(1)y hypercharges of the (s)particles in the loop. The loop diagrams
are identical to the ones of Figure 10.1 and 10.2, with u exchanged by d.

After the SUSY threshold corrections are calculated in the DR scheme, REAP converts
the Yukawa and gauge couplings to the MS scheme following [194].

Finally SusyTC calculates the values of [u| and mg from mj , mj , tan 3, and My by
requiring the existence of spontaneously broken EW vacuum, analogously to the discussion
in 5.4. This is equivalent to vanishing tadpole coefficients, and we employ the one-loop
tadpole equations of h, and hy to obtain the one-loop corrected DR expressions of (5.69)

W 1 - i
o= eion \/5 (tan(28) (m3, tan 5 —m} cot3) — MZ — Re (1}, (M3))) , (10.15)
with mj = mj —t, and mj = mj_ — tq. In the real (CP conserving) MSSM the

phase ¢, is restricted to 0 and 7. The expressions for the one-loop tadpoles t,, tq, and
the transverse Z-boson self energy 117, are based on [201], but extended to include inter-
generational mixing, and presented in appendix F. Because p enters the one-loop formulae
for the threshold corrections, treating t,, t4, and I1%, as functions of tree-level parameters
is sufficiently accurate. The one-loop expression of the SUSY soft-breaking mass mg is
calculated as

%:¢3W@@Wi”%%ﬂ@+%mkw@mmw» (10.16)

If desired, SusyTC allows to outsource a two-loop Higgs mass calculation to external
software, e.g. FeynHiggs [127-129], by calculating the one-loop corrected pole mass my+
(m4) as input for the complex (real) MSSM

1 3 3 N
e = (miu i, — M2 — Re (TTh, (M2)) + 312,
— Re (T g+ - (mH+))+tdsinzﬁ+tu(:0826) , (10.17)

1 _ _
= (mzu R, — M3 Re (115, (M3))
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Re (Ila4 (ma)) + tqsin® B + t, cos® B) , (10.18)

where My, is the DR W-boson mass given as

0(Q)

M} (Q) = Mp, + Re (I (Miy)) = g2 5

(10.19)

with My and My pole masses and the DR vacuum expectation value 9(Q) given by

M7 + Re (ng (M§>)
297(Q) + g5 (Q)
As in the previous formulae, the self energies IIy+y- and [144 are based on [201], but

are extended to include inter-generational mixing and understood as functions of tree-level
parameters. They are given in appendix F.

0*(Q) =4 (10.20)

10.3 A brief introduction to SusyTC

In this section we provide a “Getting Started” calculation for SusyTC. A full documentation
of all features is included in appendix G. Since SusyTC is an extension to REAP, an up-to-
date version of REAP-MPT [163] (available at http://reapmpt.hepforge.org) needs to be
installed on your system. SusyTC consists out of the REAP model file RGEMSSMsof tbroken.m,
which is based on the model file RGEMSSM.m of REAP 1.11.2 and additionally contains,
among other things, the RGEs of the MSSM soft-breaking parameters and the matching
to the SM, and the file SusyTC.m, which includes the formulae for the sparticle spec-
trum and SUSY threshold correction calculations. Both files can be downloaded from
http://particlesandcosmology.unibas.ch/pages/SusyTC.htm and have to be copied
into the local REAP directory.
To begin a calculation with SusyTC, one first needs to import RGEMSSMsoftbroken.m:

Needs["REAP ‘ RGEMSSMsoftbroken ‘ "];

The model MSSMsoftbroken is then defined by RGEAdd, including additional options such
as RGEtanf:

RGEAdd["MSSMsoftbroken" RGEtans — 30];

In MSSMsoftbroken all REAP options of the model MSSM are available. The options addition-
ally available in SusyTC are given in appendix G. The input is given by RGESetInitial.
Let us illustrate some features of SusyTC: To test for example the GUT scale prediction
for the Yukawa coupling ratio ‘Z—“ = 6, considering a given example parameter point in the
Constrained MSSM, one can type:
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RGESetInitial[2-10"16,
RGEYd — DiagonalMatrix[{1.2:10"-3, 2.2:10"-3, 0.16}],
RGEYe — DiagonalMatrix[{l.2-1OA—3, 6-2.2:10"-3, 0.16}],
RGEM12 — 2000, RGEAO — 1000, RGEmO — 2500];

Of course, any general matrices can be used as input for the Yukawa, trilinear, and soft-
breaking matrices, as given by the specific SUSY flavour GUT model under consideration.
Also, non-universal gaugino masses, m%u, and m,%d can be specified. The RGEs are then
solved from the GUT scale to the Z-boson mass scale by

RGESolve[91,2:10"16];

The ratio of the p and strange quark Yukawa couplings at the Z-boson mass scale can now
be obtained with RGEGetSolution, CKMParameters, and MNSParameters:

Yu = RGEGetSolution[91, RGEYul;
Yd = RGEGetSolution[91, RGEYd];
Ye = RGEGetSolution[91, RGEYe];
Mry = RGEGetSolution[91, RGEMv|;

MNSParameters[Mv,Ye|[[3, 2]1]/CKMParameters[Yu, Yd|[[3, 21]

Repeating this calculation with all SU(5) CG factors listed in table 2 of [83] and (4.45),
one obtains the results shown in figure 10.3.

As described in appendix G, SusyTC can also read and write Les Houches files [123,194]
as input and output.

10.4 The Sparticle Spectrum predicted from CG fac-
tors

In this section we apply SusyTC to investigate the constraints on the sparticle spectrum
which arise from a set of GUT scale predictions for the quark-lepton Yukawa coupling
ratios when assuming Constrained MSSM boundary conditions for the GUT scale SUSY
soft-breaking parameters.

10.4.1 General discussion

Before performing the numerical analysis for a specific example, let us first outline the
connection between the SUSY spectrum and GUT scale Yukawa coupling predictions in a
mostly model-independent discussion, with the only assumption of universal SUSY soft-
breaking parameters. This assumption might be relaxed in realistic models, however it can
be highly motivated in certain SUSY flavour GUT models. The unification of MSSM super-
fields into joint GUT or flavour symmetry representations for example predicts universal
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Figure 10.3: Example results for z—‘s‘ at the electroweak scale, considering the SU(5) CG
factors from (4.45), i.e. the GUT scale predictions Z—Z = CG, for a given example Con-
strained MSSM parameter point with tan 8 = 30, my /5, = 2000 GeV, Ag = 1000 GeV, and
mo = 2500 GeV. The area between the dashed gray lines corresponds to the experimental
one sigma range [91].

soft-breaking mass matrices for all superfields in the respective multiplets.> The absence
of deviation from SM predictions for flavour physics observables is a phenomenological
hint towards approximately flavour-universal soft-breaking parameters. Finally let us re-
mark that specific SUSY breaking mechanisms can indeed predict universal soft-breaking
parameters.

Then, the origin for predictions and constraints on the SUSY spectrum arises from
the fact that to our knowledge there exists no viable combination of GUT scale quark-
lepton Yukawa coupling ratios which fit the experimental data without the need for a
certain amount of SUSY threshold corrections. In order to obtain the required size of
these corrections, the ratios of trilinear couplings, gaugino masses, y, and sfermion masses
are constrained by the loop functions of 10.2.* In particular the SUSY spectrum has to lie
close to a common SUSY scale, in contrast to e.g. Split SUSY scenarios [202], where these
loop functions would get too suppressed. For CMSSM boundary conditions one obtains
constraints for the ratios between mg, my /s, and Ay. Furthermore, since tan -enhanced
SUSY threshold corrections are most relevant, tan  must not be too small. So far, only

3For example, in SU(5) only two soft-breaking mass matrices, one for F and one for 7 remain, and
in SO(10), where all MSSM superfields are embedded into one 16, there is only one soft-breaking mass
matrix.

4Note that this argument is also valid when only one of the first two generation quark-lepton ratios is
predicted together with the third family, since the SUSY threshold corrections in CMSSM-like scenarios
are approximately equal for the first two generations.
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constraints for relative relations between SUSY parameters were discussed. The overall
scale is finally constrained by the measured Higgs mass, which is sensitive to the sparticle
spectrum due to significant loop corrections.

10.4.2 Numerical analysis with SusyTC

Let us now perform a numerical analysis using our new software SusyTC. We consider GUT
scale Yukawa coupling ratios z—z = —%, Z—‘: = 6, and Z—; = —%, which have been used in the
construction of the SUSY flavour SU(5) models of [2-4] presented in the previous chapters
of this thesis, and also e.g. in [203]. A subset of these relation, y, = 6y, and y, = —%yb,
has been used in [204]. Note that these relations can either emerge as direct result of CG
factors in SU(5) GUTs or as approximate relation after diagonalisation of the GUT scale

Yukawa matrices Y, and Y.. Specifically, our GUT scale Yukawa matrices are given by

ya 0 0 —%yd 0 0
Yy = 0 ys 0], Y. = 0 6y )
0 0 w 0 0 =3y
. 0 0
Yu = 0 Ye O UCKM(01276137023;6) . (1021)
0 0 wu

As discussed above, we assume CMSSM boundary conditions and restrict our analysis
to the parameters mg, m; /2, and Ay. The parameter ;i is determined from requiring the
breaking of Electroweak symmetry as in (10.15) and we set sgn(u) = +1. This choice of
real p is not in conflict with the framework of the complex MSSM, since in specific models
of the GUT Higgs potential, as for example the ones discussed in chapter 9, pu can be
realised as an effective parameter of the superpotential with a fixed phase, including the
case that p is real. The last CMSSM parameter tan  is not explicitly included in our
analysis, however we have scanned over different values of tan  and found that the best
fit can be obtained for values of tan f =~ 30. For our main analysis we have therefore set
tan 8 = 30.

REAP requires a neutrino sector, we have thus added a CSD like (3.43) neutrino Yukawa
matrix Y, and right-handed neutrino mass matrix. The entries of Y, have been set to
very small values below O(1072), such that their effects on the RG evolution can be safely
neglected, and the masses of the right-handed neutrinos to values about 10** GeV, many
orders of magnitude higher than the expected SUSY scale. Such a neutrino sector is similar
to the ones studied in the models of part IIT and also [203].

Using one-loop RGEs, REAP 1.11.2, and SusyTC we determine the SUSY soft-breaking
parameters and p at the calculated SUSY scale, as well as the pole mass my+. Parameter
points which lead to tachyonic sfermion masses at any rernormalisation scale or which do
not allow for Electroweak symmetry breaking are discarded. We then pass our results to
FeynHiggs 2.11.2[127-129] in order to calculate the two-loop corrected Higgs pole masses
in the complex MSSM. Finally the MSSM is matched to the SM and we compare our results
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at the electroweak scale with the measured Higgs boson mass of my = 125.7+£0.4 GeV [14]
and the quark and charged lepton Yukawa couplings and quark mixing parameters taken
from [91]. Note that we set the uncertainty of the charged lepton Yukawa couplings to one
percent to account for the estimated theoretical uncertainty, which in our analysis exceeds
the experimental one. Similarly, we estimate a theoretical uncertainty of the Higgs mass
calculation of +3 GeV, as is commonly assumed.’

10.4.3 Results

Of our thirteen parameters, it turned out that by adjusting the seven parameters of Y,,,
we could always fit the up-type quark Yukawa couplings, the CKM mixing angles, and the
CP phase to agree with at least 1073 relative precision with experimental data.

Thus, the remaining six parameters yq, ¥s, ¥s, Mo, M1 /2, and Ag are used to fit the mass
of the SM-like Higgs boson and the Yukawa couplings of down-type quarks and charged
leptons. We found a benchmark point with a y? = 3.9:

GUT scale input parameters

Yd Ys Yp
1.30-107* 2.29.-107% 0.162
mo Ag mi/2

1607.09 —4373.61  786.95

low energy results

Ye Yy Yr
2.79-107% 5.92.107% 1.00-102

Ya Ys Yo mpo
1.60-107° 2.82-107* 1.64-10"2 125.0 GeV

Let us discuss our results in detail. First note that by looking at the low energy scale

Yukawa coupling ratios
Je 017, % —-210, and =061, (10.22)
Yd Ys Yv

the importance of SUSY threshold corrections in evaluating the GUT scale predictions for

Yukawa coupling ratios becomes evident. Note that the ratios yield an double ratio (4.43)

Yu Y
Ys Ye

5Recently, indications that the theoretical uncertainty in the “large stop mixing” region of parameter
space, which will turn out to be most relevant to our analysis, may be larger, have been discussed [205],
however there is no full agreement on this aspect. The improvement of the Higgs mass computation is an
active field of research and future studies will benefit from more precise calculations.

=124, (10.23)
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within the reported one sigma range. The effect of SUSY threshold corrections can also
clearly be seen in figure 10.4 as offset at the SUSY scale. Note that the SUSY threshold

6 L
Yu
Vs

2 L
1 I
Yo

0.5
Ye
Yd

102 10* 108 108 1010 1012 1014 1016

RG scale (GeV)

Figure 10.4: RG evolution of the Yukawa coupling ratios of the first, second, and third
family from the GUT scale to the electroweak scale. The GUT scale parameters correspond
to our benchmark point. The effects of the threshold corrections are clearly visible at the
SUSY scale Q = 940 GeV. The light grey areas indicate the experimental Yukawa coupling
ratios at My, taken from [91].

correction necessary to correct the third generation GUT scale prediction y, = —% is the
smallest. In fact one can express the ratio of the Yukawa coupling ratios above and below
the SUSY scale in terms of the parametrisation (7.26), which was employed in chapters 7
and 8 to approximate the effect of SUSY threshold corrections without specific knowledge
of the SUSY parameters. We find

1 + diag (1Qys 01+ N0s) = diag (1.27,1.27,1.17) (10.24)

i.e. our assumption of equal SUSY threshold corrections for the first and second generations
was justified. This of course is not a surprise, since we assume CMSSM GU'T scale boundary
conditions and therefore, as we will see in a moment, the squarks of the first and second
generations are approximately degenerate in mass. Such a mass degeneracy was stated in
7.4 as condition for (7.26) to be valid.

Because SusyTC calculates the SUSY threshold corrections for the full Yukawa matrices,
additionally to the quark-lepton mass ratios, as shown in figure 10.5 one can also determine
a considerable effect of the SUSY threshold corrections on the CKM angles, which in general
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Figure 10.5: RG evolution of the CKM mixing angles 9103KM and 9203KM from the GUT
scale to electroweak scale. The GUT scale parameters correspond to our benchmark point.
The effects of the threshold corrections are clearly visible at the SUSY scale Q = 940 GeV.
The light grey areas indicate the experimental values at M.

are important in the light of the very precise experimental values of the CKM parameters.

Let us now turn to a discussion of the SUSY spectrum. Our benchmark point yields a
SUSY scale of @ = 940 GeV. We find that the lightest SUSY particle (LSP) is a bino-like
neutralino with a mass of about 346 GeV. The next-to-lightest SUSY particle (NLSP)
is a stop of about 577 GeV. Note that this values where obtained as direct results of
fitting our GUT scale model to the observed Higgs boson mass and fermion masses and
mixing parameters. In particular, no bounds or cuts on the sparticle masses were applied
as well as no restrictions from the neutralino relic density.® By requiring spontaneous
electroweak symmetry breaking SusyTC calculates p = 2013 GeV. We show the resulting
SUSY spectrum in figure 10.6. The two lightest up-type squark mass eigenstates @, and o
are stop-like, whereas the sups and scharms yield the mass eigenstates us — g with almost
degenerate mass eigenvalues. Similarly, the masses of the first and second generations of
down-type squarks and charged sleptons are approximately degenerate.

An important concern in SUSY models with large trilinear couplings is vacuum stabil-

6To use the neutralino relic density as constraint, further assumptions on the cosmological evolution
would be required. For example, the neutralino relic density may be diluted if additional entropy gets
produced at late times (cf. e.g. [206]).
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Figure 10.6: SUSY spectrum with SU(5) GUT scale boundary conditions Z—Z = —%,
g—‘: =6, and Z—; = —%, corresponding to our benchmark point from section 5.

ity. Using the constraints from [134] we find that our benchmark point’s scalar potential
possesses charge and colour breaking (CCB) vacua, as well as one “unbounded from below”
(UFB) field direction in parameter space. This however not necessarily poses a threat to
our model, since the lifetime of the vacuum can still be orders of magnitude larger than
the age of the universe. The decay probability of a false vacuum can be estimated per unit
time and unit volume as [207]

(10.25)

where Sg is the Euclidean action of the bounce solution, which describes an O(4)-symmetric
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field configuration which, starting at the false vacuum for Euclidean time 7 — —oo,
“bounces” off the true vacuum at 7 = 0, and returns into the false vacuum at 7 — oo.
Requiring that the probability of a vacuum decay to happen in our past lightcone is suffi-
ciently small translates into a lower bound

Sg > 400 . (10.26)

SE can be approximated by considering a straight path g; = ¢uU connecting false and true
vacuum in field space [208].” We thus study a single scalar field ¢ with potential U(¢),
which has a false vacuum at ¢ = ¢;. The bounce solution is then obtained from minimising

Sp = 2n? /OO drr® <§0¢¢8i¢ + U(¢)) , (10.27)
0

with the boundary conditions ¢(7 — o0) = ¢, ¢'(0) = 0, and z = 1 if ¢ is canonically
normalised. The equation of motion is

&)+ ) = U'9) (10.28)

which corresponds to a classical field ¢ moving in a potential —U(¢) and subject to some
friction force [207]. Following the program of [209], Sg can be determined by rephrasing
the directions of “improved CCB” constraints in field space of [134] into the general form

U(g) = M5¢* — M3g® + A" . (10.29)

Then Sk can be approximated by [210]

22M2 .
Sg = ]\/[32 SE(/{) , (10.30)
M2
o=A (1031)

Note that Sg depends only on a single parameter and can be approximated by the expres-
sion [210]

22 16.5 28
—0.7+ g t oo T K20 (10.32)
5.4 (14 (B8 s) T k<0

272

Tunneling is possible for any value k < % and values of k < 0 correspond to “unbounded

from below” directions. The “improved CCB” directions involve one trilinear term 7' and
are in generally D-flat. Only for the case of the top squarks the scalar potential can suffer

"Note that this method yields an upper bound for Sg. A complete minimisation of Sg over all non-
trivial paths is very elaborate and beyond the scope of this thesis. Since our smallest value of Sg ~ 1090
satisfies (10.26) by far, the simplified method can be used to estimate a generally small enough decay
probability.
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from CCB vacua with non-vanishing D-terms. For all trilinear couplings T, ;, Ty,;, and T¢,;
we numerically minimised (10.30) for the corresponding “improved CCB” field direction
and checked that Sg > 400 is satisfied.

Another strong constraint on the MSSM parameter space comes from the UFB-3 direc-

tion [134]

2
md [l + B (0 2 ) bl + 4 (9% + 3) (Jh |2+Mrhu|) ha| < H,
“ Yd; Qjj 33
Ve = 2 o Ny 2 il (2 52 -9
<mhu+mi“ | P +Tj(méjj+mdj + 1 )]h | — W \hu(|>H;
10.33
where
R
H = llle T (10.34)
¢%i 9*+95 2y

and m? are the soft-breaking matrices in the Super-CKM/Super-PMNS basis, as defined
in appendix B. A second potentially dangerous UFB-3 direction is given by (10.33) with
the replacement @);,d; — Lj, e;. Both directions depend only on |h,|, thus we use (10.28)
to calculate Sg. We find that the lifetime of the electroweak vacuum is many orders of
magnitude larger than the age of the universe, which shows that our model’s benchmark
point is phenomenologically viable.

We now discuss confidence intervals for our model’s sparticle masses and parameters,
which we obtain as in part III as Bayesian hpd intervals from a Markov Chain Monte Carlo
analysis, using a Metropolis algorithm. Looking at fit results for several fixed values of
| Ap|, we find that in order to avoid potentially dangerous vacuum decay rates, the MCMC
analysis must include a prior for |Ag|. A detailed, individual computation of each parameter
point’s vacuum lifetime, although more desirable than a prior, would consume too much
computation time. In our analysis we restrict |Ag| < 7.5 TeV, although we remark that
our predicted confidence intervals could be somewhat enlarged by a more sophisticated
inclusion of the lifetime constraints. In figure 10.7 on page 151 we show our results for the
one sigma hpd intervals of the sparticle masses. We find that for all parameter points the
LSP and NLSP are a bino-like neutralino and a stop, respectively. As a result of the fit and
without applying any constraints, the masses of all sparticles are above current bounds from
LHC or dark matter searches. The lower band of our predicted sparticle spectrum is within
reach of a future LHC high-luminosity upgrade, and the full range is possibly testable at
future O(100 TeV) proton-proton colliders like the FCC-hh or the SppC (see e.g. [211]).
For the SUSY scale we find an hpd interval of Qp,q = [841, 3092] GeV. Correlation between
LSP, NLSP, and gluino masses are shown in figure 10.8 as two-dimensional hpd regions.
Finally we show the one sigma hpd intervals for the CMSSM soft-breaking parameters in
figure 10.9. The correlations between the CMSSM parameters and the resulting mass of
the SM-like Higgs boson is shown in figure 10.10.
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10.4.4 Remarks

We close this chapter with some remarks and comments on our analysis.

Other GUT scale predictions For our analysis we investigated the GUT scale Yukawa
coupling ratios that have been constructed in the various models of this thesis, i.e. Z—Z = —%,
Z—‘S‘ = 6, and z—d = —%. Certainly, other GUT scale relations like Georgi-Jarlskog or the
other CG factors of (4.45) can be constructed, too. We have published SusyTC to provide
the SUSY GUT model building community with an useful tool for model analyses and it
will be interesting to compare predictions and constrains on the SUSY spectra from other
promising GUT scale Yukawa predictions in the future. Also note that some GUT models
do not predict any quark-lepton Yukawa coupling ratios, hence they lack a link to the

SUSY threshold corrections and do not yield constraints on the SUSY spectrum.

Universal soft-breaking terms As discussed in 10.4.1, universal SUSY soft-breaking
parameters are well motivated in SUSY flavour GUT models. However, it will be interest-
ing to study constraints on the non-universality of the soft-breaking parameters in future
analyses. In this context the results obtained with SusyTC can be obtained as SLHA out-
put files and the obtained SUSY spectrum can conveniently be forwarded to software tools
specialised on flavour observables.

Gauge coupling unification A discussion on gauge coupling unification depends strongly
on the GUT Higgs potential and was therefore omitted in this chapter (see e.g. 9.3). Note
however that GUT threshold effects can be implemented into REAP and one can study the
effects on gauge coupling unification within a complete GUT model. For our analysis, we
have simply fixed the GUT scale at the common 2 - 106 GeV, which is of similar size as
e.g. the GUT scale of the model in 9.4.1. Let us however point at the interesting possi-
bility, that the GUT scale is shifted to much higher values. In this case, the RGEs for
the Yukawa couplings have to be solved for a larger range and thus the predictions for
the SUSY spectrum will change. Eventually, a higher GUT scale can possibly even favour
other quark-lepton Yukawa coupling ratios than a model with lower GUT scale.
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Figure 10.7: One sigma hpd intervals for the sparticle spectrum and Higgs boson masses
with SU(5) GUT scale boundary conditions % = —%, %f = 6, and Z—; = —%, corresponding

to our benchmark point. The LSP is always X} and the NLSP is always a stop.
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Figure 10.8: Two-dimensional one sigma (dark) and two sigma (bright) hpd regions for
the masses of the LSP, NLSP, and gluino. The black star marks the benchmark point.
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Summary



CHAPTER 11

Summary and Conclusions

In this thesis we derived and discussed multiple predictions, in particular for the flavour
and SUSY flavour structure, arising from a certain class of supersymmetric Grand Uni-
fied Theories. Combining SUSY, GUTs, and discrete flavour symmetries into predictive
SUSY flavour GUT models, we investigated the interplay between these three beyond the
Standard Model concepts.

When a flavour symmetry gets spontaneously broken, the observed hierarchies and
structures in the flavour sector of a model are explained via flavon fields, which obtain
vevs pointing into specific directions in flavour space. Relations between quark and lepton
observables can be explained by GUTSs, which can feature predictions for ratios between
quark and lepton Yukawa couplings. In SUSY flavour GUT models, these predictions are
affected by SUSY threshold corrections, thereby linking a particular lavour GUT model to
the SUSY spectrum. Finally, SUSY GUTSs can predict too rapid proton decay, establishing
constraints on the GUT breaking Higgs sector and the model’s symmetries.

We motivated SUSY flavour GUT models, outlined the problems discussed in this thesis,
and introduced the necessary theoretical framework in parts I and II.

In part I1I we focused on the construction of SUSY flavour GUT models. In particular, we
discussed in chapter 6 four simple conditions to construct the interesting phenomenological
relation 072NS & 0 sin 05N in SU(5) GUTs and Pati-Salam models. The basic principle
is the generation of the down-type quark and charged lepton Yukawa matrix elements from
the same joint GUT operators, which implies that the resulting matrix elements are equal
up to group theoretical Clebsch-Gordan factors. This can impose 6 ~ 607, and thus the
Cabibbo angle emerges in the charged lepton corrections to 65,5, In detail, the four

conditions are
Condition 1: The mixing angles 675 and {5 should be vanishing.

Condition 2: The Cabibbo angle should be given by f¢ ~ 6{,, as for example in models
with 6%, < 0.
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Condition 3: The GUT scale ratios between the relevant elements of Y, and Y; have to
be predicted, e.g. from CG factors when the entries of Y, and Y, are generated from
single joint GUT operators.

Condition 4: The ratio of the two CG factors in ¢ ~ |2

have to be equal. In SU(5) GUTs an approximate equality between the 1-2 and 2-1
elements of Yy has to be required in addition, e.g. by a symmetry in the 1-2 submatrix
or via the GST relation and a vanishing 1-1 element.

0f, must be one, i.e. ¢; and ¢y

In a model-independent way, we estimated the possible corrections due to e.g. RG
evolution, next-to-leading order terms in the small angle expansion, and the experimental
uncertainty of O5MNS and found it to be less than about O(10%). Within an explicit
flavour GUT model, the uncertainty can decrease to about +0.25°, since the estimate can
be replaced by explicit calculations. Specific lavour GUT models can thus possibly be
differentiated in careful analyses.

Furthermore, we discussed the connection between different neutrino mixing patterns
and the Dirac CP phase via the lepton mixing sum rule. With 67; < 6o being the
only restriction on the neutrino sector, a future measurement of "5 may be viewed as
“reconstructing” the value of 0Y,, provided that a hierarchic charged lepton Yukawa matrix
05,05, < O is given.

In chapter 7 we then proposed a first SUSY flavour GUT model, based on SU(5) and
an A, flavour symmetry, where 0FMNS ~~ 0 sin 9FMNS s realised, following the conditions
discussed in chapter 6. In order to construct a predictive GUT model, in addition to
the matter and flavon superpotential, we carefully built the full renormalisable messenger
sector, which guarantees that only specific GUT contractions emerge in the effective super-
potentials when the heavy messenger superfields are integrated out. In this way condition
3 is ensured: the GUT scale Yukawa matrix elements are generated from single joint opera-
tors, yielding predictive quark-lepton relations via group-theoretical CG factors. We made
use of a novel set of CG-factors, namely c19 = c99 = 6 and c9; = —%, which are in excellent
agreement with the current experimental data for zd and satisfy condition 4. Our model
is invariant under generalised CP symmetry, which is broken spontaneously by the vevs of
flavon fields. In the neutrino sector we constructed tri-bimaximal mixing, which predicts
close-to-maximal CP violation 6"™NS ~ 270° via the lepton mixing sum rule. In the quark
sector our model features a right-angled unitarity triangle.

We performed a detailed fit of the model’s 14 parameters to 18 measured observables,
taking into account the RG evolution from the GUT scale to lower energies and approximate
formulae for SUSY threshold corrections, and found a good best-fit point with a x?/d.o.f.
of 2.0. Bayesian one sigma highest posterior density intervals were obtained from a Markov
Chain Monte Carlo analysis. Including the unmeasured neutrino CP phases, our model
makes six predictions. We discussed our results in the light of newly available data and
outlined how future more precise measurements of the lepton mixing parameters, XM

22, and of neutrino-less double beta decay can be used to test our predictions.
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Part III is completed with chapter 8, where a strong inverse neutrino mass hierarchy was
constructed in a second SUSY flavour GUT model with SU(5) and A4. The strong inverse
hierarchy was constructed without fine-tuning, based on an off-diagonal mass matrix of
the right-handed neutrinos and a novel vacuum alignment for the flavons constituting the
neutrino Yukawa matrix, which features 65, as free parameter and therefore can explain
OEMNS £ 45° without the need for charged lepton corrections. Due to the specific phases
of the flavon vevs, our model predicts §TMNS = (PMNS — 180

Constructing the model similar to the one in chapter 7, we again realised the specific
relation 07MNS ~ o sin 05MNS from charged lepton mixing corrections, linked to quark
mixing by GUT relations. Comparing to chapter 7, we found an even better best-fit
with x?/d.o.f. = 1.1 in an analogous phenomenological analysis. We discussed the model’s
predictions and found a new non-compliance with the most recent global fit value of §5MNS
which lies in the second octant for inverse neutrino mass ordering, as opposed to the 2013
data. However, we also pointed out that precise measurements of O5MNS are still work in
progress and future experiments will be able to settle this question.

We finally pointed out the differences between the predictions of both models of chapters
7 and 8 and discussed how they can be discriminated with the data of running and future
experiments. For the inverse hierarchy model we found the effective mass parameter of
neutrino-less double beta decay to be in reach of the nEXO and AMoRE experiments.
A future 50 — 70 km baseline reactor measurement of #:}N5 with high precision would
allow to distinguish both models. Interestingly, although both models differ mainly in the
neutrino sector from each other, they feature different predictions of 6°*™ and could be
distinguished by a precise measurement of the quark mixing CP phase.

Both models of chapters 7 and 8 can be viewed as proof of principle, demonstrating
the successful construction of predictive flavour GUT models with 67MNS ~ 6 sin OFMNS
and realistic quark-lepton mass ratios. In particular, the sets of shaping symmetries and
messenger superfields presented in appendix D are not expected to be one-of-a-kind im-
plementations of our models’ features. We thus understand our constructed realisations
as classes of models, defined by the strategy of predictive GUT scale Yukawa coupling
matrices, built via shaping symmetries, UV-completion due to messenger superfields, and
specific group-theoretical CG factors.

In part IV of this thesis, we discussed how the double missing partner mechanism solution
to the doublet-triplet splitting problem in SUSY SU(5) GUTs can be combined with the
strategy to construct predictive flavour models via specific CG factors for the GUT scale
quark-lepton Yukawa coupling ratios.

We have argued that towards this goal a second SU(5) breaking Higgs superfield in the
adjoint representation is very useful:

e An additional 24 can be used to split the triplet and octet components of 24 in a renor-
malisable superpotential, thereby shifting the upper bound (obtained from the require-
ment of gauge coupling unification) of the effective triplet mass mediating dimension
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five proton decay to higher values, i.e. above the lower bound from non-observation of
proton decay.

e The introduction of a second adjoint is not only an UV-completion, but generally leads
to more freedom for the GUT scale and the effective triplet mass.

e A second adjoint field allows the 24s to be charged under shaping symmetries, which is
necessary for predictive GUT flavour models.

Then the GUT scale and effective triplet masses can be easily made high enough to avoid
problems with proton decay.

We discussed the shaping symmetry and messenger sector of the DMPM with an ad-
joint, which guarantee the absence of dangerous Planck scale suppressed operators and
generalised the notion of effective triplet masses to the case of more than one pair of Higgs
fields H, H coupling to matter.

Two explicit flavour models with different predictions for the GUT scale Yukawa matri-
ces were constructed, including shaping symmetry and messenger sector, and we presented
a discussion on the careful choice of messenger superfields with respect to phenomenology.
We found that both models feature effective triplet masses above current bounds from pro-
ton decay. We included all possible effective Planck scale suppressed operators consistent
with our symmetries and found the welcomed emergence of small u-terms for the light
Higgs doublets, while no dangerous operator existed that could have spoiled our results.
Both models stay perturbative until close to the Planck scale.

Finally we discussed proton decay and outlined that flavour GUT models also determine
the Yukawa matrix structures for the Higgs triplet couplings, and thus enable a more
predictive analysis of different proton decay channels than conventional GUT models.

In the final part V, we studied SUSY threshold corrections and discussed their impor-
tance for the investigation of GUT scale quark-lepton Yukawa coupling ratios, thereby
linking a given flavour GUT model to the SUSY parameters. Thus, via SUSY threshold
corrections, GUT models can predict properties of the sparticle spectrum from the pattern
of quark-lepton mass ratios at the GUT scale.

We extended and generalised various formulae in the literature needed for a precision
analysis of SUSY flavour GUT models, e.g. we calculated the two-loop RGEs of the MSSM
soft-breaking parameters in the seesaw type-I extension and generalised the one-loop cal-
culation of p and of the pole masses m4 and my+ to include inter-generational mixing in
the self energies. We then carefully calculated the one-loop SUSY threshold corrections for
the full down-type quark, up-type quark, and charged lepton Yukawa coupling matrices in
the electroweak unbroken phase.

We implemented these formulae into a new software tool SusyTC, a major extension to
the Mathematica package REAP. SusyTC also calculates the DR sparticle spectrum and the
SUSY scale @), and can provide output in SLHA “Les Houches” files which are the necessary
input for external software, e.g. for performing a two-loop Higgs mass calculation.
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With SusyTC we introduced a convenient tool for top-down analyses of SUSY flavour
GUT models, accepting general matrices as input for the GUT scale trilinear and soft-
breaking mass matrices, analogously to the input of general GUT scale Yukawa matrices
in REAP, and non-universal gaugino masses. Together with REAP, the RG evolution to low
energies is performed, including an automatic calculation of the SUSY scale, automatic
matching of the MSSM to the SM, and DR to MS conversion.

We applied SusyTC to study the predictions of the GUT scale Yukawa coupling rela-
tions yi = —l, y“ = 6, and y* = —5, which were used in the construction of the SUSY
flavour GUT models in parts HI and IV for the Constramed MSSM parameters and the
sparticle masses. We found a benchmark point with y? = 3.9 where the LSP is a bino-like
neutralino with a mass of about 346 GeV and the NLSP a stop with a mass of 577 GeV.
We performed a Markov Chain Monte Carlo analysis to obtain Bayesian highest posterior
density intervals for the sparticle masses. Remarkably, without having applied any con-
straints from LHC SUSY searches or dark matter searches, we found that the considered
GUT scenario predicts a sparticle spectrum above past LHC sensitivities, but partly within
reach of a future LHC high-luminosity upgrade. O(100) TeV proton-proton colliders like
the FCC-hh or the SppC will be able to test our findings in the future.

In summary, we demonstrated the successful construction of SUSY flavour GUT mod-
els with realistic quark-lepton mass ratios and mixing angle relations by presenting and
analysing two explicit models with normal and inverse neutrino mass ordering, respec-
tively. In order to predict the flavour structure, we emphasised the importance of a careful
construction of additional shaping symmetries and messenger sectors. We then presented
a strategy to combine such predictive SUSY flavour GUT models with the double miss-
ing partner mechanism solution to the doublet-triplet splitting problem by introducing a
second GUT breaking Higgs field in the adjoint representation, constructed two example
models, and found their proton decay rate sufficiently suppressed due to heavy effective
triplet masses. Finally we investigated SUSY threshold corrections and found predictions
for the sparticle spectrum arising from given flavour GUT models, by introducing a new
software tool SusyTC, which enables convenient top-down analyses of SUSY flavour GUT
models. In conclusion, we performed a detailed investigation of predictions for the flavour
and SUSY flavour structure arising from different aspects in certain SUSY flavour GUT
models and provided an useful software tool for analyses of future models.
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APPENDIX A

Brief review on group theory

In this appendix a brief review on group theory is presented, where we restrict the discussion
to the topics relevant in this thesis. In Particle Physics two types of symmetry groups are
important: Lie groups and small discrete groups. Of special relevance in this thesis are the
Lie groups SU(N) and the discrete symmetry group Ay, which will be discussed in this
appendix based on [80,212] for SU(N) and [49,213,214] for A;. We also briefly review
generalised CP transformations in A, flavour models, based on [166].

A.1 The special unitary group SU(N)

The special unitary group SU(N) is the group of unitary N x N matrices U with det U = 1.

A N x N unitary matrix has 2N + QW = N? degrees of freedom. If follows from
including the additional constraint det U = 1 that SU(N) has dimension N?—1. Therefore

every element of the group connected to 1y can be written as
U(9) = ™" =1 +i0,T" + O(6?) , (A1)

where T are N? — 1 hermitian, traceless' N x N matrices, called the generators of SU(N).
The generators are normalised as

1
Tr T°T" = 55“ : (A.2)
They furnish the Lie algebra su(/N) and satisfy the commutator relation
[T, T = if™.T*, (A.3)

where fo, are called structure constants of su(N). It can be shown that they are totally
anti-symmetric.

A representation R of a group is a set of matrices M associated with group elements such
that the group multiplication is satisfied. More generally, one can find a set of matrices

1Using det e = T 4,
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T3 specific to the representation R, which satisfy the same commutation rule Eq. (A.3) as
the generators of su(/N) and span a basis of the matrices of R. Representations of SU(N)
are named after the rank of the representation matrices.

If a representation R has a basis where all T can be brought into block-diagonal form,
R is called reducible. A reducible representation can be decomposed into the direct sum
of irreducible representation. For every irreducible representation r the matrices 7" are
normalised as

Tr T°T? = I(r)6® , (A.4)

where the constants [(r) are named Dynkin index. Another important constant of SU(N)
irreducible representations are the quadratic Casimir invariants Cy defined by

Z (TPTY),; = Cadyj (A.5)

a

The simplest irreducible representation is the singlet representation 1 where M(g) =1
for all elements g and T = 0. In order for the Lagrange density to be invariant under an
SU(N) symmetry, it has to transform under the singlet representation.

The structure constants themselves span a representation of real (N? — 1) x (N? — 1)
matrices, known as adjoint representation with (Tf\lf?—l)ij = —if%;.

Of course, the matrices U also form a representation themselves. This irreducible rep-
resentation is called the fundamental representation N and its representation matrices are
spanned by T'% = 7. A field transforming under the fundamental representation of SU(N)
is an N-dimensional vector

by —= Udip; . (A.6)

For every representation R exists a conjugate representation R, whose representation
matrices are given by the complex conjugates M*. The conjugate representation to the
fundamental representation is called anti-fundamental. Its representation matrices are
spanned by T = —T. With the convention Yt = 17 for the position of the indices, a field
transforming in the anti-fundamental representation is an N-dimensional row vector

W — b U7 (A.7)

Fields transforming under higher dimensional representations are defined as tensors,
whose transformation properties are given by the direct product of the transformations of
the corresponding vectors

J1J32---Jm 21 9" in 1 J2 " Yn J1 3%t '
There are two invariant tensors, which can be used to raise and lower indices: The Kro-

necker delta ;7 and the totally anti-symmetric Levi-Civita tensor? €iyiy..in- Products of
SU(N) tensors are then obtained by the various possibilities to contract SU(N) indices.

ZNote that in SU(2) €;; can be used to flip the anti-fundamental 2 into the fundamental 2.
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A.2 The discrete group A,

The symmetry group Ay is the group of even permutations of four elements, i.e. the sym-
metry group of a solid tetrahedron, and thus has order % = 12. The twelve elements of A4
are

e The identity ( ).

e Three double transpositions, which are the interchanges of two unrelated pairs (i1, iz)o
(i3,14), and have order two.

e Eight 3-cycles (iy,s,143) = (i1,143) o (i1, 42) of order three.

Therefore, the generators of A4 are one double transposition S and one 3-cycle T', see table
Al

Generator Cycle order n
S (1,2) 0 (3,4) 2
T (1,2,3) =(1,3)0(1,2) 3

Table A.1: The generators of Ay.

Ay has four conjugacy classes N;C™, where N; is the number of elements in the conju-
gacy class, n; denotes the order of the elements in the conjugacy class, and g; is one element
of the conjugacy class. Besides the trivial 1C'(1), they are 3C*(S) = {S,TST? T*ST},
4C3(T) = {T,STS,ST, TS}, and 4C3(T?) = {T? ST?S,ST? T?S}. Since the number
of conjugacy classes equals the number of irreducible representations, there are four irre-
ducible representations in A4. Furthermore, it follows from the group theory theorem that
the order of a finite group equals the sum of the squares of the dimensions of its irreducible
representations, that A, has three singlets 1, 1’, and 1”, and one triplet 3. Then the
character table of A, is given by table A.2. From the character table one can find the
multiplication rules

rxs= Zd(r, s, t)t, (A.9)

10Y(1) 3C%*(S) 4C3(T) 4C3(T?)

w1 1 1 1 1
xi(1) 1 1 w w?
xi(1”) 1 1 w? w
w3 3 1 0 0

27

Table A.2: Character table of A4, where w = e 3 . The character table is unique up to
an exchange of 1’ and 1”.



A.2 The discrete group A, 165

with
1 .
Alrs,t) = = 3 noa) (N ©) (A.10)
One obtains for Ay
1/ < 1/ — 1// ,
1// < 1// — 1/ ,
1'x1" =1,
1'x3=3,
1"x3=3,
3x3=14+1+1"4+3,+3,, (A.11)

where 3, and 3, denote a symmetric and antisymmetric product, respectively.
In this thesis we use the Ay basis of Ma and Rajasekaran [76], with the generating
elements S and T as shown in table A.3. In this basis, the 1 in 3 x 3 is given by the

S T
1 1 1
1 1 w
1// 1 w2
1 0 0 010
3 0 -1 0 0 0 1
0 0 -1 1 00

Table A.3: The generating elements of S and T for the irreducible representations of Ay
in the Ma-Rajasekaran basis.

SO(3)-type inner product

a1 P
3x3=1": Q9 | X Bz = Oélﬁl + 05252 + Oégﬁg . (A12)
a3 Bs

The other singlets in 3 x 3 are given by

03] 51

3x3=1: as | X | B | =B + w2042ﬁ2 + wasfs (A-13)
a3 Bs
a 51

3x3=1": ay | X | Bo | = a1Bi +wasfs + wasfs (A.14)

as 53
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Wy ”

where w = 5. For the two triplets in 3 X 3 we denote the symmetric product by “x” and
the antisymmetric by “x”

ay b1 1 233 + a3
3x3 = 33 . Qo | * ,62 = 5 0[351 + 04163 s (A15)
o3 B3 a1 + azf
ay b1 1 o33 — a3
3 x3=3, : Q9 | X Bz = 5 agﬁl — 05153 . (A16)
Qs B3 a1y — asfh
The remaining products are given by
B B
1'"x3=3: ax|f]|=al ws |, (A.17)
B3 Wzﬁz
P B
1"x3=3: ax|f|=al|w?b]|, (A.18)
Bs WP
1'x1"=1 af (A.19)
1'x1 =1": af, (A.20)
1"x1"=1 : af. (A.21)
A.3 Generalised CP transformations
The so called canonical CP violation acts on a scalar field ¢ as
CP: ¢—e%p". (A.22)

If the field transforms as a (not necessarily irreducible) representation p of a flavour sym-
metry group G

¢—plg)o geG, (A.23)
a generalised CP transformation [215] is defined by [166]

CP . ¢—Us, (A.24)

where U is an unitary matrix acting on flavour space, which has to satisfy a consistency
equation
U™l p(g")U = plg)* (A.25)

since flavour group and generalised CP transformations have to commute.®> Thus, gener-
alised CP is an automorphism of the flavour group. If C'P’ is an additional symmetry, U

3Note that the trivial solution U = 1 exists for fields transforming in real representations of G.
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must not be constructed from the generators of GG, hence C'P’ is an outer automorphism.
Their action on the character table correspond to an exchange of rows and columns.

For the flavour symmetry group Ay, the only possibility for a generalised CP transfor-
mation is the outer automorphism

u: T — T?, (A.26)

since automorphism map elements to elements of the same order. We can check that u
also exchanges the irreducible representations 1’ and 1”

pr(u(T)) = pr(T?) = Upr(T)'U™" = pu(T)" = p1r(T) , (A.27)

since for one-dimensional representations the unitary matrix U can be represented as phase.
We can choose U to be real and therefore for the irreducible representations 1, 1’, and 1”
we find
CP' 4 CP' & CP' &
¢1 — ¢1 , ¢1/ — gbll s and ¢1// — gblu . (A28)

For the triplet representation one can solve for U

0 0 1 010
ps(u(T)) =ps(T*) =1 0 0] =Ups(T)U'=U|0 0 1|U* (A.29)
010 1 00
and generalised CP is given by
(100
o3 5[0 0 1] ¢, (A.30)
010

Let us briefly illustrate why generalised CP is important by considering a real field
x transforming as 3 under A, and a singlet ( transforming as 1”. The canonical CP
transformations would be

CP: x—x, (—C. (A.31)
Let us investigate the A4 product
(00 €= (X3 +wixs +wxi) ¢ (A.32)

Under canonical CP this transforms into

00w ¢ () ¢ (A.33)

and the transformed product is no longer invariant under Ay, since (* transforms as 1’
and 1’ x 1’ = 1”. Thus canonical CP is not a viable CP transformation, because there are
fields transforming in complex representations in the product.
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On the other hand, under generalised CP we have

X1 X1
CP x2|l = lxs|, ¢(—=C. (A.34)
X3 X2
Then (A.32) transforms into
cp .
(o) ¢ — (X +wxs +wx3) ¢ (A.35)

which, since (x? + w?x2 + wx3) transforms as 1”, is invariant under A,.

Therefore, in theories with discrete flavour symmetries and fields in complex repre-
sentations, the absence of a canonical CP transformation does in general not necessarily
correspond to CP violation, but rather the physical CP symmetry can correspond to a gen-
eralised CP transformation of the flavour group. A categorisation of discrete groups into
explicitly CP violating groups and groups with generalised CP can be found four example
in [216].
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Sparticle Mass and Mixing Matrices

Here we show our conventions for the sparticle mass and mixing matrices. We employ
SLHA 2 conventions [123] in the Super-CKM (SCKM) and Super-PMNS (SPMNS) basis.
These bases are obtained from rotating the sfermion fields correspondingly to their fermion
partners, when those are rotated into the mass basis (2.23)

yy = Vo8 = <U£f>>TYf ()" (B.1)

Then the soft-breaking matrices in the Super-CKM/Super-PMNS basis are obtained from
our flavour basis (5.65) by

. T
r=(Uy') 1} (Uéf)> :

T
g = (Uf) mg (Ufh)

T
(m3)" (Ug) . (B.2)
The sparticle mass matrices are then defined by

L=-0M:d;, (B.3)
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N
with ¢ = (le, fros frss fRys fRY, fR3> and the sparticle mass matrices by

a2 (Ve Vi + S visin® 8+ Dus - 55T sin B — - cos 5)
“ F5Lusin B — " 5y, cos 3 ma + % 2y2sin? B + Dur /]’
2 — m§2+ §y§COSQB+Dd,L % e sﬁ ,ufydsm5>
d S5Tacos B — pJsyasin B m2 + 2ydcos 284+ Dyr )’
M2 — mz+ %yg cos? 8+ D, 1, 7 Jcosﬁ — yﬁye sin ﬁ)
51 cos B — p* 5y sin B m2 + %yg cos? B+ Degr |’
M2 =V s Vonins + Dy - (B.4)

The D-terms are
Dy = M%([g, — Q. sin? Ow) cos(20) 13,
D¢ = M%Qe cos(23) sin? Oy 15, (B.5)

where I3 denotes the SU(2), isospin and Q. the electric charge of the flavour f, and 6y
denotes the weak mixing angle. Note that our convention for y differs by a sign from the
convention in [201].

We define the sfermion mixing matrices by*

M3 = WMz W (B.6)

The neutralino mixing matrix is defined by

Myo = N"MGFEN (B.7)
with
My 0 — Mz cosBsinbly, My sin B sin Oy,
Moo — 0 M, My cos fcosby  —Myzsin B cos Oy,
v = —Mzcos Bsinby, My cos 3 cos by 0 —
My sin Bsinfy,  — My sin [ cos Oy, — I 0
(B.8)

The chargino mixing matrix is defined by
My+ = UMV (B.9)

with

My = ( M, V2 My, sinﬁ) .

V2Myy cos 3 o

'The SLHA 2 convention sfermion mixing matrices R 7 can be obtained via R = W;



APPENDIX C

Markov Chain Monte Carlo techniques

In this appendix we briefly review Markov Chain Monte Carlo methods, based on [14,217].

The Monte Carlo technique uses large numbers of (pseudo) random numbers to calculate
approximations for integrals, e.g. the expectation value of a complicated probability density
distribution (pdf). A Markov Chain (MC) is a sequence of random variables' X;, where
the prediction for the next random variable X;,; depends only on the current variable X;,
and not on any earlier states. Under the conditions that the MC is

irreducible : The MC does not posses independent cycles. In other words, every state
can be reached from every other state (not necessarily in one step, though).

aperiodic : The lengths of all possible cycles starting at any state and returning to it
have greatest common divisor one.

positive recurrent : Any state of the MC is revisited in finite time.

it has a stationary distribution 7, where the probability of being in a particular state is
independent of the initial condition. For a large number of time steps the MC approaches
7 as limit.

A Markov Chain Monte Carlo method samples a complicated (posterior) pdf p(6) by
generating a Markov Chain whose stationary distribution is given by p. A simple MCMC
method is the Metropolis algorithm [218].

1. Start with any initial point 6y with p(6y) > 0.

2. With the current value 0y, draw a new candidate point ¢’ from a proposal density
function q(0'|6y). g can be any symmetric pdf, i.e. q(61]02) = q(62]01). We will use
an uncorrelated multivariate normal distribution with mean 8.

3. Form the acceptance probability o = min (1, g((g;)))

'We restrict the discussion here to one-dimensional random variables. A generalisation to more dimen-
sions is straightforward.
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4. Generate a random number u uniformly distributed in [0, 1].

5. If u < a, accept the new value and set 0y = 6'. Otherwise, ¢’ is rejected and the old
point 6, stays.

6. Repeat from step 2.

When fitting a model to data points with mean §; and standard deviation o;, the pos-
terior pdf we are interested in is the likelihood function

L(O)=e = (C.1)

with

o) = 3 Wl s (€2)

)

Starting from 6y, the Metropolis algorithm will draw new candidates ¢’. While all param-
eter points with higher likelihood are accepted, a few parameters with worse x? are also
accepted and allow the chain to browse a wider region of parameters space and e.g. escape
local minima. Eventually the MC convergences to its equilibrium, which constitutes the
desired result. The first time steps until equilibrium is reached are denoted as “burn-in
phase” and removed from the analysis. The efficiency of the Metropolis algorithm can
be tuned by the step width A of the proposal density function, which in our case are the
standard deviations of the multivariate normal distribution. For too small A, the stay
count for each step is very small and parameter space is explored very badly. For too large
A, the stay counts are high and the MCMC has to be run longer to build up statistics.
Optimal performance is achieved with an acceptance rate r,.. of about 40%, decreasing
towards 20% for large numbers of parameters. This is illustrated for three choices of A
in figure C.1. The optimal choice for the proposal pdf is similar to the target pdf and its
step-width is close to the the targets pdf standard deviation.

Whether the Metropolis algorithm has converged can be inspected by looking at the
trace plots. A numerical criteria for convergence we use in this thesis is the potential scale
reduction factor (psrf) R suggested by Gelman and Rubin [219]

1. Instead of a single, very long MCMC, calculate m chains of length n.

2. Calculate the within-chain variance W = % Z;nzl 3?, where s; is the variance of the
i=1...n values 0} in the jth chain: s2 = 3" (0 — Q_j)Q and 0; is the mean of

all 0.

_ =\ 2 =
3. Calculate the between-chain variance B = —'5 Z;nzl <0j — 9) , where 6 is the mean

of the 7 = 1...m values of éj.

4. Calculate R = (/=L 1

n

=5
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Figure C.1: Trace plots for Metropolis MCMC analyses. For too small A with small stay
counts and r,. = 1 (left). With too high A and bad mizing with rycc = 0.1% (right). And
with optimal A and good mizing with r,.c = 40% (center). The burn-in-phase makes up
about 400 steps.

The psrf thus compares within-chain and between-chain variance. For R > 1.1 the MCMC
should be run longer to improve convergence. The MCMC is assumed to have converged
for R ~ 1. For higher-dimensional 6 the psrf have to be calculated for each parameter
individually.

Let us now briefly discuss Bayesian confidence intervals. We obtain a posterior pdf from
the MCMC analysis and are interested in the marginalised posterior probability density
for particular parameters.? The confidence interval is then given by the region where the
posterior pdf is highest. A z sigma highest posterior density (hpd) interval is the interval
101,05, such that

On .
/9 p(0)df = erf (E) and p(6 € hpd) > p(f & hpd) . (C.3)

As shown in figure C.2 the definition of the hpd “confidence interval” agrees with the
Frequentist’s confidence interval (CI) if the posterior pdf is a normal distribution. For
non-symmetric posterior pdfs or pdfs with several peaks, the hpd intervals allow for a
generalisation of the common Cls.

In order to investigate correlations between parameters, (C.3) can be generalised for two

2Here we use the word parameter to describe the fit parameters as well as variables of the fit results.
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Figure C.2: One sigma hpd intervals for a normal distribution (left) and for an example
posterior pdf with two peaks.

or more parameters. An example for a two-dimensional hpd region is shown in figure C.3.

Figure C.3: Example for a two-dimensional hpd region for one sigma (gold) and three
sigma (grey). The one sigma hpd intervals for the individual parameters are shown as
dashed lines. The star marks the mean value of the MCMC analysis.



APPENDIX D

Appendices to the flavour GUT models

In this appendix we give detailed lists of the messenger fields, shaping symmetries, and
supergraphs, which yield the effective superpotentials of the flavour models of parts III
and IV.

D.1 Appendix to chapter 7

The quantum numbers of the matter, Higgs, flavon, and driving superfields under SU(5),
Ay, and the shaping symmetry, are presented in table D.1. In table D.2 the quantum
numbers of the messenger fields ®; are explicitly shown. For each field ®; there is a
corresponding field ®; with “opposite” quantum numbers, i.e. quantum numbers such that
a mass term A;®;®; is allowed in the superpotential. Since the quantum numbers of ®;
can be trivially reconstructed from the corresponding ®;, we do not show them explicitly
for the sake of brevity.

As discussed in 7.1, in order not to generate undesired effective operators, the messenger
sector has to be selected carefully and the choice of the messenger fields is not unique. In
the following figures D.1-D.6 we present the supergraphs that give rise to the effective
superpotential operators of 7.2 and 7.3, when the heavy messenger fields are integrated
out. Each supergraph topology in figures D.1-D.5 corresponds to several operators, which
are shown in the table below each graph. In each of the supergraphs, the external fields,
which can be either matter, Higgs, flavon, or driving superfields, are labelled by ¢;, whereas
the messenger fields are labelled by 7; and 7;, respectively. Note that many of the messenger
fields occur in more than one operator.

Finally let us comment on the consistency of the different orders of magnitude for the
numerical values of the e-parameters defined in (7.10) and (7.12) and given in table 7.2.
They arise as effective couplings after the heavy messenger fields are intergrated out and
the vevs of the flavon and GUT Higgs superfields are inserted in the corresponding non-
renormalisable operators. As can be checked from figures D.1-D.6, the different orders
of magnitude of the parameters, which are needed to fit the data, can originate from an
appropriate choice for the masses of the individual messenger fields, which appear in the
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SuG) Ay z¢ z® zl® z® 7Yz 7l v, vy UQ)g

Matter superfields

F 5 3 . . . 4 4 2 1
T 10 . . . . . 1 1
Ts 10 . . . 1 4 1 1
T3 10 . 1 . . . 2 . 1 1
N¢ . S . .2 2 1 1
N§ . . . . . 2 2 1 1 1
Higgs superfields
H 5 . 2 : . . 2
Hs 5 1 2 -1
Hys 45 : : . : 4 5 . . 1 2
Hys 45 : : . : 2 1 : : -1
Hyy 24 1 -3
Flavon superfields
P2 3 1
b3 3 1 1 .
¢ab 3 5 4
ON, 3 4 5
DN, 3 4 5 5
X ) 1 1 1 . 5
12 ) ) ) ) 1 ) )
€23 . . 1 . 5 . 4
Em . . . . . 1
Driving superfields
S 2
D%b 2 4 2
D%b 1 3 2
D, 4 2 2
Dy, 3 2
DY 1 4 2 2 2
2
DY, 17 4 2 2 2
2
Ay 3 4 2
As : 3 . . . . . 2
O2.3 . . 1 1 . . 5 . . 2
Onyny - . . : .4 2 1 2

Table D.1: The matter, Higgs, flavon, and driving superfields of the model in chapter 7.
A dot means that the field is an invariant singlet under the respective symmetry. Note that
the U(1) symmetries will get explicitly broken to Z,, symmetries by the Higgs sector.
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Table D.2: The messenger fields of the SUSY flavour GUT model in chapter 7. To each
®; there exists an ®; with “opposite” quantum numbers. A dot means that the field is an
invariant singlet under the respective symmetry. Note that the U(1) symmetries will get
explicitly broken to Z,, symmetries by the Higgs sector.

corresponding effective operators. For example, consider the parameters €, €3, and €,. Up
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P2 ¥3

¥1 At 1 P4

Y
4
A

operator ¢ ©2 ¥3 P4
#1 Nf Hs oén F
#2 N5 Hs oy, F &y
#3 S Hs T T3
#4 ¢ab ¢ab gbab be @4
#5 ony ONy ON DNy Ps

Figure D.1: List of order 4 operators in the effective superpotential.

operator g ©2 ©3 ©4 Ps5 7 2

#6 Ti His Hoy ¢ F &5 @
#7 by Hs F Ty Hy Pz Dy
#38 Tz Hs Hyy ¢35 F P9 Ppy
#9 ¢ab 7'2 H5 ¢ab 75 (I)12 CI)12
# 10 (rbab ¢ab DZb ¢ab ¢ab q)13 q)14
#11 b Sy D)y Oar O s Py

Figure D.2: List of order 5 operators in the effective superpotential.

to messenger couplings which may be assumed to be O(1), they are given by

_ (Hau)(e2) . (Hu)(¢s) . (Ha)(d2)(X)
2T TRA T 9T Auhn YT ApAghy (D-1)

These messenger mass scales are specific to these parameters and therefore the hierarchy

2] < [é| <65 (D.2)
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operator @1 Y2 Y3 P4 Y5 Ye P7T N V2 V3 Va4

#12 &2 &2 G2 S &2 &2 & D5 P Pis Ds
#13 Ev v S S Su v v Pir Pig Pig Pyy
S
S

#14 X X X X X X P9 Py Py Py
#15  Pap Pap  Eo3 &3 Pab Pap Pa Doy Doy Dy

Figure D.3: List of order 7 operators in the effective superpotential from supergraphs
with linear topology.

operator 1 Y2 Y3 Y4 Y5 Yo Y1 Yo V3

#16 Ev € On, On, Ng N5 Pip Doy Dog
#17 Ev S Ony Ony Ni Ny @i Dy Dy

Figure D.4: List of order 6 operators in the effective superpotential from supergraphs
with non-linear topology.

can arise from a hierarchy of

AgoAssA
%;’34 < AgAr . (D.3)

Similar arguments hold for the other parameters in chapter 7.

AoAn <
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operator @1 @2 Y3 Y4 Y5 Pe P71 Y2 V3 V4

#18 G2 P2 P2 pa Tt Tt Hs ®gs Doy Doy Pog
#19 ONy, PNy ON, PNy, S 0Ny, PN, Paz Pag Doz Dos
#20  on, ONy 0Ny ONy S 0Ny PNy Pos Pz D5 Ps
#21 S &2 &2 Sz &2 &2 &2 Pa Dy Py Py
#22 G2 P2 P2 P2 S P Py DPog Doy DPys Pog

Figure D.5: List of order 7 operators in the effective superpotential from supergraphs
with non-linear topology.

P15 @y5 Prg Pis D3y P31 Pog Pos

Figure D.6: Additional effective operators of order 6: [T3Ha4]10 [FHslig x¢2 (top) and
of order 8: T1T2£95Hs (bottom).

D.2 Appendix to chapter 8

First we show the quantum numbers of the matter, Higgs, flavon, and driving superfields of
our second SUSY flavour GUT model under SU(5), A4, and the shaping symmetry in table
D.3. In table D.4, half of the messenger superfields and their charges under the model’s
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symmetry are listed. Again, to each messenger superfield ®; a “partner” ®; exists, such
that they form a mass term A;®;®; in the renormalisable superpotential. The charges of
®; are not given in the table, since they can be trivially determined from the charges of
the corresponding field ®;.

Let us stress again the importance of the messenger sector to obtain a predictive SUSY
flavour GUT model. Without a renormalisable superpotential that UV completes the ef-
fective superpotentials in chapter 8, the model’s symmetries could e.g. allow for effective
operators which yield undesired large Yukawa matrix elements where a vanishing entry is
desired. In addition, due to many possibilities to contract SU(5) indices, linear combi-
nations of effective terms with different CG factors would appear and the model would
lose its ability to predict viable GUT scale quark-lepton mass ratios. We have therefore
carefully constructed the renormalisable messenger superpotential, which gives rise to the
superpotentials of chapter 8 when the heavy messenger superfields are integrated out. It
is presented in the form of supergraphs shown in the figures D.7-D.12. As in the appendix
to chapter 7, for each supergraph topology we list all operators in tables below each graph,
denoting external fields as ¢; and messenger fields as ~; and 7;.

P2 ¥3

operator @1 Y2 Y3 Yg
#1 Ny Hs ¢ F &
#2 Ny Hs ¢ F
#3 Ly Hs T2 T3 P
#4 dw S Sw Dy P
#5  dpe dve b Dy Ps

Figure D.7: List of order 4 operators in the effective superpotential.
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operator @1 Y2 Y3 Y14 Y5 N 2

#6 Ti Hy Hoy ¢ F g Py
#7 To Hoy F  ¢ay Hs Pg P
#8 T3 Hs Hyy ¢35 F P Ppy
#9 To ¢y Hs o¢a To Pia P
#10 S Sa D)y Gap G Pa Py
#11 bap P D)y G Sap P13 Pug
# 12 ¢bc ¢bc Dgc ¢bc ¢bc (1)5 (I)E)

#]—3 ¢bc ¢bc D;)yc (rbbc ¢bc (1)15 CI)15

Figure D.8: List of order 5 operators in the effective superpotential and corresponding
messenger fields.

Figure D.9: The only effective operator of order 6 (#14): NjNa&3,.
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sui) A,z zZ® 7zl 7P 7Y 7 U, UQ), UQ)s
Matter superfields

T 10 . 1. . .1
T 10 : : . 1

T; 10 . A T

N¢ . . . .4 .
N§ . . . .4 .4

— = =N

(NI
—_ = = = e

Higgs superfields

-1

i
NS
R R R oo
—_
[\&)
—_
(\&)

4 . . ) -3 1

Flavon superfields

¢ab
Db . . . . . .
&9 . : 1 . . 1 1
23 . . . 1 . 5

Emr . . . . 1

Driving superfields

<
w

W wwww
—_

-}
L™
w

01,0, . 1,1 . . . . 5
O3, Oy . 1,1 . 1 . ..
Oo3,0hs . 1,1 . 1 . . 5

W W N W -
NN NN NDDND

Table D.3: The matter, Higgs, flavon, and driving superfields of the SUSY flavour GUT
model in chapter 8. A dot indicates that the field is an invariant singlet under the cor-
responding symmetry. Note that the U(1) symmetries will get explicitly broken to Z,
symmetries by the Higgs sector.
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zy 7 7 2z 2 z" U(). UQ), UQ)g

2 . . 4
2 . . 2
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[ (] ,g\
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NN DN
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i
Sl v v e gl e & -
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Ot
—
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Py . ) . . 2
P14 . 17 . . . 2

w
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—_
N NN NNRFR R RFEFDNRFERFEFRFEFDNDNDDDND ==

Do3 10 . 1 . . . ) . 1

A

[N}

[N}

)
IS R

Pog . . . . . . . 2 . . 1

Table D.4: The messenger superfields used to generate the effective operators of the model
in chapter 8. To each ®; there exists an ®; with “opposite” quantum numbers. A dot means
that the field is an invariant singlet under the respective symmetry. Note that the U(1)
symmetries will get explicitly broken to Z, symmetries by the Higgs sector.
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operator @1 Y2 Y3 Yi4 Y5 Y Q7 Ba! V2 73 Y4
#15 &2 &2 &2 S &2 &2 &2 D Pir Pir Dy
#16 Ev v S S v v Cu Pis Py P9 Pig
#17 Gab Pab 23 S a3 Pap Pay Pa Doy Doy Py

Figure D.10: List of order 7 operators in the effective superpotential from supergraphs

with linear topology.

operator 1 Y2 Y3 Y4 Y5 Yo YT N 2 3 Y4
#18 G2 P2 d2 po i i Hs By Pyn Doy Dy
# 19 ¢bc ¢bc (bbc (ZSbC S ¢bc ¢bc q>15 (D24 (I)E) (I)5
#20 S &2 &2 &2 &2 &2 &2 Doz Pir Pig Dy
#21 G2 P2 P2 P2 S P Py Dy Py Py Dy

Figure D.11: List of order 7 operators in the effective superpotential from supergraphs

with non-linear topology.



186

D. Appendices to the flavour GUT models

YY1 Y2 Y2 Y3 Y3 Y4 M4

operator 1 @2 3

Pa P55 P P P8 N 2 V3 V4 Vs

#22 &2 &2 o

#23  &m Em Ny

§i2 &2 Ta T Hs P16 Pir Pos Paz Py
Ove Doe Ny o & Pig Do Pag Pis Py

Figure D.12: List of order 8 operators in the effective superpotential from supergraphs

with non-linear topology.
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D.3 Appendix to the first model of chapter 9

In figures D.13 and D.14 we show the supergraphs yielding the effective superpotentials
W,y and W, when the heavy messengers are integrated out.

93

H5 H§4
7. \\ Zwa  Zwa | Zwz2  Zigo /
5 B T

(" (s (s
04

Hj,

\\ Zy51 Zis1 | Zis2 Ziso s 15

/ \
Fi s s Hy,

(s) (s (5)

=

Figure D.13: Supergraphs leading to the effective superpotential W, of our model in 9.4.1
when the heavy messenger fields get integrated out.

All superfields of the model 9.4.1 are presented in the tables D.5 and D.6, including
their charges under the discrete shaping symmetry. As shown in figures D.13 and D.14 the
messenger pairs Zs12s1, 21012101, 21022102, 2512451, and Zys 22459 get their masses
through the vevs of S and S’. The other messengers in the lower part of table D.6 have
direct mass terms, so we do not show the charges of their corresponding conjugated partners
Z;, which can be trivially obtained from the charges of Z;.

Let us now discuss the messenger fields appearing in figure D.14 closer. There are three
supergraphs generating the superpotential term y;5. The renormalisable superpotential
corresponding to figure D.14 is

W Dy HsTiZyoa + 2 Hs T2 Z103 + v3 Tab1 Zios + e 05 24
+ A1 022571 + Ao 92Z10,3210,4
+m ﬂ210,322 + 72 75210,422 + 15 75210,321
+ My Z1Zy + My ZoZy + Mo 3 Zlo,3Z10,3 + Mioa Z10,4210,4 ) (D.4)

where we explicitly denote the coupling constants at the ends of a diagram with ~,, coupling
constants in the middle of the diagrams with A, if they involve 6;, n; if they involve T;,
and messenger masses with M.

After Z, and Z, are integrated out and the flavons ; obtain vevs, the elements (9.62)
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Figure D.14: Supergraphs leading to the effective superpotential W, of our model in 9.4.1
when the heavy messenger fields get integrated out. Note that there are three supergraphs
contributing to the superpotential term generating yo.

01

of Y, are given by

T, (61)%(62)*
Y11 = 71 A0 M1 A1 Y6 My Mo Mg 3 Mg )
(61)(05) (62)(0:) ;o (00)*(0)
— o A1 g a2 MY = — A M, Mo sMioa
Yi2 = Y2 M1 A1 Yo MMy Mo T Y172 A1 M, MMy, + 71 Ao 2 Ve My Mo Moy
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Yoo = V217 Yo (02)°
22 = Y2 e
2 M Moz
(01)(02)

=~ A NG VAT

Y13 = Y1 A1073 M1073M1074’
0

Y23 = 7273 ]\<4110>’3 ) (D-5)

and ys33 is a renormalisable Yukawa coupling coefficient.

One might feel motivated to remove the messenger pair Z, Z, from the spectrum,
thereby eliminating two supergraphs and thus the first two terms contributing to y;2.' In
this case however, without Z»Z, evaluating ;o would yield

01)*(02) (61) m570
=~ A 1! <— = S22
R M,y Mo 3Mioa s My s
Moz 1 Y13Y22
= Y13y ) — . D.6
1o (01) 723 Y23 (D6)
From a small angle expansion of Y, one finds for the mixing angles
Y12 Y13 Y23
0y ==—, 0)35==—", andfy; =", D.7
2 Y22 ' Y33 2 Ys3 (D7)

which are identical to the GUT scale CKM mixing angles since our model features diagonal
Yy. Therefore (D.6) would imply the phenomenologically bad GUT scale relation
o

= GORM (D.8)
To fit Y, to the observed data an additional degree of freedom is needed. In our model
this is realised through 7,7, enabling additional diagrams contributing to v1s.

This illustrates that besides guaranteeing a certain Yukawa matrix structure and unique
CG factors, the messenger sector also has to be carefully chosen with respect to its cou-
plings, to avoid non-phenomenological predictions for observables.

A different pair of fields Z3, 7% would need to be introduced anyway (using different charge assignment
than Z,Z5) in order to generate y11. The charges can be assigned such that no extra contributions to yi2
appear.
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SUB) Zo Zy 7y T4 Zn Zy Zyg Zs

Matter and light Higgs superfields

H; 5 ) . . ) . . )

H; 5 O
T 10 . .3 . 6 1
Tz 10 . . . . 6 1
T 10 . . ... .1
Fi 5 1 1 1 2 1 1 2 1
Fa 5 1 . o2 1 .2 1
F3 5 1 2 . r . 6 7 1

Superfields with vevs around the GUT scale

Hs, 24 )
H, 24 1.

S 1 3 . 2

S’ 1 1

0, 1 . 1

02 1 1 .

03 1 2 6 5

04 1 5

DMPM superfields

Hi 5 3 5 7

Hi 5 1 6 .
Xys 45 2 6 7
Xy 45 3 6 2

Yis 45 3 7

Yis 45 1 2 2

Zso 50 1 17

Zsy 50 4 2
X5 45 3 1
X}, 45 2 4

Yis 45 1 5

v. @ . |

Zty 50 .2 3

Zl, 50 .3 2

Table D.5: SU(5) representations and charges under the discrete shaping symmetry for
the model of 9.4.1. A dot denotes charge zero.
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SUGB) Zo Zy Ty Ty Zp Ly Ly Zo
Zs 4 5 2 . 3 . 1 2 1
Zs1 5 ) .. 6 7 1
Zipa 10 1 3 6 1
Zwa 10 1. S R |
Zw2 10 1 2 2 6 6 5 1
Zw2 10 1 2 . 1 1 1 4 1
Zys1 45 3 3 2 6 6 7 1
Zysa 45 1 1 1 1 1 2 1
Zi52 45 3 3 3 6 6 2 1
Zys2 45 1 1 1 1 7 1
Zws 10 L 1 1
Zwa 10 | 1 1
A 1 L 5
Z, 1 N 5

Table D.6: SU(5) representations and charges under the discrete shaping symmetry of
the flavon and flavour messenger fields of the model in 9.4.1. Note that the messenger pairs
Z5,1Z571, 210’121071, 21072210’2, Z45’1245,1, and Z4572245,2 have no direct mass term, but get
their masses through the vevs of S and S’. The other messengers in the lower part of the
table have direct mass terms, so we omit their corresponding conjugated partner Z;. A dot
denotes charge zero.
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D.4 Appendix to the second model of chapter 9

Let us first show the supergraphs which generate the effective superpotentials (9.82) and
(9.83) in figures D.15 and D.16.

03
Hy,

(") (s () ()

Figure D.15: Supergraphs leading to the effective superpotential W,; when the heavy
messenger fields get integrated out in the model 9.4.2.

72

3

Z106  Zog

Figure D.16: Supergraphs leading to the effective superpotential W, when the heavy
messenger fields get integrated out in the model 9.4.2.
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All superfields of the model and their charges under the model’s symmetries are shown
in tables D.7 and D.8. As for the model 9.4.1, some messengers get their masses through
vevs of S and S’ instead of direct mass terms, as can be seen in figures D.15 and D.16. The
messenger fields in the lower part of table D.7 have direct mass terms, so their corresponding
conjugated fields are not shown in the table.

SUB) Zy Zs Zy Zs Z¢ Zn Ty Zo
Zs 5 2 1 1 4 6 6 1
Zs 5 o1 4 2 1 1 1
Zw. 10 .1 .1 3 2 1
Zw1 10 .02 1 4 . 4 5 1
Zws2 10 | 4 1 1
Zw2 10 . 2 6 . 1
Zws 10 .2 .1 2 6 5 1
Zws 10 .11 4 4 1 2 1
Zwa 10 A | 2 1 1
Zwa 10 . 4 6 . 1
Zys, 45 .1 2 5 4 1
Zys, 45 1 . . 1 4 2 3 1
Z10’5 10 6 . 1
Zws 10 1 2 1
Z 1 2
Zs 1 ... . . . 5
Zs 1 5 3

Table D.7: SU(5) representations and charges under the discrete shaping symmety of the
flavon and flavour messenger fields of the model 9.4.2. Note that the messengers Z5 175 1,
210,121071, Z107221072, Z107321073, Z1074Zm,4, and Z457124571 have no direct mass term, but
get their masses through vevs of S and S’, as shown in figures D.15 and D.16. The other
messenger fields in the lower part of the table have direct mass terms, so their corresponding
barred fields are not shown in the table. A dot denotes charge zero.
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SUDB) Zo Zs Zy Zs Ze¢ Zp Znp Zo
Matter and light Higgs superfields

H5 5 .

H; 5 2 1 4 6 6 .

Ti 10 ) . . ) . 6 5 1

T 10 . . . . . 1 1

T 10 1

Fi 5 . . 3 2 5 6 1

Fa 5 2 . 3 . 2 3 1

F3 5 1 3 4 . 1 1 1

Superfields with vevs around the GUT scale

Hy, 24 . . . . 4

H,, 24 . . . . 2

S 1 1 2 . 2

S’ 1 3 .

01 1 6

0 1 . . 1

05 1 1 2 1 2 2 2

0, 1 2 2 1 . 5 5

05 1 3 1 2
DMPM Superfields

H. 5 11 4 1 1

H. 5 1 1 2 :

X, 45 1 4 4 1 1

X5 45 1 4 2 6 6

Yis 45 2 3 2 1 1

Yis 45 1 2 4 6 6

Zs 50 1 1 1 1

Zso 50 | 2 6 6

X, 45 1 4

X, 45 | 4 .

Vi 45 1 1 3 4

Y,s 45 . 2

Zt, 50 . 2 12

ZL, 50 1 2 2 4

Table D.8: SU(5) representations and charges under discrete shaping symmetries for the
model of 9.4.2. A dot denotes charge zero.



APPENDIX E

The [-functions in the seesaw type-I
extension of the MSSM

In this appendix we list the S-functions of the SUSY soft-breaking parameters in the MSSM
extended by the additional terms in the seesaw type-I extension (obtained using the general
formulae of [136]), which are implemented into REAP and SusyTC. Thus they are given here
in our conventions (10.1) and (10.2) for W and L, respectively.

E.1 One-Loop S-functions

66
16726y, = gngl , (E.1)
16726y, = 292 M, (E.2)

167 Bar, = —6g3Ms

1672z, = Yo (V] Tu+ AV{T) + T, (V] + 5V,

26 32
+Y, <6Tr(YJTu) +2Tr (Y, T,) + 1—59%M1 + 695 M, + ggiMs)

13 16
+ T, (3Tr(YJ Yo) + Tr(YJY)) — 201 — 305 — 393) : (E4)

167287, = Yo (4] Tu+2¥]T,) + T (57[Ya + V[V,

14 32
+Y;, (6Tr(Yde) + 2Te(YIT,) + Eg%Ml + 692 M, + §g§M3>

7 16
T3 (3O + Y. - oot -0 - ) (E.5)
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1676y, = Y. (A4Y]T. +2Y/T,) + T, (5Y]Y. + V}}Y,)

18
+Y, (6Tr(YdTTd) + 2Te(YIT,) + ngMl + 69§M2)

9
+ T, (3Tr(Y§Yd) + Te(Y]Y,) — 59? - 393) :

167°6r, = Y, (4Y/T, +2YIT.) + T, (5V]}Y, + VV,)

6
+Y, (6Tr(YJTu) +2Te(YIT,) + - —gi M, + GgQMQ)

3
+17, (BTHY) 4 TV - B2 - 33 |

167%83,,2 = 2Y.Im2Y, + 2Y.Im2Y,,
L
+mi (VY. + YY) + (VY. + VY, m2
+ th VY, +2m; YV, + QTTT +2TIT,
- —91|M1|2 Is - 692|]\42|2 Is - —9 1S 1 )

1672Bmé =2V m2Y, + 2§jm3~Yd
mg (Yt YViYa) + (Y Yiva) md,
+2m? YV, +2m? VY, + 2TiT, + 2T} T,

2 32
- 1—59f\M1|2 13— 6g3| M2* 13 — §9§|M3’2 13+ 915 13,

16726, = 4Y,m2Y,[ + 2,V m3 + 2m3Y, Y]

+4dm;, Y, Y.+ 4T, T}

3 32
91’M1‘2 15 — _93|]\/fi’>|2 15— —915 13,

167 B,z = AYamB Y] +2YaY m? + 2m3Y,Y]

+4m3 Y Y] + AT T}

8 32
— ﬁgﬂMﬂQ 13— §9§\M3|2 13+ 915 1,

(E.6)

(E.7)

(E.10)

(E.11)
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167 Bz = Yo} Y] +2Y.YIm? + 2m3Y.Y ]
+4mp, Y.V 44T, TT

24
— ?gﬂMl’Q ]13 + gls ]13 y (E12)

16728,2 = 4Y,m2Y, + 2V, V,im2 + 2m2Y, Y,
+4m; Y,V +4T,T) (E.13)

16#26m%d = 6T1"(Ydm%YdT + YdTmfin)
+2Te(Yem3 Y, + VImZY,)
+6m2 Tr(Y,Yy) + 2m? Tr(Y,Y,)
+ 6T (TITy) + 2T (T T,)
6
- ggﬂMﬂ2 — 63| Ma|* — —915 (E.14)

167T2ﬂmi = 6Tr(Yum2~2YJ +Yimiyw)
+2Te(Y,miY,) + Y,Im2Y,)
+6m; Tr(YY,) +2mi Tr(Y,'Y,)
+6Tr(TIT,) + 2Tx(TIT,)
6 3
= 2O IM? = G MBI + 2giS (E.15)

with

S=mj, —m;, +Tr< m% —mi 4+ m3 —i—m~—2m) . (E.16)

Q

E.2 Two-Loop f-functions

12 28 36 52
(167°)°5y) = S g (LY, + S Te(TaY]) + T TH(TY)) + Sl TH(TLY))
12 28

— EglMlTr(Y v — EglMlTr(YdYT)
36 , f B2 '
- gglMlTr(YY ) — 50 ML Tr(Y,Y,))
176 176 54 54 796
+ =193 My + 9195 Ms + —g19: My + =915 Mo + S g1 M

(E.17)
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1672285 = 4g2Te(T,Y,}) + 463 Te(T,Y.) + 12g2Te(T,Y]) + 122 T (T, Y}
2 2 2 2
— 4g3 Mo Tr(Y,Y,)) — 4g5 My Tr (YY)
— 12¢2M,Te(Y, Y)Y — 1262 My Tr (YY)
18

+ —gigs My +

18
: — G292 My + 484592 My + 48293 M3 + 100g5 My, (E.18)

5

(1672)287) = 8¢2Te(T4Y]) + 8g2Tr(T,Y,) — 8g2MyTr(YyY,) — 8¢2MsTr(Y,Y,)

29 22
+ < —gig3 M + - g7 g5 M; + 189595 Mo + 189595 M5 + 5693 M3, (E.19)

(167228 = — 2T, (Yj YaVivy + 2vivaviy, + 3YJYUYJYU>

9y, (QYJ TYIY, + 2V Ty, + ovivyiT,

+YYYIT, + AYIT,YIY, + 3YJYquTu>

-, (YdTYdTr(YeYj + 3,V + 5V Y, T (Y, Y + 3YuYJ))

92y, (YdTTdTr(mfj +3YY]) + VY Ty + 3Ty))

FOYIT, Te(Y, Y] + 3V, Y1) + 3YIY, Te(T,Y) + 3TUYJ))

-~ T, (Tr(SYl,YJY,,YJ LYYV + 3TV Y Y YT + BYUYJYUYJ))

—2Y, (Tr(6TVYj Y, Y+ T,YIY, Y+ Y, YIT,Y))

4T (Y, YTy + T VY + 6TUYJYuYJ)>

- ggf (Tuyj Yy + 2V, Y Ty + 3V, YT, — 2M, (Y, Y]V, + Y, Y] Yu))
+6g5 (V.Y T, +21,Y,)Y, — 2M:Y, YY)

4
+ (16g§ + gg%) 2V, Te(Y,)T,) + T, T (Y, Y,,))

136 15 16 92743
e ~— @3 T, + —gaTy — — 93T + ———gi Ty + 91 g3T, + 89393 T,

* > 9 150
— Y, Tr (YY) <3Qg§M3 +

8 272
gQ%Ml) T = 9i93Yu (M, + Ms)

- 29192Y (M + My) — 169 32,Y (My + Ms)

5486 4y, 04
1

= 300, MY, — =0 5 9aMsYi (E.20)
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(1672232 = — 21, (SYJ YaViY + 2y vy, + YJYquYu>
— 2y, <4Yj YV, + 3YY,YIT, + 2vIT,YiY,
+YITYIY, + VIV, YT, + 2YJYUYJTU)
— T <5YdTYdTr(YeYJ +3Y,V)) + VIV Tr(Y, Y + 3Yuyj))
— 2y, (2Yj TyTe(Y.Y] 4 3Y,Y]) + 3V Yy Tr(TLY) + 3T,Y])
YT T, Y + 8V, + VIV, TN + 3Tuyj))
— T (Tr(YeYjY,,YJ VYTV + STH(Y,YIYaYS + 3,y vy ))
= 2%, (T(VY Ty + LYY, Y] + 6 LYY,y
+ 3Te(TY YY) + YIS + 61y vay) ))
42 g2 (2TdeYu + 3T,V Yy + 3V, Y Ty + 4Y,YIT, — aMy (VY] Y, + YdYJYu))

5
+ 693 (YdeT Ty + 2T,Y] Yy — 2M, Y,V Yd>

2
+(M£—5ﬁ)@mﬁmﬁw+%ﬂﬂ$@)

+ ggf (2YyTr(Y)T.) + T,Tx(Y,Y,))

+ ggfgéTd - ggéTd — §9§Td —- %gi‘Td + 919371 + 8959314

~ (v (3200 - S, ) - ZRMYITYY)

— S REYAM+ My) — 23 Va(My + My) — 16G3GYa(My + M)

— 309, My Yy — Z—?nglyd + %g;‘;Mng , (E.21)
(1672285 = — 2T, (31 [Ve + 21V, YY, + V)Y, Y Y, )

9y, <4YJT8YJY6 +3YIVYIT, + 2VIT VY,
+ 2V T,YY, + VIV, YIT, + 2YJYVYJTZ,)
- <5YteTr(YeYeT YY) 4 VIV T (Y, Y+ 3YuYJ)>

9y, (2}/57;%(1@;* 3V + 3V (T Y + 3Tuv)
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E. The g-functions in the seesaw type-I extension of the MSSM

(1672)

20(2) _
T, —

+mnﬂmxhﬂnmw4ﬁﬂﬂnm+mm®)
—nCmnwnw+$@ﬁg@+ymmmnﬁ+$@$@$>
-ﬂnﬁmnﬁﬂw+nﬁnw+muﬁuy
+$mnmnﬁ+nﬁmm+Mﬁﬁ@$>

+ 20F (VYT - YY)

+ 692 (YYIT. + 21.Y]Y, — 2M,Y,Y[Y,)

1 (16g§ - %g%) (mTr(YJ Ty) + T.Te(Y,] Yd))

6
+ —g7 Y. Tr(Y/T,) + T.Tx(YY,))

5
27 4 2 2

15 9
7937-‘6 + Enge + ggngTe
4

- YeTr(YdTYd) (32932,]\/[3 - 39%M1) -

_|_

12
SeMY (YY)

18
—gg@ﬁﬂM}+Mg—3%ﬂ@n—5@ﬂL%, (E.22)

—ﬂ%ﬁ%ﬂﬁ+ﬂ@ﬂﬁ}%ﬁnﬁn>
—J%@ﬁﬂﬁ%+ﬂﬁ&ﬁ}%@%ﬁﬂ
+ﬁnﬁg+uﬁwﬁymﬁnwn)
—ﬂ(wnﬁmxuﬁmﬁﬂﬁwnﬁmxhﬁnmg
-Jm@ﬁwmnw+$wﬁ+wnﬂ@xudn@)
4@ﬁﬂﬂmxhﬂnmmﬂwnﬂmxmﬁnmﬁ
—ﬂ(ﬁ@nwnﬁ+nwnwwdﬁmmmmhﬁnmnﬁn
—JKCMEH%ﬁ+%@ﬂﬁ+MﬁﬁQ@
+ymnmnﬁ+nﬁmm+mmﬁ@®)
+%Nﬂwﬁymnﬁﬂ+nwn+ﬂﬁn—mmnwn+nwn0

5
+ 62 (Y, V1T, + 2T, Y,Y, — 2MLY, YY)

4
+(Hm§+gﬁ>(ﬂqﬁﬂjﬂ)+7UHQﬂK))
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15 207 9

+ ?gng/ + EgilTu + ggfggTy
8

— Y, Tr(Y,]Y,) (329§M3 + 5931\41)

18 414
— Eg%ggy,,(Ml + My) — 3095 MY, — gg;*MlY,, , (E.23)

(1672)268) = — 4T} (TX[Y. + VYT,) = 4T] (LYY, + V,Y)T,)
L

— oyt (2m§mf; Y, + 21.T1Y, + 2V, TIT,

VY m2Y, + V.Y Yom2 + QY;m%YJYe)

— oy (zm,%YVYjY,, +OT,TIY, + 2Y,T)T,

12V, Y, m2Y, + Y, Y, V,m2 + 2YVm%YJYV)

—2(4mp, +m3) YIV.Y]IY, — 2 (4mi, +m3) VY, V]Y,
— ot (TeTr(Y;YJ + 3,V + VTN + 3T,y ))

— ot (T,,Tr(y,,Yj L3V, YN 4 Y, Te(TY) + 3Tuyg)>

_ vyt <2m§YeTr(YeYJ + YY) + 2L TR (Y, T + 3Y,T))
+ 2V, Te(TLT) + 3T4T)) + Yom2 Tr(Y,Y) + 3Yde))

=] (2m2Y Y] 4 3Y,Y)) 4+ 2L T (VT + 3Y,T))
+ 2V, Te(T, T} + 3T, 1)) + Y,m3 Tr(Y, Y, + 3Y,Y)))

— (4m2, +m2) VYTV +3YaY))

. <4miu + m%) Yy, Te(Y, Y} +3v,vH

VYT <Yem%YJ + YIm2Y, + 3Yam3 Y, + 3V, mszd)
oYY, Tr (meiyyf + Y m2Y, + 3Y,mdY, + 3YJm§Yu>

6
42 (2midY;Ye +m2YY, + YV + 2YIim2Y, + 2T§Te)

5
12

-9 (MYIT, — 2|My PY Y, + MITHY,)
621 18

+ 2_5Qil|]\41|2 15+ 39%9§(|M1|2 + |Ma]?) 13

18 .
+ gg%ggRe(Mle) 15+ 3395 |Mo|* 15
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3
+ 39%01 13+ 3g500 13 — —915' Ly, (E.24)
(1672)28%) = — 4T (TdYTYd + YdYTTd) 4T (T Y1V, +Y,YIT, )
Q

— o] (2m2aY Yo + 2T Ya + 2V,
RV Y M3 + Ya¥ Yo + 2Yam3Y Vs
— oy <2m§YuYJ Y, + 2T, T1Y, + 2V, TIT,
+2Y, Y m2Y, + Y,V V,md + 2Yum%Yqu>
_9 <4mhd +m ) YiVyYv, -2 (4mi +m2 ) Y1y, vy,
—oT! (TdTr(Y;Y; + 3V + YT (TLYS + 3Tyv) ))
ot (TuTr(Y,,Yj +3Y, Y1) + Y Te(T, Y] + STUYJ)>
~Y] (2m3YdTr(Y6YJ +3Y,V]) + 2Ty T (VLT + 3Y4TH)
+ 2V TH(TLTY + 3TT) + Yam Te(Y.Y, + myj))
~Y] <2m§YuTr(YVYj +3Y, Y. + 2T, Tx (Y, T + 3Y,T))
+ 2V, TR(T, T + 3T,T0) + Yom3Te(Y, Y, + 3YuYJ)>
<4mhd +m2 ) VIV Te(Y.Y! + 3v,y))
<4mh +m2 ) VIV, Tr(Y,Y) + 3Y,Y))
— VYT (Vo2 + Yim2Y, + 3Yam3 Y] + 3V fm2yy)
oYY, T (me%Yj + Y m2Y, + 3Y,mdY, + 3ij§Yu>
+ % g (zmdej Yo+ dmp VIV, +m2 YV + Y Vym + 2V m2Y,
+ 2mBY[ Y, + 2Y,Yumd + AV, m2Y, + 2T) Ty + 4TJTu>

(M*YTTd L 2MIYIT, — 4|0 PYY,
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2
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+ 320505 (|Mo]* + Re(MaM5) + |Ms]*) 1

32
+ 459193(|Ml|2 + [ Ms[?) 15 + 33g,| Ma|? 15
1 16
159101 13+ 3g300 15+ 3 —gj03 13+ 915/ 13, (E.25)
(167%)28%) = —2 (2mid +om2 + m§> YYIY,v)— 2 <4miu + mg) Y,y v,y!

4T, (T; YV + T,V + YIVTT + YJYJJ)

4y, (TC} Y+ TITY + YIT,T + YJTUTD

— 9y, (23{} m3YaY, 4 VIVaYim? 4+ 2v [ Yamd Y, + 2¥ m2Y, Y]
+ YV ml + 2V YmdY) 4 2miY Yoy + Qm%YJYqu>
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4T, (TJTr(Y,,YJ 3V, YN + YITe(Y, T + 3YUTJ))

— Y, (TIT(LY] + 3TY,) + YITH(TT] + 3T,T)) )

=] (VIm2 (VY] 4 3Y,Y)) + 2mB VI Te(v, Y, + 3V, 1))
2TV, m2 Y] + Yim2Y, + 3Y,mBY] + 3V miy,))
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9y, (2Yj m3YaYS 4 YVIVaym? 4 oV Yamd V) + 2vim2y,y]



204 E. The g-functions in the seesaw type-I extension of the MSSM

+ YV m? 4 2y Ymd Y]+ omBYivay] + 2mdyv,Y] )
9 <4mh +m ) YaVITe(Y.Y + 3v,y))

Ty (Td Te(YY) + 3Y,Y])) + Y Te(V.T) + 3Y,T) ))
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APPENDIX F

Self-energies and one-loop tadpoles including
inter-generational mixing

Here we present formulae used in chapter 10 and SusyTC for the self-energies 115, T+ p-,
144, and the one-loop tadpoles t,, t4, which are based on [201] but generalised to include
inter-generational mixing. In this appendix we employ SLHA 2 conventions [123] in the
Super-CKM and Super-PMNS basis, to agree with the convention of [201]. With the R-L
REAP conventions (10.1) and (10.2) employed in chapter 10, the SCKM/SPMNS matrices
are obtained via

[y = (Uf(zf)>TTf <U£f)> )
i = (Uf”)Tm?Q (v) .
w2 = (U5 w3 (U
it = (U) i (U1)
m% = (Ulgd)>Tmfi (U}{”) )
2 = (U}?)ng (v)) - (F.1)

Note that all formulae of appendix B, i.e. the definition of sparticle mass and mixing
matrices, are in SCKM/SPMNS basis with SLHA 2 conventions and thus valid in this
appendix as well. When starting from the flavour basis of chapter 10, one only needs to
replace (B.2) by (F.1). Let us remark that the convention in [201] for x differs by a sign
from our convention.

We now present the generalisation of 11, I+, [aa, t,, and t4 of [201] to include
inter-generational mixing. For all formulae we have checked that our equations reduce to
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the corresponding equations in [201] when
Wi, =Wy ..., =coslf
= _Wfi+3i = —sin Qfl s (FQ)
where i = 1...3 and W; is defined in (B.6).
We keep the abbreviations of [201]:

fiit+s

Sap = sin(a — ) , (F.3)

Cap = cos(a — ) , (F.4)

gp, = I3 — Qe sin® Oy | (F.5)

9in = Qesin’ Oy (F.6)

e = gosinfy (F.7)

N = {3 for (s)quarks . (F.8)
1 for (s)fermions

The conventions for the one-loop scalar functions Ag, By, Bao, H, G, and F [220] are
adopted from appendix B of [201]. Summations s are over all fermions, whereas sum-
mations ) s > s, are restricted to up-type and down-type fermions, respectively. Sum-
mations »_,, > 5 are over SU(2) (s)quark doublets, and analogously for (s)leptons. In

summations over sfermions the indices 7, 7, s, and ¢ run from 1 to 6 for 4, d, and € and from
1 to 3 for 7. In summations of neutralinos (charginos) the indices ¢, j run from 1 to 4 (2).
The summation ) ,, runs over all neutral Higgs- and Goldstone bosons, the summation
> .+ over the charged ones.
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The couplings f9, f4, g%, and g} are given in Egs. (A.7) and (D.5) of [201].
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VX2

The couplings fy+ and gy+ are given in Eq. (D.70) and Egs. (D.39-D.42) of [201]. The cou-
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plings Mg+ g—n-, Mg+ g-n+n—, and A+ g-popo are defined in Egs. (D.63-D.65) and Eq. (D.67)
of [201]. The couplings to sfermions in the case of inter-generational mixing are given by
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The couplings f9, ¢%, fi, and g} are given in Eq. (D.70) and Eqs. (D.34-D.38) of [201].
The couplings Aapono, Aaanono, and Agap+p+ are defined in Egs. (D.63-D.65) and Eq. (D.67)
of [201]. The couplings to sfermions in the case of inter-generational mixing are given by
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The couplings to sfermion in the case of inter-generational mixing are given by
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The couplings to sfermion in the case of inter-generational mixing are given by
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APPENDIX G

SusyTC documentation

Here we present a documentation of the REAP extension SusyTC. To get started, please
follow first the steps described in 10.3.

We now describe the additional features of SusyTC: In addition to the features of the

REAP model RGEMSSM.m (described in the REAP documentation), SusyTC adds the following
options to the command RGEAdd:

STCsigny is the general factor e+ in front of y in (10.15). (default: +1)

STCcMSSM is a switch to change between the CP-violating (complex) MSSM and CP-
conserving (real) MSSM. (default: True)

STCSusyScale sets the SUSY scale @ (in GeV), where the MSSM is matched to the SM.

If set to "Automatic", SusyTC determines () automatically from the sparticle spectrum.
(default: "Automatic")

STCSusyScaleFromStops is a switch to choose whether SusyTC calculates the SUSY
scale () as geometric mean of the stop masses () = ,/m; m;,, where the stop masses
are defined by the up-type squark mass eigenstates i; with the largest mixing to ¢; and
ty, or as geometric mean of the lightest and heaviest up-type squarks @ = Moy Mg
Without effect if STCSusyScale is not set to "Automatic". (default: True)

STCSearchSMTransition is a switch to enable or disable the matching to the SM and
the calculation of supersymmetric threshold corrections and sparticle spectrum. (default:
True)

STCCCBConstraints is a switch to enable or disable a warning message for potentially

dangerous charge and colour breaking vacua, if large trilinear couplings violate the con-
straints of [135] at the SUSY scale @

(i +y) i#]
|T;;]* < (miz +mi A+ mp, + Iu!2) , (G.1)
3y; =
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where mp,, mp and my,, denote the soft-breaking mass parameters of the scalar fields as-
sociated with the trilinear coupling 7" in the basis of diagonal Yukawa matrices. (default:
True)

e STCUFBConstraints is a switch to enable or disable a warning message for possibly

dangerous “unbounded from below” directions in the scalar potential, if the constraints
of [134] are violated at the SUSY scale @

2 2 2 |m3|4
my +|p|+mi: — >0 UFB-2, G.2
n T 1 L; m,%d + ul? — mi (G-2)
m; +m: >0  UFB-3, (G.3)

evaluated in the basis of (10.9). Note that the UFB-I constraint is automatically satisfied,
since SusyTC calculates m2 from m%u, m%d, Mz, and tan 8 by requiring the existence of
electroweak symmetry breaking. (default: True)

e STCTachyonConstraints is a switch to enable or disable the rejection of a parameter
point with tachyonic running masses of sfermions at any renormalisation scale above the
SUSY scale ). Regardless of this switch, tachyonic sfermion masses at ) are always
rejected. (default: False)

Thus, a typical call of RGEAdd might look like
RGEAdd["MSSMsoftbroken" ,RGEtan/3->20,STCcMSSM->False, STCsignpu—>-1];

In addition to the parameters known from the MSSM REAP model, the following soft-
breaking parameters are available as input for RGESetInitial:

e RGETu, RGETd, RGETe, and RGETv are the soft-breaking trilinear coupling matrices given
in GeV. If given, the Constrained MSSM parameter RGEAO for the corresponding trilinear
coupling is overwritten. (default: Constrained MSSM)

e RGEM1, RGEM2, and RGEM3 are the soft-breaking gaugino mass parameters given in GeV.
If given, the Constrained MSSM parameter RGEM12 for the corresponding gaugino is
overwritten. (default: Constrained MSSM)

e RGEm2Q, RGEm2L, RGEm2u, RGEm2d, RGEm2e, RGEm2v are the soft-breaking squared mass
matrices m?; for the sfermions given in GeV2. If given, the Constrained MSSM parameter

RGEmO for the corresponding scalar masses is overwritten. (default: Constrained MSSM)

e RGEm2Hd and RGEm2Hu are the soft-breaking squared masses for hy and h,, respectively,
given in GeV?. If given, the Constrained MSSM parameter RGEmO for the corresponding
scalar mass is overwritten. (default: Constrained MSSM)

e RGEM12 is the Constrained MSSM parameter for gaugino mass parameters in GeV. (de-
fault: 750)
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e RGEmO is the Constrained MSSM parameter for all soft-breaking masses of scalars in
GeV. (default: 1500)

e RGEAO is the Constrained MSSM parameter A, for trilinear couplings, e.g. Ty = AyY7,
in GeV. (default: -500)

An example for an input at a GUT scale of 2 - 10¢ GeV would be

RGESetInitial[2-10"16 , RGEM1->863, RGEM2->131,
RGEM3->-392, RGESuggestion->"GUT"];

The solution at a lower energy scale such as Mz ~ 91 GeV can now be obtained by the
REAP command RGESolve:

RGESolve[91.19,2:10"16];

Some parameter points might lead to tachyonic sparticle masses. In such instances the
evaluation of SusyTC is stopped and an error message is returned using the Mathematica
command Throw. In order to properly catch such error messages, we therefore recommend
to use instead

Catch[RGESolve[91.19,2:10716], TachyonicMass];

In addition to the parameters known from the MSSM REAP model, the following soft-
breaking parameters are available for RGEGetSolution at all energy scales between Mgyt
and the SUSY scale Q:

e RGETu, RGETd, RGETe, and RGETv are used to get the soft-breaking trilinear coupling
matrices.

e RawTv is used to get the raw (internal representation) of the soft-breaking trilinear matrix
for sneutrinos.

e RGEM1, RGEM2, and RGEM3 are used to get the soft-breaking gaugino mass parameters.

e RGEm2Q, RGEm2L, RGEm2u, RGEm2d, RGEm2e, RGEm2v are used to get the soft-breaking
squared mass matrices mf; for the sfermions.

e RGEm2Hd and RGEm2Hu are used to get the soft-breaking squared masses for hy and h,,
respectively.

To obtain the running DR gluino mass at a scale of two TeV for example, one uses

RGEGetSolution[2000,RGEM3];
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With SusyTC the DR sparticle spectrum is automatically calculated. The following
functions are included in SusyTC:

e STCGetSUSYScale[] returns the SUSY scale () in GeV.

e STCGetSUSYSpectrum[] returns a list of replacement rules for the SUSY scale ), the
DR tree-level values of p and ms, and the DR sparticle masses in GeV and (tree-level)
mixing matrices at the SUSY scale. In detail it contains
— "Q" the SUSY scale Q.

— "u","mg3" the values of u and ms.

— "M1","M2","M3" are the gaugino mass parameters.

— "Mh","MH","MA","MHp" the (tree-level) masses of the MSSM Higgs bosons.!
— "myO0" a list of the four neutralino masses.

— "myp" a list of the two chargino masses.

— "msude" a 3x6 array of the six up-type quarks, down-type squarks and charged slepton
masses, respectively.

— "msv" a list of the three light sneutrino masses.

— "OW" the weak mixing angle.

— "tana" the mixing angle of the CP-even Higgs bosons.
— "N" the mixing matrix of neutralinos.

— "U","V" the mixing matrices for charginos.

— "Wude" a list of the three sparticle mixing matrices for up-type squarks, down-type
squarks and charged sleptons.

— "Wy" the mixing matrix of the three light sneutrinos.

To obtain for example the SUSY scale and the tree-level masses of the charginos call
"Q"/.STCGetSUSYSpectrum|;
"myp"/.STCGetSUSYSpectruml;

The squark masses and charged slepton masses are contained in a joint list as {mg,m;,me},
and analogously for the sfermion mixing matrices. To obtain for example the up-type
squark masses, the charged slepton mixing matrix, and the sneutrino masses type

("msude"/.STCGetSUSYSpectrum|[]) [[1]1];
("Wude"/.STCGetSUSYSpectrum|]) [[3]1];
"msy"/.STCGetSUSYSpectrum|[;

e STCGetOneLoopValues[] returns a list of replacement rules containing

!Note that there is no CP-violation in the MSSM Higgs sector on tree-level.
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— "u","mz" the one-loop corrected DR p-parameter and mj as in (10.15) and (10.16)
at the SUSY scale @) in GeV.

— "yev" the one-loop DR vev ¢ as in (10.20) at the SUSY scale @ in GeV.

— "MHp" ("MA") the pole-mass my+ (my) of the charged (CP-odd) Higgs boson for
STCcMSSM = True (False) in GeV.

The value of p can for example be obtained from
"u"/.STCGetOneLoopValues|];

e STCGetSCKMValues[] returns a list of replacement rules with the soft-breaking mass
squared and trilinear coupling matrices in the SCKM basis, where sparticles are rotated
analogously with their corresponding superpartners?. Since they are used for the self-
energies calculation as described in the previous appendix F, they are returned in SLHA2
convention [123]! In detail, there are

— "VCKM" the CKM mixing matrix.
— "VPMNS" the PMNS mixing matrix.

— SCKMBasis["m2Q"], SCKMBasis["m2u"], SCKMBasis["m2d"] the squark soft-breaking
mass squared matrices in the Super-CKM basis with SLHA2 convetions in GeV?2.

— SCKMBasis["m2L"], SCKMBasis["m2e"] the slepton soft-breaking mass squared ma-
trices in the Super-PMNS basis with SLHA2 conventions in GeV?2.

— SCKMBasis["T"] a list of the three trilinear coupling matrices for up-type squarks,
down-type squarks, and charged sleptons in the SCKM basis with SLHA2 conventions
in GeV.

— SCKMBasis["Y"] a 3x3 array of the Yukawa coupling singular values for up-type
squarks, down-type squarks, and charged sleptons.

To obtain the down-type trilinear coupling matrix and the mass squared matrix of the
squark doublet in the SLHA basis for example, type

(SCKMBasis["T"]/.STCGetSCKM Values[]) [[2]];
SCKMBasis["m2Q"]/.STCGetSCKM Values||;

e STCGetInternalValues[] returns everything that is internally used for the calculation
of the threshold corrections and sparticle spectrum, i.e. the results from STCGetSCKMValues []
and STCGetSUSYSpectrum[] with the one-loop corrected parameters from STCGetOneLoopValues[]
replacing tree-level ones if available. We recommend to the user to use those separate
functions instead.

As additional feature, SusyTC optionally supports input and output as SLHA “Les
Houches” files. These files follow SLHA conventions [123,194]:

2Here we use the term “SCKM” for the Super-CKM and Super-PMNS basis.
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e STCSLHA2Input[ “Path”] loads an “Les Houches” input file stored in “Path” and exe-
cutes REAP and SusyTC. If no path is given, the default path is assumed as “SusyTC.in”
in the Mathematica notebook directory. An important difference to other spectrum cal-
culators is the pure “top-down” approach by SusyTC, i.e. there is no attempt of fitting
SM inputs at a low scale or calculating a GUT scale from gauge couplings unification.
Instead, all input is given at a user-defined high energy scale, which is then evolved to
lower scales. The input should be given in the flavour basis in SLHA 2 convention [123]
as in (5.64) and (5.65), and the seesaw parameters in the convention (5.77). The relation
between the SusyTC conventions of chapter 10 and the SLHA 2 conventions is given in
10.2. In the following, we list all SLHA 2 input blocks, which are available in SusyTC:

— Block MODSEL: The only available switch is:
5 : (Default = 2) CP violation (STCcMSSM)

— Block SusyTCInput: Switches (1=True, 0=False) are defined for RGEAdd:
: (Default = 1) STCSusyScaleFromStops
: (Default = 1) STCSearchSMTransition
: (Default = 1) STCCCBConstraints
(Default = 1) STCUFBConstraints
: (Default = 1) Print a Warning in case of Tachyonic masses
: (Default = 1) One or Two Loop RGEs

— Block MINPAR: Constrained MSSM parameters as defined in [123,194]. Note however,
that the input value of tan 3 is interpreted to be given at the SUSY scale.

— Block IMMINPAR: Reads the sin ¢, in case of the complex MSSM:
4 : sing,

— Block EXTPAR:
0 : (Default = 2-10'): M;,pu Input scale in GeV
Note that with SusyTC an automatic calculation of the GUT scale is not possible.
The remainder of the block works as usual, e.g. optionally one can overwrite common
Constrained MSSM gaugino or Higgs soft-breaking parameters:
1 My(M;nput) bino mass (real part) in GeV
2 My(Mippy:) wino mass (real part) in GeV
3 ¢ M3(M;ppue) gluino mass (real part) in GeV
21 mj (Mipput) in GeV?
22 :mj (Mippu) in GeV?
Imaginary components for the gaugino masses can be given in Block IMEXTPAR.

— Block IMEXTPAR: as defined in [123].

— Block QEXTPAR: low energy input:
0 : (Default = 91.1876): The low energy scale in GeV to which REAP evolves the SM
RGEs.
23 : “SUSY scale” @, where the MSSM is matched to the SM. If this entry is set, it
overwrites the automatically calculated SUSY scale.

S ULk~ W N~
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— Block GAUGE: the DR gauge couplings at the input scale
1 g1(Minput) U(1) gauge coupling
2 go(Minput) SU(2) gauge coupling
3 g3(Mipput) SU(3) gauge coupling

— Block YU, Block YD, Block YE, Block YN: The real parts of the Yukawa matrices
Y., Yy, Ye, and Y, in the flavour basis (5.64) and (5.77). They should be given in the
FORTRAN format (1x,I2,1x,12,3x,1P,E16.8,0P,3x, ‘#’,1x,A), where the first two
integers correspond to the indices and the double precision number to Re(Y;;).

— Block IMYU, Block IMYD, Block IMYE, Block IMYN: The imaginary parts of the
Yukawa matrices Y,, Yy, Y, and Y, in the flavour basis (5.64) and (5.77). They are
given in the same format as the real parts.

— Block MN: The real part of the symmetric Majorana mass matrix M, of the right-
handed neutrinos in the flavour basis (5.77) in GeV. Only the “upper-triangle” entries
should be given, the input format is as for the Yukawa matrices.

— Block IMMN: The imaginary part of the symmetric Majorana mass matrix M,, of the
right-handed neutrinos in the flavour basis (5.77) in GeV. Only the “upper-triangle”
entries should be given, the input format is as for the Yukawa matrices.

The remaining blocks can be given optionally to overwrite Constrained MSSM input
boundary conditions:

— Block TU, Block TD, Block TE, Block TN: The real parts of the trilinear soft-
breaking matrices T, Ty, T, and T, in GeV in the flavour basis (5.65). They should
be given in the same format as the Yukawa matrices.

— Block IMTU, Block IMTD, Block IMTE, Block IMTN: The imaginary parts of the
trilinear soft-breaking matrices T, Ty, T, and T, in GeV in the flavour basis (5.65).
They should be given in the same format as the Yukawa matrices.

— Block MSQ2, Block MSU2, Block MSD2, Block MSL2, Block MSE2,
Block MSN2: The real parts of the soft-breaking mass squared matrices m%, m2, m?,
m%, m?2, and m?2 in GeV? in the flavour basis (5.65). Only the “upper-triangle” entries
should be given, the input format is as for the Yukawa matrices.

— Block IMMSQ2, Block IMMSU2, Block IMMSD2,Block IMMSL2,
Block IMMSE2, Block IMMSN2: The imaginary parts of the soft-breaking mass squared
matrices m%, mZ, m%, m2, mZ, and mZ in GeV? in the flavour basis (5.65). Only the
“upper-triangle” entries should be given, the input format is as for the Yukawa ma-
trices.

e STCWriteSLHA20utput [ “Path”] writes a “Les Houches” [123,194] output file to “Path”.
If no path is given, the output is saved in the Mathematica notebook directory as
“SusyTC.out”. The output follows SLHA conventions, with the following exceptions:
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— Block MASS: The mass spectrum is given as DR masses in GeV at the SUSY scale.
The only exception is the pole mass My+ (M,) for CP violation turned on (off).

— Block ALPHA: the tree-level Higgs mixing angle o yee.

— Block HMIX: Instead of M4 we give
101 :mg3

The other blocks follow the SLHA2 output conventions, e.g. DR values at the SUSY scale
in the Super-CKM /Super-PMNS basis. To avoid confusion, the blocks Block DSQMIX,
Block USQMIX, Block SELMIX, Block SNUMIX and the corresponding blocks for the
imaginary entries, return the sfermion mixing matrices Ry in SLHA 2 convention!
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