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GROUPS OF AUTOMORPHISMS OF SOME AFFINE VARIETIES

1. ACKNOWLEDGEMENTS

First of all, I would like to thank my advisor HANSPETER KRAFT for teaching
me affine algebraic geometry and for guiding me during my PhD time. Especially
I am thankful for his constant support. He carefully read several preprints of the
articles of my thesis and gave a lot of suggestions, improvements and remarks.

Many thanks go to my coreferee Jean-Philippe Furter. I was discussing with
him many mathematical problems and he was always happy to answer questions
and give help. Finally, I thank him for reading carefully my thesis and for useful
comments, remarks and suggestions.

During my thesis I was financially supported by the SNF (Schweizerischer Na~
tionalfonds) and by the mathematics department of Basel.

Many thanks go to my colleagues from Basel. I spent a great time here. I had
many fruitful and inspiring discussions. Especially I would like to thank JEREMY
BLANC, EMILIE DUFRESNE, CHRISTIAN GRAF, MATTIAS HEMMIG, MAIKE MASSI-
ERER, PIERRE-MARIE POLONI, MARIA FERNANDA ROBAYO, IMMANUEL STAMPFLI,
CHRISTIAN URECH. A special thank goes to HARRY SCHMIDT and SUSANNA ZIM-
MERMANN who read my thesis and made important remarks.

I would like to thank my close friends ANDRII and PASHA.

Finally, I would like to thank my parents and my sister for their constant support.

2. INTRODUCTION

In 1872 FELIX KLEIN published his inauguration paper named Vergleichende
Betrachtungen ueber neuere geometrische Forschungen (see [Kle93]) for his profes-
sorship at the University of Erlangen (Bavaria, Germany). This paper acquired
world-wide fame among mathematicians under the name of Erlangen Programm.
KLEIN proposed that group theory, a branch of mathematics that uses algebraic
methods to abstract the idea of symmetry, was the most useful way of organiz-
ing geometrical knowledge. One can translate it into the modern mathematical
language as follows.

Study of geometrical objects via their transformation (automorphism,
birational transformation etc.) groups.

This approach was very fruitful in many areas of mathematics, for example, to
study manifolds via their diffeomorphism group, field extensions via their Galois
group, algebraic varieties via their automorphisms.

In particular, RICHARD P. FILIPKEWICZ proved that a real connected manifold is
determined by its group of diffeomorphism i.e. if M and N are real connected mani-
folds of class C* and C7 respectively, then an isomorphism ¢ : Diffk(M) — Diff/ (N)
of abstract groups implies equality j = k and that there exists a diffeomorphism
Y : M — N of class C*.
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In this thesis, we focus on the study of affine varieties via their automorphisms.
SHAFAREVICH introduced the structure of an infinite dimensional variety on the au-
tomorphism group Aut(A™), a so-called ind-variety (see Section 3). The aim of this
thesis is: Study the automorphism group of affine varieties within the framework
of ind-varieties.

The thesis is organized as follows. In Section 3 we introduce the basic concepts
and notions that we will need. In Section 4 we give an overview of the results in
the articles of this thesis. Thereafter we list all these articles. We work over the
field of complex numbers C (but all results hold true over algebraically closed field
of characteristic zero) if not explicitely stated otherwise.

3. FUNDAMENTALS

3.1. Ind-groups and their Lie algebras. In [Sha66] SHAFAREVICH introduced
the notion of an infinite dimensional algebraic group or shortly ind-group (see also
[Kum02]). It was introduced in order to study the automorphism group Aut(A")
of the affine n-space. Recently, FURTER-KRAFT and DUBOULOZ independently
showed that Aut(X) has the structure of an ind-group for any affine variety X.

Definition 1. An ind-variety is a set X together with a filtration Xy C X5 C ...
with the following properties

(a) X = U2, Xi;

(b) each X, has the structure of an algebraic variety;

(c) the inclusion X,, C X,,41 is a closed immersion.

In this case we denote X = lim X;. In case each X is affine we call X an affine

gy

ind-variety. We endow each ind-variety X = lim X; with the following so-called
—

ind-topology: a subset A C X is called closed (resp. open) if and only if AN X is

closed (resp. open) in X; for all 1.

Example 1. (1) Any (finite-dimensional) variety X is of course canonically an
ind-variety, where we take each X,, = X.
(2) If X and Y are ind-varieties, then X x Y is canonically an ind-variety, where
we define the filtration by
(X xY), =X, xY,,

and we put the product variety structure on X,, x Y.

(3) A>® = {(a1,a2,as,...) : a; € C and all but finitely many as are zero} is an
ind-variety under the filtration: A' ¢ A2 C A3 C ..., where A" C A™ is the set
of all the sequences with a,41 = ant2 = ... = 0, which can be identified with the

n-dimensional affine space.

(4) Any countable infinite set S = {xg,z1,...} is an ind-variety under the filtra-
tion S,, = {xo, 1, ..., Zn } which has the structure of a variety.

(5) Any vector space V of countable dimension over the field C is an affine ind-
variety. Take a basis {e;};>1 of V. This gives rise to a C-linear isomorphism A>
> a;e;. By transporting the ind-variety structure from A via this isomorphism,
we get an (affine) ind-variety structure on V. It is easy to see that a different choice
of basis of V' gives an equivalent ind-variety structure on V.

Definition 2. A morphism between ind-varieties V = J, Vi and W = {J,, Wi, is
amap ¢ : V — W such that for any k there is an m such that ¢(V;) C W,,, and the
induced map Vi, — W,,, is a morphism of varieties. Isomorphism of ind-varieties as
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well as products of ind-varieties are defined in the usual way. This allows to define
an ind-group as an ind-variety G with a group structure such that multiplication
G x G — G:(g,h) ~ g-h, and taking the inverse G — G : g — g~ !, are both
morphisms.

In a similar way we define the notion of ind-semigroup. Similarly as Aut(X)
is an ind-group, the semigroup of endomorphisms End(X) and the semigroup of
dominant maps Dom(X) have the structures of an ind-semigroups for any affine
variety X.

Definition 3. For any affine ind-variety X = lim X;, the morphisms X — A' are
—
the elements of lim O(X;). We call these morphisms the reqular functions on X
pn
and we denote O(X) :=1lim O(Xj,).
—

A closed subgroup of an ind-group G = lim G; is called algebraic if it is contained
—
in some G;. We call an element g € G algebraic if the closure of the group generated
by ¢ is an algebraic subgroup of G.

Definition 4. A map f : X — Y of ind-varieties is called a closed embedding, or
equivalently, a closed immersion, if for any n there exists m(n) such that f(X,) C
Y and flx, : X = Y,y is a closed embedding of varieties, f(X) is closed in
Y and moreover, f : X, — f(X,) is an isomorphism of varieties.

An ind-variety X is called irreducible if the underlying topological space is irre-
ducible, i.e. X is not the union of two proper closed subsets. Similarly, X is called
connected if the underlying topological space is connected.

Definition 5. Let X be an ind-variety with filtration (X,,). For any = € X, define
the Zariski tangent space T, (X) of X at x by

To(X) = lim T (X,.),

where T,(X,,) is the Zariski tangent space of X, at x. Note that z € X,, for all
large enough n.

A morphism f : X — Y induces a linear map (df), : To(X) — Ty (Y), for
any = € X, called the differential of f at x. Moreover, this satisfies the chain rule:
(d(g o f))z = (dg) ¢(a) © (df )z, for a morphism g : Y — Z. Hence, an isomorphism
f: X = Y of ind-varieties induces an isomorphism (df), : T0:(X) — Ty (Y), for
any x € X.

Proposition 1. [Kum02, Proposition 4.2.2] For an ind-group H, the Zariski space
T.(H) at the identity element e is endowed with a natural structure of a Lie algebra
which will be denoted by Lie H.

Moreover, if f : G — H is a group morphism between ind-groups, then the
derivative (df). : LieG — Lie H is a Lie algebra homomorphism.

As in the case of algebraic groups, an ind-group G is connected if and only if G
is irreducible (see [Kum02, Lemma 4.2.5]).

Definition 6. Let G be an ind-group. An algebraic element g € G is called
unipotent if it is either trivial or if the closure of the group (g) generated by g is
isomorphic to the additive group G, := CT. The subset of all unipotent elements
of G is denoted by G,.
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3.2. Automorphisms of affine varieties. By an endomorphism of the affine
n-space A" = C" we mean a map of the following form

[A" = A" a — f(a) = (filar, ..., an), ., fulas, ..., an)),

where f1, ..., fn € C[z1, ..., x,] are polynomials and we use the notation f = (f1,...,
fn). More generally, suppose X and Y are closed subvarieties of A" and A™ re-
spectively. A regular map f from X to Y has the form f = (f1, ..., fin) where the f;
are in the coordinate ring O(X) = C[zy, ..., x,]|/I where I is the ideal which defines
X, such that the image f(X) liesin Y.

An automorphism of X is an endomorphism that admits an inverse which is
an endomorphism too. We denote by Aut(X) the group of automorphisms and
by End(X) the semigroup of endomorphisms of X. A special case is X = A"
One defines the degree of f € End(A") as degf := max;deg f;. By Aff,, we
denote the group of affine transformations of A™ and by J,, the group of triangu-
lar automorphisms (i.e. the automorphisms (g1, ..., g,), where g; = g;(x4, ..., xy)
depends ounly on x;,...,z, for each 7). Note that (g1,...,g,) € J, if and only if
9i = a;x; + pi(xiy1, ..., x,) for all i, where a; € C* and p; € C[z;y1,...,2,]. This
shows that J, is, as an ind-variety, isomorphic to

(CH)" x (CaClz,] ®Clxp-1,2,] D ®Clxa, ..., zp]).

The group TAut(A™) of tame automorphisms is the subgroup of Aut(A™) generated
by Aff, and J,,. If n = 2, any automorphism of A" is tame. Moreover, Aut(A?) is
an amalgamated product of Affy and Jo with amalgamated subgroup Affy N Js.

Recently JEAN-PHILIPPE FURTER and HANSPETER KRAFT showed that Aut(X)
has a natural structure of an affine ind-variety for any affine variety X. To show it
we start with the following Lemma.

Lemma 1. ([St13, Lemma 3.8]). Let X and Y be affine varieties. Then the set of
morphisms Mor(X,Y") from X toY has a canonical structure of an ind-variety.

Proof. Let Y C A™ and denote by I C O(A™) the vanishing ideal of Y . The
countable dimensional vector space Mor(X,A™) = O(X)™ has the natural structure
of an ind-variety by Example 1. It follows, that

Mor(X,Y) = {f € Mor(X,A™)| ¢po f=0forall ¢ € I}

is closed in Mor(X,A™) and then it has the structure of an ind-variety. One can
prove that the ind-structure on Mor(X,Y") does not depend on the choice of the
embedding Y C A™. g

We state without proof the next Lemma.
Lemma 2. Let X, Y and Z be affine varieties. Then there is a bijection
Mor(X x Y, Z) +— Mor(X,Mor(Y, Z))
[z (y= f(z,y)))
Moreover, the bijection is an isomorphism of ind-varieties.

Proposition 2. ([St13, Proposition 3.7]). Let X be an affine variety. Then Aut(X)
has the structure of an ind-group, such that for any algebraic group G, the G-action
G x X — X corresponds to the ind-group homomorphism G — Aut(X).
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Proof. Take any closed embedding X C A™ and let p : End(A™) — Mor(X, A™) be
the canonical C-linear projection. Thus Mor(X, A") = h_r)np(End(A”)i) is filtrated

by finite dimensional subspaces and End(X) = lim End(X); is an ind-variety, where
—

End(X); = End(X)Np(End(A™);). From this construction it follows that End(X') x
End(X) — End(X), (f,g9) — fog is a morphism and hence End(X) is an affine
ind-semigroup. The set

Aut(X) = {(f,h) € End(X) x End(X)|foh = ho f =id}

is closed in End(X) x End(X) and then it has the structure of an ind-variety. As
End(X) is an ind-semigroup, the composition

Aut(X) x Aut(X) — Aut(X), ((f1, h1), (f2, h2)) = (f1 0 f2, ha 0 h1)
is a morphism and taking inverses
Aut(X) = Aut(X), (£, h) = (h, ).

is a morphism too. Hence, Aut(X) is an affine ind-group.

Let G be an algebraic group. If p : GxX — X is a morphism, then G — End(X),
g + pg is a morphism by Lemma 2, where p, : X — X is defined by p4(z) := p(g, x).
Hence G — End(X) x End(X), g + (pg,pg-1) is a morphism and it induces a
homomorphism of ind-groups G — Aut(X). Vice versa, if G — Aut(X) is a
homomorphism of ind-groups, then

G — Aut(X) C End(X) x End(X) — End(X)

is a morphism and then G x X — X is a G-action by Lemma 2. O

Remark 1. In fact, FURTER and KRAFT showed that the ind-group structure
described above is the unique ind-structure on Aut(X) which satisfies the so-called
universal property.

Remark 2. We define the locally closed affine ind-subvariety Et(A™) of End(A™)
by the condition that the determinant of the Jacobian matrix jac(f) of f is in C*.
By the same argument as in the previous proof Aut(A") is a closed subvariety of
Et(A™).

Remark 3. Note that the group of birational transformations Bir(P™) of projective
n-space P™ does not admit a structure of an ind-group (see [BF13]).

Example 2. The automorphism group Aut(A™) of the affine n-space has the
structure of an affine ind-group (due to Shafarevich, see [Sha66] and [Sha81]):
Aut(A™) = liLnAut(A”)i, where Aut(A™); is the variety of those g € Aut(A™) which
have deg g < i. The subgroup Aff,, C Aut(A") is algebraic and J,, C Aut(A"™) is the
closed subgroup consisting of algebraic elements, but it is not algebraic itself. More-
over, J,, has the filtration by closed algebraic subgroups. Similarly one turns the en-
domorphisms End(A™) into an affine ind-monoid through End(A™) = h_rr)l End(A™);,

where End(A™); = {f € End(A™)|deg f <i}.

3.3. Group actions and vector fields.
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3.3.1. Algebraic group actions. Let G be an algebraic group which acts on an affine
variety X. Then we get a canonical anti-homomorphism of Lie algebras ¢ : Lie G —
Vec(X) = Der(O(X)), A — €4, where the vector field €4 is defined in the following
way (see [Krall, I1.4.4]). Consider the orbit map u, : G — X, g — gz, and set

(€a)s = (dpz)e(A).

We say that v € Vec(X) is a locally finite vector field if for any f € O(X), the
vector space generated by {v*(f)|k € N} is a finite-dimensional vector subspace of
O(X). A vector field v € Vec(X) is called locally nilpotent if for any f € O(X)
there exist k € N such that v*(f) = 0.

3.3.2. Unipotent elements of Aut(X). Let X be an irreducible affine variety. One
has a bijective correspondence

Aut(X), = {unipotent elements in Aut(X)} «— {G, — actions on X}

given in the following way: if u € Aut(X) is unipotent, then G, = (u) C Aut(X)
and we get a G,-action on X by the homomorphism G, — Aut(X) that sends 1 to
u. Conversely, if p : G, — Aut(X) is a homomorphism, then u := p(1) € Aut(X)
is unipotent. Additionally, one has a bijective correspondence

{G, — actions on X} «— {locally nilpotent vector fields on X}

which is given in the following way: if p : G, x X — X is a G,-action, then the
comorphism p* : O(X) — O(X)[t] induces a derivation D : O(X) — O(X) and
the corresponding vector field is locally nilpotent. Vice versa, let v be a locally
nilpotent vector field on X, then it induces a derivation D : O(X) — O(X),
D(f) := dp*(f)|t=0. Therefore, D induces the map G, — Aut(X), ¢ — Exp(tD)
which defines a G,-action on X, where the comorphism of Exp(tD) is

D:0(X) = O(X), frs_ i—jDi(f).
i=0

For more details on the theory of locally nilpotent vector fields see [Fre06].

Let u € Aut(X) be unipotent. We denote by O(X)* = {f(z) € O(X)|f(u"tx) =
f(x)} the invariant ring of u. If v is the locally nilpotent vector field that corre-
sponds to u, we have O(X)* = Kerv. Note that if v is a locally nilpotent vector
field, then fv is also locally nilpotent for any f € Kerv = O(X)*.

Definition 7. Let v € Aut(X) be unipotent and let v be the corresponding locally
nilpotent vector field. For each f € O(X)" we denote by f - u the unipotent
automorphism of X corresponding to the locally nilpotent derivation fr and we
call f-u a modification of u.

The most basic unipotent elements in Aut(A™) are the translations, i.e. automor-
phisms of the form (z1+e¢y, ..., zn + ¢, ) for some (cy, ..., ¢,) € C™*. A modification of
(21,22, ...,2n + 1) is an automorphism of the form (z1, 2, ..., Zn + f(21, ey Tn_1))
for some polynomial f(z1,...,2,—1) which depends only on 1, ...,z,_1.

3.3.3. Tangent space of End(X) and Aut(X). For any x € X we have a morphism
e : End(X) —» X, ¢ — ¢(x), with differential dp, : T End(X) — T, X, where
e := idx is the identity. Thus, for any H € T, End(X), we obtain a vector field g
defined by (SH)I = dﬂm(H)

The following result and its proof is due to FURTER-KRAFT.
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Proposition 3. The tangent space T, End(X) is canonically isomorphic to the
vector fields Vec(X), where the isomorphism is given by H — £p.

Outline of Proof. We choose a closed embedding X C C" such that O(X) =
Clz1, ..., xpn]/I(X). This defines a closed embedding of ind-varieties End(X) C
Mor(X,C™), hence Tiq(End(X)) C O(X)™. By definition, (fi, ..., fn) € End(X) if
and only if F(fi,..., fn) =0 for all F' € I(X). Therefore, we have

H = (h1,...,h,) € Ta(End(X)) <= F(T1 + €hy,...,Tp + €hy,) = 0 for all F € I(X)
" OF
— ;hia—%(fl, oy Tp) =0 for all F e I(X).

The latter means that ) . ; hi% defines a derivation oy of O(X) by setting

Sy = hi, and every derivation & of O(X) arises in this way. Thus, we obtain
an isomorphism Tiq(End(X)) = Der(O(X)) = Vec(X), given by H + 6. Note
that dp, as a vector field, is given by (6g )z = (h1(2), ..., hn(z)) € T X = C™.

On the other hand, the morphism pu, : End(X) — X is given by

(froes fn) = (fr(2), s fu(2) € X C C™
It follows that

o (@1 + eha (&), s T + ho(2)) = @ + (A (@), oy hu(2))
for H = (h, ..., hy) € Tia End(X). Hence, (§g)s = (hi(z), ..., hn(2)) = (0m)s. O
The following result is due to HANSPETER KRAFT.

Proposition 4. Let G be an ind-group which acts on affine variety X. Then the
map & : LieG — Vec(X), A — &4, is an anti-homomorphism of Lie algebras. For
G = Aut(X), the map £ : LieG — Vec(X) is injective, so that Lie Aut(X) can be
considered as a Lie subalgebra of Vec(X).

In the following we will always identify Lie Aut(X) with its image in Vec(X).
Note that Lie Aut(X) contains all locally finite vector fields. Indeed, if ¢ is a locally
finite vector field of Vec(X), then there exists an algebraic subgroup G of Aut(X)
such that 6 € Lie G (see [CDO03]). On the other hand, it is unknown and it is a very
interesting problem, whether Lie Aut(X) is generated by locally finite vector fields
if Aut(X) is generated by algebraic subgroups.

3.3.4. The case of Aut(A™). In this section we are going to compute Lie Aut(A™).
The vector fields on A™ have the following form: Vec(A™) = Der(Clz1, ..., z,]) =

{fi01 + -+ fuOnlfi € Clz1,...,x5]}, where 0; := %. Recall that the divergence

of a vector field § = Y7 | pia%i is defined by Divd := " | ggi. We define
Vec?(A™) = {6 € Vec(A™)| Divd = 0}.

and
Vec(A™) = {6 € Vec(A™)|Divé € C}.
Note that both Vec’(A”) and Vec®(A™) are Lie subalgebras of Vec(A™) because

Div([v, p]) = v(Div p) — u(Divv),
where v, u € Vec(A™).
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The following Lemma can be found in [Sha81].

Lemma 3. The Lie algebra Vec® (A™) is generated by locally nilpotent vector ﬁelds
of the form m;5— a where m; is a monomial in the x; with j # i. Moreover, Vec” (A™)
1s a stmple Lie algebm

Proof. (HANSPETER KRAFT) (a) If m = 2% 2% ... 25 is a monomial we set m; :=

m/xf", for i =1,...,n. Hence,
D0 _om o om o
U x; 0wy Ox;Ox; Oz Oxj

where j # i. It follows that for a given & = Y1 1 fi2- 55 € Vec”(A™) we can

find a linear combination of the brackets [z f a?; S g 9_] which is of the form ¢ =

D i it fiz2 For —hj52 o Then & — 5’ =hj2 e . Since Div(§ — &) = 0 we see that h;
does not depend on :cj, and SO h] 5, is a sum of vector fields of the form c;m; %,
J J

where ¢; € C*.
(b) Let I C Vec’(A™) be a nonzero ideal. If £ = "7 fza € I, then | 2j’§] =

Sy gg; a% € I. It follows that = 1719 € I for some k, and so % € [ for all ¢,
4] ] _ 0

because [I’k 57 Do) = 7%. If m; is a monomial which does not depend on x;,

then [m; 2-, 2] = —2ms € I. Hence, I = Vec’(A™) by (a). O

my Ox;’ Oy Oz, 61/

Note that Vec®(A") = Vec’(A") ® CE, where E := x; 22~ 8a: ++ a5 In fact,
FE is a locally finite vector field.
The following result and its proof is due to HANSPETER KRAFT.

Proposition 5. The map £ induces an anti-isomorphism of Lie algebras
Lie Aut(A"™) — Vec®(A"™) := {§ € Vec(A")|Divé € C}.

Proof. We note first that by Remark 2, Aut(A™) is a closed subvariety of Et(A™).
It is not difficult to see that Et(A™) is an ind-subvariety of End(A™). This shows
that

Lie Aut(A™) C T. Et(A™) = T.{f € End(A")|jac(f) € C*}.
For H = (p1,...,pn) € End(A™) we have jac(id +e¢H) =1+¢}_, 3 3’“ mod €2, hence

T.Et(A") = Vec®(A™). Now it suffices to remark that Vec’ (A”) is generated by
locally nilpotent vector fields and that F is locally finite. This proves the claim. [

3.4. Lie algebra of Aut(X) and action of Aut(A™) on Vec(A™).

Theorem 17. Let G be a connected ind-group. If LieG is a simple Lie algebra,
then any homomorphism F : G — H of ind-groups is either trivial or the kernel is
a discrete subgroup contained in the center of G.

Proof. Let G = UG,;. By definition, LieG = UT.G; and since Lie G is simple,
(dF). : LieG — Lie H is either trivial or injective. If (dF). is trivial, the restriction
of F' to each G; is a constant map, therefore F' is trivial (because G is connected).
If (dF). is injective, F' has discrete kernel K. Then G acts on K by conjugation.
Since G is connected it follows that K is included into the center Z(G) of G. O
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The Lie algebra of SAut(A™) which is isomorphic to Vec’(A™) is a simple Lie alge-
bra. But we do not know whether this implies simplicity of the ind-group SAut(A™)
i.e. whether there exists a nontrivial closed normal subgroup of SAut(A™). More-
over, KRAFT recently proved that any nontrivial ind-homomorphism from SAut(A™)
to an ind-group H is either trivial or is a closed immersion (see [Kral5, Theorem
1.4]). Note that in [Dan74] (see also [FL10]) it was shown that group SAut(A?) is
not simple as an abstract group.

3.5. Characterization of affine varieties. As we have mentioned in Section
3.2, End(X) and Aut(X) have the structure of an ind-semigroup and an ind-group
respectively for any affine variety X. Recently HANSPETER KRAFT showed the
following result.

Proposition 6. Let X, Y be affine varieties. Assume that we have an isomorphism
End(X) 2 End(Y) of ind-semigroups. Then X =Y.

Proof. For x € X denote by v, € End(X) the constant map with value z. Then
the map tx : X — End(X),  — 7., is a closed immersion. In fact, it is clearly a
morphism, and there is a retraction given by the morphism ev,, : End(X) — X,
¢ — (o).

Now we remark that the closed subset ¢tx(X) C End(X) of constant maps is
characterized by ¢tx(X) = {¢ € End(X)|p o) = ¢ for allyp € End(X)}. This
implies that every isomorphism of ind-semigroups 7 : End(X) — End(Y") defines a
bijective morphism 7|, (x) : tx(X) = ty(Y). The claim follows since the inverse
map is given by 771, (y). O

A generalization of this result can be found in [AK14], where the authors con-
sidered just abstract isomorphism of semigroups of endomorphisms.

On the other hand we can not expect to have such a result if we replace End(X)
by Aut(X) since for most affine varieties X, Aut(X) is finite. Recently, HANSPETER
KRAFT proved the following result.

Theorem 18. ([Kral5, Theorem 1.1]). Let Y be a connected affine variety. If
Aut(A™) =2 Aut(Y) as ind-groups, then Y = A™ as varieties.

Therefore, the affine n-space is determined by its automorphism group in the
category of connected affine varieties. There are some futher results in this direc-
tion in [Reglhb]. It is of interest to discover more varieties which are determined
by their automorphism groups. Moreover, A" is also determined by its special au-
tomorphism group U(A™) in the category of connected affine varieties, where by
U(A™) we mean the subgroup of Aut(X) generated by all closed subgroups U such
that U = C*. Note that U(X) is not necessarily an ind-group, i.e. U(X) is not
necessarily closed in Aut(X). By an algebraic isomorphism ¢ : U(X) — U(Y) we
mean an abstract isomorphism of abstract groups such that the restriction of ¢
to any closed one-dimensional unipotent subgroup is an isomorphism of algebraic
groups.

Theorem 19. Let Y be a connected affine variety. If U(A™) and U(Y') are alge-
braically isomorphic, then' Y = A™ as varieties.
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4. OUTLINE OF THE ARTICLES.

4.1. Automorphisms of the Lie Algebra of Vector Fields on Affine n-
Space. In this section we describe the results of the joint paper [KRegl5] with
HANSPETER KRAFT and give some ideas of the proofs.

The group Aut(A™) acts on Vec(A™) in the usual way. For ¢ € Aut(A™) and
0 € Vec(A™) we define

Ad(¢)d := ¢* ' 00 ¢,

where we consider ¢ as a derivation §: C[zy, ..., x,] = Clz1, ..., z,] and ¢*: C[zq, ...,
xn] = Clx1,...;xn], f — fo@, is the co-morphism of ¢. It is shown in [Kul92]
that Ad: Aut(A™) — Autpic(Vec(A™)) is an isomorphism, where Autyic(Vec(A™))
denotes the group of automorphisms of the Lie algebra Vec(A™).

In more geometric terms, considering § as a section of the tangent bundle TA™ =
A" x C™ — A™ | one defines the pull-back of § by

¢*(6) := (dp) ' 0500, e, ¢*(0)a = (dda) ' (34(a)) for a € A™.

Clearly, ¢*(§) = Ad(¢~1)s. However, the second formula above shows the well-
known fact that the pull-back ¢*(d) of a vector field § is also defined for an étale
morphism ¢ : A" — A™. More precisely, let ¢ : A™ — A™ be an étale morphism.
For any vector field 6 € Vec(A™) there is a vector field ¢*(d) € Vec(A™) defined
by ¢*(8)q 1= (do); '04(a) for @ € A™. It is uniquely determined by ¢*(6)¢*(f) =
¢*(0f) for f € Clxy,...,xy]. The map ¢* : Vec(A™) — Vec(A™) is an injective
homomorphism of Lie algebras satisfying ¢*(hd) = ¢*(h)¢*(9) for h € Clxy, ..., ).
Moreover, (10 ¢)* = ¢* o n*.

First, we give a short proof of the fact that Auty;e(Vec(Clzy, ..., z,])) = Aut(A™)
in [KRegl5, Theorem 3.1]. In order to prove this we first note that the map

Ad : Aut(A™) — Autpie(Vec(A™))

is injective. To show surjectivity we consider the subgroup S = (CT)™ C Aff,, of
translations. Then s := Lie S = (9,,,...,0s,). Let 6 : Vec(A") — Vec(A") be an
isomorphism and 6(s) = u. We show that u is generated by locally nilpotent vector
fields too. Therefore, u is a Lie algebra of some unipotent subgroup U C Aut(A™).

Because centyec(an)(s) = s it follows that centyeean)(u) = u. By using this, we
show that the orbit maps pug : S — A" and py : U — A" are isomorphisms.
Then one sees that ¢ := g OdJoual has the property that ¢pouo¢=! = 1)(u) for all
u € U. Hence, the automorphism 6’ := Ad(¢) o 6 € Autrie(Vec(A™)) sends Lie(S)
isomorphically onto itself. Then, one proves that there is an a € Aff,, such that
Ad(«) o @ is the identity on Lie(Aff,,). From here we finish the proof by showing
that in case 6 is the identity on Lie(Aff,), it is the identity on Vec(A™).

The aim of [KRegl5] is to prove the following result about the automorphism
groups of Lie algebras Vec’(A™) and Vec®(A™).

Theorem 20. [KRegl5, Main Theorem| There are canonical isomorphisms of
groups

Aut(A™) 2 Autpe(Vec(A™)) 22 Autye(Vec®(A™)) 22 Autpie(Vec®(A™)).
Remark 4. (a) The theorem above holds over any field K of characteristic zero.

(b) HANSPETER KRAFT showed that the groups in Theorem 20 have a natural
structure of ind-groups and that the maps are all isomorphisms of ind-groups.
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To prove Theorem 20 it is enough to show that Aut(Vec’(A™)) = Aut(A™). In
order to do so, we first show that the canonical map

(1) Ad s Aut(A") — Autpse(Vec®(A™))

is injective. Therefore, it is enough to show surjectivity of Ad.
Recall that a DARBOUX polynomial of § is a nonconstant polynomial f € Clzy, ..., z,]
such that 0(f) = hf for some h € Clzy, ..., z,].
If n = 1 it is easy to see that Ad from (1) is surjective, hence we can assume that
n > 2. Let 6 be an automorphism of the Lie algebra Vec’(A™). Put §; := 0(d,, ).
Then the vector fields 41, ..., §, are pairwise commuting and C-linearly independent.
Since 05, acts locally nilpotently on Vec? (A™), the same holds for 4;.
In the following we will use vector fields with rational coefficients:
Vec"(A™) := C(21, ..., Tn) @[, ....0,] VeC(A™) = @C(xl, vy Ty ) O, -
i=1
We first show that the é1,...,d,, do not have a common DARBOUX polynomial.
Hence one shows that there is an étale morphism ¢ : A™ — A™ with §; = ¢*(0s,)
for all i. Then the composition 8 := 6~ o ¢* : Vec’(A™) — Vec’(A") is an
injective homomorphism of Lie algebras and 6'(8,,) = 8,,. Hence, Lemma 5.4 from
[KRegl5] implies that 8’ = Ad(s) = (s7!)*, where s € Aut(A") is a translation,
hence 6 = (¢ o s)*. Now we show that ¢ := ¢ o s is an automorphism of A", and so
6 = Ad(¢~!) as claimed.
As a consequence of Theorem 20 we get the following result which is due to
KuLkoV, (see [Kul92, Theorem 4] cf. [KRegl5, Corollary 4.4]).

Corollary 1. If every injective endomorphism of the Lie algebra Vec(A™) is an
automorphism, then the Jacobian Conjecture holds in dimension n.

Remark 5. In fact, one can show that if every injective endomorphism of the
Lie algebra Vec’(A™) is an automorphism, then the Jacobian Conjecture holds in
dimension n.

Remark 6. It was proved by BELOV-KANEL and YU that every automorphism
of Aut(A™) as an ind-group is inner (see [BYul2]). Using Theorem 20 and Re-
mark 4(b), one can give a short proof of this and extend it to the closed subgroup
SAut(A™) C Aut(A™) of automorphisms with Jacobian determinant equal to 1.

4.2. Lie subalgebras of plane vector fields and the jacobian conjecture.
In this section we describe the main results of the paper [Reglba] and indicate some
ideas of the proofs.

It is a well-known consequence of the amalgamated product structure of Aut(A?)
that every reductive subgroup G C Aut(A?) is conjugate to a subgroup of GLy(C) C
Aut(A?), ie. there is a 1 € Aut(A?) such that Gy~ C GLy(C) ([Kam79], cf.
[Kr96]). The “Linearization Problem” asks whether the same holds for Aut(A™).
It was shown by Schwarz in [Sch89] that this is not the case in dimensions n > 4
(cf. [Kn91]).

In [Regl5a] we consider the analogue of the Linearization Problem for Lie alge-
bras. By Proposition 5 the Lie algebra Lie(Aut(A?)) is canonically isomorphic to
the Lie algebra Vec®(A?). The Lie subalgebra

L := C(2%9, — 22y0,) ® C(x0, — yd,) ® CI, C Vec’(A?) C Vec®(A?),
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where 0, := 8% and 9y := 8%7 is isomorphic to sls, but not conjugate to the standard
sly == (20y,y0,, 20, — ydy) C Vec®(A?) under Aut(A?) (see [Reglba, Remark
4.2]). This shows that the Linearization Problem for Lie Aut(A?) does not hold.
However, for some other Lie subalgebras of Vec®(A?) the situation is different. Let
Aff3(C) C Aut(A?) be the group of affine transformations and SAff5(C) C Aff(C)
the subgroup of affine transformations with determinant equal to 1, and denote
by affy = (0x, Oy, ©0s, Y0y, 0y, y0y), respectively saffy = (05,0, 20y, yOs, v0z —
y0Oy) their Lie algebras. The first result we prove is the following (see [Reglba,
Proposition 3.6]). For f € Clz,y] we set Dy := f,0, — f,0, € Vec®(A?). Note that
every vector field with divergence 0 has this form.

Theorem 21. Let L C Vec®(A?) be a Lie subalgebra isomorphic to saffz. Then
there is an étale map ¢: A®> — A? such that L = ¢*(saffy). More precisely, if
(Dy,Dy) is a basis of the solvable radical of L, then

L={(Dy,Dy,Ds2,Dy2, Dy,
and one can take ¢ = (f,g).

In order to prove this result we introduce the Poisson algebra P as the Lie
algebra with underlying vector space C[z, y] and with Lie bracket {f, g} := j(f,g) =
frgy — fygs for f,g € P.

There is a canonical surjective homomorphism of Lie algebras p : P — Vec” (A?%),
h — Dy := hy0y — hy0,, with kernel kery = C. For f,g € C[z,y| such that
{f,9} € C* we put

Pfﬂ = <1vagvf27fgvg2> CP.

This Lie algebra is isomorphic to P<s := (1,z,y, 2% xy,y?). Clearly, Ps, = Pf, 4
if (1, f,g) = (1, f1,91)- Denoting by rad L the solvable radical of the Lie algebra L
we get rad Py, = (1, f,g) and Py 4/rad Py g4 = sly. Then we show (see [KRegl5,
Proposition 2.8]) that each subalgebra of P isomorphic to P<s is equal to Py 4 for
some f,g € Clx,y], where {f,g} € C*. The proof is based on the fact that we
can easily compute the centralizer centp(f) of f € P and then by using defining
relations of P<s conclude the result.

Now let L C Vec®(A?) be a Lie subalgebra isomorphic to saffs. Then L =
[L,L] C [Vec®(A™),Vec®(A™)] = Vec’(A™). Hence, we show that it suffices to
check that Q := p~'(L) C P is isomorphic to P<s. From this one shows that
each subalgebra of Vec?(A?) isomorphic to saffy = p(P<2) is equal to Ly, =
(Dg,Dy,Dy2,Dy2, Dgg) = ¢*(saffs), where ¢ = (f,g) : A2 — A? is an étale map.

We can extend Theorem 21 to the following result.

Theorem 22. Let L C Vec®(A?) be a Lie subalgebra isomorphic to affy. Then there
is an étale map ¢: A — A? such that L = ¢*(affs). More precisely, if (D, Dy) is
a basis of the solvable radical of [L, L], then
L= <Df7D97foang»ngang%

and one can take ¢ = (f,g).

Let L C Vec®(A?) be isomorphic to affy. Then L = [L,L] ® CD for some
D € Vec®(A™) and [L, L] = saffy C [Vec®(A™), Vec®(A™)] = Vec”(A™). Therefore,
L = ¢*(saffy) ® CD for some étale map ¢ : A2 — A2 We claim that ¢*(affy) = L.

To show this we first note that ¢*(affy) = Ly, ® CE, where E is the image of the
Euler element of affy. Since Vec®(A?) = Vec’(A?) @ CD’ for any D’ € Vec®(A?)
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with Div D’ # 0, we can write D = aE + F with some a € C* and F € Vec’(A?)
i.e., F = Dy, for some h € Cz,y]. By construction, F = D — aF commutes with
M := (Dy2,Dy2,Dysy) = sly. Hence, we get {h, f?} = ¢, where ¢ € C. Thus
c={h, f?} = 2f{h, f} which implies that {h, f} = 0. Similarly, we find {h, g} = 0,
hence it is not difficult to see that h € C and so Dy, = 0 which implies D = aFE and
the proof follows.

As a consequence of the classification above, we obtain the next result (see
[Regl5a, Theorem 4.1, Corollary 4.4]). Recall that a Lie subalgebra of Vec(A?) is
algebraic if it acts locally finitely on Vec(A?).

Theorem 23. The following statements are equivalent:
i) The Jacobian Conjecture holds in dimension 2;

ii) All Lie subalgebras L C Vec®(A?) isomorphic to saffy are conjugate under Aut(A?);
iii) All Lie subalgebras L C Vec®(A?%) isomorphic to affy are conjugate under Aut(A?);
iv) All Lie subalgebras L C Vec®(A?) isomorphic to affy are algebraic;

v) All Lie subalgebras L C Vec®(A?) isomorphic to saffy are algebraic.

The implication (i) = (ii) is easy and follows from Theorem 21. To show the
implication (ii) = (iii) we consider a Lie subalgebra L C Vec®(A?) isomorphic to
affy, and set L' := [L, L] = saffs. By (ii) there is an automorphism ¢ € Aut(A?)
such that L' = ¢*(saffy). It follows that ¢*(affs) = L since L is determined by
rad(L’) as a Lie subalgebra, by [Reglba, Proposition 3.9].

To show the implication (iii) = (iv) we consider a Lie subalgebra L C Vec®(A?)
isomorphic to affs. Then by (ili) L = ¢*(affz) for some ¢ € Aut(A™). Hence,
L = Lie ¢(Aff2(C)) and the claim follows. The implication (iv) = (v) one can show
by using the fact that saffs = [affs, affs].

Assume (v) holds. Then any L C Vec®(A?) isomorphic to saffs is equal to Lie G,
where SAff(C) = G C Aut(A?). Since there is a subgroup H of G isomorphic
to SLa(C), we show that (i) follows from the fact that all subgroups of Aut(A2)
isomorphic to SLy(C) are conjugate.

4.3. Characterization of n-dimensional SL,-varieties. In this section we give
the main results of the paper [Regl5b] and some ideas of the proofs.

In the joint paper [KRZ15] we show that for n 3 a normal affine SL,-variety
of dimension n is isomorphic to a quotient A} := C"/u4 where the cyclic group
pq = {€ € C*|¢4 = 1} acts by scalar multiplication on C". For n = 2 there are two
more cases, namely SLo /T and SL2/N where T' C SLs is the torus of the diagonal
matrices and N = N(T) is the normalizer of T. The main result of the paper
[Regl5b] shows that a normal n- dimensional affine SL,-variety is determined by
its automorphism group. More precisely, we have the following result. Theorem
11. Let X be a normal affine SL,,-variety of dimension n, i.e. X =2 A", SLy /T or
SLs /N, and let Y be any normal affine variety. If Aut(Y) is isomorphic to Aut(X)
as ind-groups, then Y is isomorphic to X as varieties. Theorem 11 is a special case
of the next theorem where we include the case of a non-normal irreducible Y . The
coordinate ring of And is given by

OAy) =CaClry, - ,Tplka

If d > 2, then 0 € A} is an isolated singularity and so every automorphism of A7
fixes 0. This implies that the non-normal varieties Aj 4, s = 2, with coordinate ring

O( ZIL’S> =Co® (C[.Z’l, ...,xn]kd
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and normalization n : A} — A% _, have the same automorphism group as A} . Here
is the main result.

Theorem 24. Let Y be an irreducible affine variety. (a) If Aut(Y) = Aut(A])) as
ind-groups, for some nl,d2, then Y = Axy s for some s > 1.

(b) If Aut(Y) = Aut(SL2/T) as ind-groups, then Y = SLo /T as varieties, and
the same holds for SL2/N.

We also have some extensions of these results for the special au- tomorphism
group U(X) which we will formulate below.

In this paper we show a similar result as in Theorem 18 for a normal irreducible
affine n-dimensional SL,,-variety X. It is shown in [KRZ15] that in case n > 3 any
such X is isomorphic to Ay i.e. to the quotient of C™ by a cyclic group pg = {£ €
C*|¢? = 1}, d > 1, where the action is given by & (21, ..., 7,) = (€21, ..., £x,). Later
on we consider only the case d > 1. In case n = 2, X can only be isomorphic to
SLy /T, SLy /N(T) or 2-dimensional C? /4 (see [Regl5b, Lemma 5] cf. [Pop73]),
where T is the standard subtorus of SLy and N(T') denotes the normalizer of 7.

The main result of this paper shows that any normal irreducible affine n-dimensio-
nal SL,,-variety is determined by its automorphism group in the category of normal
affine irreducible varieties.

Theorem 25. Let X = SLy /T,SLy /N(T) or Az and Y be an irreducible normal
affine variety. If Aut(Y) =2 Aut(X) as ind-groups, then Y = X as varieties.

In fact, Theorem 25 is a particular case of Theorem 26.

In case Y is not necessarily normal, the situation changes since Aut(4y) is canon-
ically isomorphic to Aut(Aj) for any s € N, where Aj is a variety with a ring of
regular functions O(43) = C® @, Clz1, ..., Tn)ar, where Clz1, ..., x,]ax denotes
the homogeneous polynomials of degree dk.

Theorem 26. Let Y be an irreducible affine variety.
(a) if Aut(Y) = Aut(Ag) as ind-groups, then Y = A3 for some s € N,
(b) if X 2 SLy /T or X 2 SLy /N(T) and Aut(Y) = Aut(X), then Y =2 X.

Theorem 26 follows from Theorem 28 if X is different from SLy /T, SLo /N(T),
C2/py and C2?/py. By comparing weights of root subgroups of the automorphisms
groups of mentioned varieties with respect to standard subtori, we see that SLo /T
can only be isomorphic to C2/ug and SLy /N(T') can only be isomorphic to C2/py.
To distinguish SLy /T from C?/us by their automorphism groups we remark that
C?/uq admits a faithfull action of 2-dimensional torus and SLy /T" does not. Anal-
ogously, we distinguish SLy /N (T') from C?/u4 by their automorphism groups.

Note that an isomorphism ¢ : Aut(X) — Aut(Y) of ind-groups induces an
algebraic isomorphism ¢* : U(X) — U(Y). In case U(X) and U(Y) are closed
subgroups of Aut(X) and Aut(Y’) respecively, ¢* is an isomorphism of ind-groups.

Theorem 25 is extends to the following result.

Theorem 27. Let Y be an irreducible affine normal variety.

(a) U(A3) = U(SLy /T). Moreover, if U(A3) = U(Y), then Y is isomorphic
either to A3 or to SLy /T,

(b) U(A2) =2 U(SLy /N(T)). Moreover, if U(A2) 2 U(Y), then Y is isomorphic
either to A3 or to SLy /N(T),

(c) Let X be isomorphic to A%, SLy /T or to SLy /N(T) except A3 and A3 and
UX) 2 U(Y), then Y = X.
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If we skip the condition of normality on Y, we get the following result.

Theorem 28. Let X = Ay, SLy /T or SLy /N(T) and Y be an irreducible affine
variety. Let also U(Y) and U(X) are algebraically isomorphic. Then
(a) ifn=2and X = Ay or SLy /T, thenY = A§ for some s € N orY = SLy /T,
(b) if n = 2 and X = Ay or SLy /N(T), then Y = A3 for some s € N or
(c) otherwise, normalization of Y is isomorphic to X and moreover, Y = A% for
some s € N.

To prove this theorem, first, we show that all tori of maximal dimension U(X)
are congugate, where X is as in Theorem 28. Then by comparing weights of root
subgroups of U(X) and U(Y') with respect to standard subtori we conclude the
result.

4.4. Groups of automorphisms of Danielewski surfaces. In [LR15] we con-
sider Danielewski surfaces D, = {(z,y,2) € C3|zy = p(z)}, where p(z) € C[2] is
a polynomial of degree > 2 with no multiple roots. The letter implies that D, is
smooth. As an example, we have SLy /T =V (zy — 2> + z) = D,(,_1).

Let X be an affine variety. Let us denote by ua the cyclic group of order 2, which
acts on C? in the following way: ¢ - (z,y) = (£x,£y), where £ € up. In [Regl5b,
Proposition 10] it is shown that there is an abstract isomorphism ¢ : U(SLsy /T) —
U(C?/u3) such that the restriction of ¢ to any algebraic subgroup U = C7 is
an isomorphism of algebraic groups. Note that U(C?/us) is a closed subgroup of
Aut(C?/puy) (see [Regl5b, Proposition 10]) and U(SLy /T) = Aut’(SLy /T) is a
closed subgroup of Aut(SLy /T'). Hence, U(SLy /T) and U(C?/us) are ind-groups.

Theorem 29. The ind-groups U(SLy /T) and U(C?/us3) are not isomorphic.

To prove this we introduce the Lie subalgebra Lie™® U(C2/uy) of Vec(C?/us)
generated by locally nilpotent vector fields on C2/us. By using the fact that C2/us
has an isolated singular point, we show that Lie™® U/(C2/us) is not a simple Lie
algebra. On the other hand, we show that Lie subalgebra Lie* U(D,) of Vec(D,)
generated by locally nilpotent vector fields on D, is simple.

Theorem 30. Let D, be a Danielewski surface, where degp > 2. Then Lie™ U(D,)
is a simple Lie algebra.
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Automorphisms of the Lie Algebra of Vector
Fields on Affine n-Space

Hanspeter Kraft Andriy Regeta
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Abstract

We study the vector fields Vec(A™) of affine n-space A", the subspace Vec®(A™)
of vector fields with constant divergence, and the subspace Vec”(A™) of vector fields
with divergence zero, and we show that their automorphisms, as Lie algebras, are
induced by the automorphisms of A™:

Aut(A™) =5 Autpie(Vee(A™)) =5 Autpie(Vec(A™)) =5 Autpie(Vec(A™)).

This generalizes results of the second author obtained in dimension 2, see [Reg13].
The case of Vec(A™) goes back to KULIKOV [Kul92].

This generalization is crucial in the context of infinite-dimensional algebraic
groups, because Vec®(A™) is canonically isomorphic to the Lie algebra of Aut(A™),
and Vec?(A™) is isomorphic to the Lie algebra of the closed subgroup SAut(A™) C
Aut(A™) of automorphisms with Jacobian determinant equal to 1.

Keywords. Automorphisms, vector fields, Lie algebras, affine n-space.

1 Introduction

Let K be an algebraically closed field of characteristic zero. Denote by Vec(A™) the Lie
algebra of polynomial vector fields on affine n-space A™ = K":

Vec(A") = Der(K [z, ..., x,]) = {Zﬁ&il | fi € K[y, ... ,xn]}
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where we use the standard identification of a derivation § with Y-, 6(z;)-2. The group
Aut(A™) of polynomial automorphisms of A™ acts on Vec(A™) in the usual way. For
¢ € Aut(A") and § € Vec(A") = Der(K|[xy,...,x,]) we define

Ad(p)s == " ooy’

where ¢*: K[z1,...,2,] — Klz1,...,2,], f — f o, is the comorphism of ¢. It is
shown in [Kul92] that Ad: Aut(A") — Autp;.(Vec(A™)) is an isomorphism. We will
give a short proof in section 3.

Recall that the divergence of a vector field§ = ) . fia% is defined by Div § := 3, 2L

iaa:i‘

This allows to define the following subspaces of Vec(A"),
Vec’(A™) := {§ € Vec(A™) | Divd = 0} C Vec“(A") := {6 € Vec(A") | Divé € K},
which are Lie subalgebras, because Div[d, n] = 6(Divn) — n(Div §). We have

Vec®(A™) = Vec’(A") ® KOy where 0p := Z xzaa is the EULER field.
, i

The aim of this note is to prove the following result about the automorphism groups of
these Lie algebras.

Main Theorem. There are canonical isomorphisms
Aut(A™) 5 Autpi(Vec(A™)) = Autpie(Vec®(A™)) = Autpie(Vec?(A™)).

Remark 1.1. It is easy to see that the theorem holds for any field K of characteristic zero.
In fact, all the homomorphisms are defined over (Q, and are equivariant with respect to the
obvious actions of the Galois group I' = Gal(K/K).

As a consequence, we will get the next result (see Corollary 4.4) which goes back to
KULIKOV [Kul92, Theorem 4].

Corollary. If every injective endomorphism of the Lie algebra Vec(A") is an automor-

phism, then the Jacobian Conjecture holds in dimension n.

Remark 1.2. The Main Theorem has another interesting consequence. The group Aut(A")
is an infinite-dimensional algebraic group in the sense of SHAFAREVICH [Sha66, Sha81],
shortly an ind-group (cf. [KumO02]), and its Lie algebra is canonically isomorphic to
Vec(A™). It was recently shown by BELOV-KANEL and YU [BKY12] that every au-
tomorphism of Aut(A™) as an ind-group is inner. Using the Main Theorem above one
can give a new proof of this and extend it to the closed subgroup SAut(A") C Aut(A™)
of automorphisms with Jacobian determinant equal to 1. The details will appear in the
forthcoming paper [Kral4] where we also show that the maps in the Main Theorem are
isomorphisms of ind-groups.
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We add here a lemma which will be used later on.

Lemma 1.3. Vec(A") and Vec’(A™) are simple Lie algebras, and

Vec(A™) = [Vec®(A™), Vec®(A™)].

Proof. The formula [;2-, 3", fi:2] = 3=, 25i 2 shows that every nonzero ideal a of
J K3 J T
9

n ~ i) i) _ IR
Vec(A™) contains a nonzero element from } , K5, and [‘WaTj’ 3] = _52‘537@ implies

that 3, K 52- C a. Now we use [fa%j, ] = —%% to conclude that a = Vec(A"),

hence Vec(A™) is simple. (See also [Jor78, Theorem on page 446].)

The second statement is proved in a similar way and can be found in [Sha81, Lemma 3],
and from that the last claim follows immediately. OJ

2 Group actions and vector fields

If an algebraic group G acts on an affine variety X we obtain a canonical linear map
Lie G — Vec(X) defined in the usual way (cf. [Krall, I1.4.4]). For every A € Lie G the
associated vector field £ 4 on X is defined by

(€a)y = dp,(A) forx € X (2.1)

where p,: G — X, g — gz, is the orbit map in x € X. It is well-known that the linear
map A — &4 is a anti-homomorphism of Lie algebras, and that the kernel is equal to
the Lie algebra of the kernel of the action G — Aut(X). In particular, for any algebraic
subgroup G C Aut(A") we have a canonical injection Lie G < Vec(A"); we will denote
the image by L(G). Let us point out that a connected G C Aut(A"™) is determined by
L(G),i.e., if L(G) = L(H) for algebraic subgroups G, H C Aut(A"), then G° = H°.

Recall that the vector field 0 € Vec(A") is called locally nilpotent if the action of § on
Klzy,...,x,] is locally nilpotent, i.e., for any f € Klzy,...,x,| we have §™(f) = 0 if
m is large enough. Every such ¢ defines an action of the additive group K on A" such
that § = & where 1 € K = Lie Kt (see (2.1) above).

Lemma 2.1. Let u C Vec(A") be a finite dimensional commutative Lie subalgebra con-
sisting of locally nilpotent vector fields. Then there is a commutative unipotent algebraic
subgroup U C Aut(A") such that L(U) = . If centyeeany(u) = u, then U acts transi-
tively on A™.

Proof. 1tis clear that u = L(U) for a commutative unipotent subgroup U C Aut(A™). In
fact, choose a basis (01, . .., 0,,) if u and consider the corresponding actions p;: K+ —
Aut(A™). Since the associated vector fields ; commute, the same holds for the actions
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pi» SO that we get an action of (K T)™. It follows that the image U C Aut(A") is a
commutative unipotent subgroup with L(U) = u.

Assume that the action of U is not transitive. Then all orbits have dimension < n,
because orbits of unipotent groups acting on affine varieties are closed (see [Bor91,
Chap. I, Proposition 4.10]). But then there is a nonconstant U-invariant function f €
K|[zq,...,x,]. This implies that for every 0 € u the vector field f§ commutes with u and
thus belongs to centyec(sn) (1), contradicting the assumption. 0

Any 0 € Vec(A™) acts on the functions K[z, ..., z,] as a derivation, and on the Lie
algebra Vec(A") by the adjoint action, ad(d)u := [0, u| = d o p — po d. These two actions
are related as shown in the following lemma whose proof is obvious.

Lemma 2.2. Let 0, ;1 € Vec(A™) be two commuting vector fields and | € K[z, ..., ).
Then

ad(d)(fr) = o(f)n.

In particular, if ad(0) is locally nilpotent on Vec(A™), then 0 is locally nilpotent as a
vector field.

3 Proof of the Main Theorem, part I

We first give a proof of the following result which goes back to KULIKOV [Kul92, Proof
of Theorem 4]; see also [Bav13].

Theorem 3.1. The canonical map Ad: Aut(A™) — Autp;.(Vec(A™)) is an isomorphism.

Denote by Aff,, C Aut(A") the closed subgroup of affine transformations and by
S = (K*)" C Aff,, the subgroup of translations. Then

L(AfE,) = (:0,,,0u, | 1 <k <) D L(S) = (Or, ..., D) (3.1)

where 0,, := ;2. Put aff, := Lie Aff, and saff, = [aff,, aff,] = Lie SAff, where
SAff, = (Aff,, JAffn) C Aff,, is the commutator subgroup, i.e. the closed subgroup of
those affine transformations x +— gx + b where g € SL,,. The next lemma is certainly
known. For the convenience of the reader we indicated a short proof.

Lemma 3.2. The canonical homomorphisms
Aff, % Autpe(aff,) — Autgie(saff,)

are isomorphisms.
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Proof. 1t is clear that the two homomorphisms
Ad: Aff,, — Autpi(aff,) and res: Autp(aff,) — Autpie(saff,,)

are both injective. Thus it suffices to show that the composition res o Ad is surjective.

We write the elements of Aff,, in the form (v, g) withv € S = (KT)", g € GL,
where (v, g)x = gz + v for x € A™. It follows that (v, g)(w, h) = (v+ gw, gh). Similarly,
(a, A) € aff, means thata € s := Lie S = K", A € gl,,, and (a, A)x = Az + a. For the
adjoint representation of g € GL,, and of v € S on aff,, we find

Ad(g)(a, A) = (ga,gAg™") and Ad(v)(a, A) = (a — Av, A), (3.2)
and thus, for (b, B) € aff,,,
ad(B)(a, A) = (Ba,[B, A]) and ad(b)(a, A) = (a — Ab, A). (3.3)

Now let 0 be an automorphism of the Lie algebra saff,,. Then 6(s) = s since s is the
solvable radical of saff,,. Since g := 0|, € GL,, we can replace 8 by Ad(¢g~!) 0 and thus
assume, by (3.2), that @ is the identity on s. This implies that #(a, A) = (a + ((A),H(A))
where (: sl,, — sis a linear map and : sl,, — sl,, is a Lie algebra automorphism.

From (3.3) we get ad(b, B)(a,0) = ad(B)(a,0) = (Ba,0) for all a € s, hence

(Ba,0) = 0(Ba,0) = #(ad(B)(a,0)) =
=ad(0(B))(a,0) = ad(A(B))(a,0) = (0(B)a,0).

Thus §(B) = B, i.e. 0(a,A) = (a + ((A), A). Now an easy calculation shows that
(([A, B]) = Al(B)—B/{(A). This means that ¢ is a cocycle of sl,,. Since s[,, is semisimple,
¢ is a coboundary and thus /(A) = Awv for a suitable v € K. In view of (3.3) this implies
that # = Ad(—wv), and the claim follows. O

Proof of Theorem 3.1. 1t is clear that the homomorphism
Ad: Aut(A") — Autpie(Vec(A™))

is injective. So let § € Auty;.(Vec(A™)) be an arbitrary automorphism.

We have seen above that L(S) = (0,,,...,0,,) C Vec(A") where S C Aff, is
the subgroup of translations. Clearly, for every § € L(S) the adjoint action ad(J) on
Vec(A™) is locally nilpotent, and the same holds for any element from u := 6(L(S)).
It follows from Lemma 2.2 that u consists of locally nilpotent vector fields. Hence, by
Lemma 2.1, u = L(U) for a commutative unipotent subgroup U of dimension 7. More-
over, centyeean)(L(S)) = L(S), and so centyeany(u) = u which implies, again by
Lemma 2.1, that U acts transitively on A". Thus every orbit map U — A" is an isomor-
phism. It follows that there is an automorphism ¢ € Aut(A") such that pUp~! = S.
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In fact, fix a group isomorphism ¢): U — S and take the orbit maps pgs: S — A" and
pr: U = A™ at the origin 0 € A™. Then one easily sees that ¢ := g 0 1 o ug;' has the
property that p o w0 ! = ¢(u) forall u € U.

It follows that the automorphism ¢’ := Ad(p) 00 € Auty;.(Vec(A™)) sends L(S) iso-
morphically onto itself. Now the relations [0,,, z;0,,] = 9;;0,, imply that ¢'(L(Aff,))) =
L(Aff,,). By Lemma 3.2, there is an o € Aff,, such that Ad(«) o ' is the identity on
L(Aff,,). Hence, by the following lemma, Ad(a) o ' = id, because Ad(AE) acts by
multiplication with A on L(S), and so § = Ad(¢ ' o). O

Lemma 3.3. Let 0 be an injective endomorphism of one of the Lie algebras Vec(A™),
Vec®(A™) or Vec”(A™). If 0 is the identity on L(SL,), then = Ad(\E) for some \ € K*.

Proof. We consider the action of GL,, on Vec(A™). Denote by Vec(A™), the homoge-
neous vector fields of degree d, i.e.

VeC(A")d = @ K[Ih . ,l’n]d+1 axl ~ K[Qﬂ'l, . 7xn}d+1 X K™

Note that \E' € GL,, acts by scalar multiplication with A= on Vec(A™),. We have split
exact sequences of GL,,-modules
0 —— Vec®(A"); —— Vec(A")y —25 Klay,..., 20l —— 0 (3.4

where K[z1,...,7,]_1 = (0). Moreover, the SL,,-modules Vec’(A™)4 (for d > —1) and
K[zy,...,x,]q (for d > 0) are simple and pairwise nonisomorphic (see PIERI’s formula
[Pro07, Chap. 9, section 10.2]). The splitting of (3.4) is given by Klz1,...,2,]s0r C
Vec(A™)4 where Op = 10, + - -+ + 2,0, is the EULER field. In fact, the EULER field
is fixed under GL,, and Div(f0g) = (d + 1) f for f € K[x1,..., xp]a

Now let ¢ be an injective endomorphism of Vec(A™). If § is the identity on L(SL,,),
then 6 is SL,,-equivariant and thus acts with a scalar \; on Vec (A™)4 and with a scalar
pgon K[y, ..., 2,]40r , by SCHUR’s Lemma. The relations

e+1 d+1 _ d,.e+1 d+1,.e : :
[xj O,y i 0y,) = (d + Va0, — (e + 1)y a50,,, 1 # J,
show that A\, \q = A.4q, hence \y = \? for A := \;. The relations
(2605, 1905] = (d — €)xT 0

show that pi.jtq = fteqq for e # d which also implies that g = u® for ju := p;. Finally,
from the relation [0,,, 1205 = 220,,, we get A = pu, and so # = Ad(A~'id). This proves
the claim for Vec(A™). The two other cases follow along the same lines. [
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4 Etale Morphisms and Vector Fields

In the first section we defined the action of Aut(A”™) on the vector fields Vec(A™) by the
formula Ad(p)d := ¢* ! 0§ o *. In more geometric terms, considering & as a section of
the tangent bundle TA™ = A" x C" — A", one defines the pull-back of ¢ by

©*(0) == (dcp)_1 odop, ie.,p(d), = (dgoa)_l(ég,(a)) fora € A™.

Clearly, »*(§) = Ad(p')d. However, the second formula above shows the well-known
fact that the pull-back ¢*(J) of a vector field 0 is also defined for an étale morphism
@: A" — A" In the holomorphic setting this can be understood as lifting the correspond-

ing integral curves.

Proposition 4.1. Let o: A" — A" be an étale morphism. For any vector field § €
Vec(A") there is a vector field ¢*(0) € Vec(A™) defined by ¢*(8), = (dp)," dy(a) for
a € A" It is uniquely determined by

@ (0)"(f) = () for | € K[zy, ... xn]. 4.1)

The map ¢*: Vec(A™) — Vec(A™) is an injective homomorphism of Lie algebras satis-
fing o*(hd) = *(h)p*(d) for h € K[z1,...,x,|. Moreover, (no v)* = ¢* on*.

Proof. For a vector field 0: A" — T'A" and a € A" we have (dyp 0 §), = dp,(d,). Thus,
the equation (d),(d,) = (6 © ¥)s = dy(a) for the field ¢ has a unique solution, namely

ga = (dépa)_l(é@(a)),

which is well defined since dy, is invertible. The Jacobian determinant det(Jac(y)) is a
nonzero constant, and so the inverse matrix Jac(¢) ™! has entries in K[z, . .., z,]. There-
fore, the vector field ¢*(9) := 4 defined above is polynomial, and it satisfies the equation
(4.1). This proves the first part of the proposition and shows that (" is injective. Using
equation (4.1) we find

@ ((0102)f) = ©"(01(02f)) = ™ (01)" (02f) = (@™ (1) ¢"(d2)) " (),

hence (01, 8:]) = [*(81), 9" (82)}" (£), and 50 ({31, 82]) = 6" (61), " (62)]. More-

" (h)p*(f) = ¢*((hd) f) = @™ (R)p™(0f) = ¢* (M) ()" (f),

hence ¢*(hd) = ¢*(h)p*(9). This proves the second part of the proposition, and the last
claim is obvious. O
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Remark 4.2. In the notation of the proposition above let ¢ = (fi, ..., f,). Then we get
©*(0x:) = 0" (0) fi =2, gj:; ©*(6)x;. Hence, for 0 = 0,,, we obtain
f;
Ok, = o (
k Z 3%
-1
This shows that the matrix (w(azk)xj) ., isinvertible <¢*(azk)xj) Ly = Jacl). and
D> Js
that of
= o*( 4.2
Zax] :,) (4.2)

Proposition 4.3. Let po: A™ — A™ be an étale morphism. Then the pull-back map
©*: Vec(A") — Vec(A"™)
is an isomorphism if and only if ¢ is an automorphism.

Proof. Assume that o*: Vec(A™) — Vec(A™) is an isomorphism. Since ¢ is étale, the co-
morphism ¢*: K{z1,...,2,] = K[zy,...,x,]is injective, and we only have to show that
it is surjective. Proposition 4.1 implies that *(Vec(A")) = > . " (K[z1, ..., 2,])¢*(0s,),
and from equation (4.2) above, we get

Vec(A") = @, K[xq, ..., 2,]0z, = & K[z, ..., 20" (Ox,;).
Hence ¢*(Vec(A™)) = Vec(A") if and only if ¢*(K[z1,...,2,]) = K[zq,...,2z,). O

As a corollary of the two propositions above, we get the following result which is due
to KULIKOV [Kul92, Theorem 4].

Corollary 4.4. If every injective endomorphism of the Lie algebra Vec(A™) is an auto-

morphism, then the Jacobian Conjecture holds in dimension n.

Remark 4.5. The result of KULIKOV is stronger. He proves that every injective endomor-
phism of Vec(A") is induced by an étale map  which implies also the converse of the
statement above: If the Jacobian Conjecture holds in dimension n, then every injective

endomorphism of Vec(A™) is an automorphism.

We finish this section by showing that if the divergence of a vector field is a constant,
then it is invariant under an étale morphism. More generally, we have the following result.

Proposition 4.6. Let p: A™ — A™ be an étale morphism, and let § be a vector field. Then
Div ¢*(9) = ¢*(Div d). In particular, § € Vec®(A"™) if and only if ¢*(0) € Vec®(A™), and
in this case we have Div ¢*(0) = Div 0.
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Proof. Set o = (f1,..., fu): 6 = ., h;0,; and ©*(8) = 3_ h;0,,. Then, by (4.1),

fk P k=1,

hi(fiy- s [

Applying -2 By - to the left hand side we get the matrix

h i
( 0 k(flwo';fn)af‘) = H(f1,..., fn) - Jac(p)
‘ (k.5)

where H := Jac(hq, ..., h,). On the right hand side, we obtain similarly

Oh; 0fc | N, 0* fi
) =H-
(Z 8;1:] 83’,’Z - h 0:1:10:5]- k Jac + Z h Jac
g J)

Multiplying this matrix equation from the right with Jac(y) ™! we finally get

H(fi, ..., fa) = H—i—Zh Jac ) - Jac(p)
Now we take on both sides the traces. Using Lemma 4.7 below and the obvious equalities
Divd = tr H and Div § = tr H, we finally get
Divd = (Divé)(fi, ..., fn) = ©*(Divd).
The claim follows. O

Lemma 4.7. Let A be an n X n matrix whose entries a;;(t) are polynomials in t. Then

d d
A-Adj(A) | = —det A
<dt dj( )> o det

where Adj(A) is the adjoint matrix of A.

The proof is a nice exercise in linear algebra which we leave to the reader! It holds for
rational entries a;;(t) over any field K, and in case X' = R or C also for differentiable

entries a;;(t).

S Proof of the Main Theorem, part II

We have seen that the canonical map Ad: Aut(A") — Autp,(Vec(A™)) is an iso-
morphism (Theorem 3.1). It follows from Proposition 4.6 that every automorphism of
Vec(A™) induces an automorphism of Vec®(A™). Moreover, since

Vec(A™) = [Vec®(A™), Vec®(A™)]

(Lemma 1.3), we get a canonical map Auty;(Vec®(A")) — Auty;.(Vec’(A™)) which is
easily seen to be injective. Thus the main theorem follows from the next result.
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Theorem 5.1. The canonical map Ad: Aut(A") — Autpi(Vec’(A™)) is an isomor-
phism.

The proof needs some preparation. The next proposition is a reformulation of some
results from [Now86] and [LLD12]. For the convenience of the reader we will give a short
proof.

Proposition 5.2. Let 01,...,6, € Vec(A") be pairwise commuting and K -linearly inde-
pendent vector fields. Then the following statements are equivalent.

(i) There is an étale morphism @: A" — A" such that ©*(0,,) = ¢; for all i;
(ii) Vec(A™) = @, K[x1,. .., 2,0
(iii) There exist fi, ..., fn € K[x1,...,x,] such that §;(f;) = d;;;
(iv) 01, ...,0, do not have a common DARBOUX polynomial.

Recall that a common DARBOUX polynomial of the §; is a nonconstant polynomial f €
K[zy,...,x,] such that 0;(f) = h;f forsome h; € K[xy,...,x,],i=1,...,n.

Proof. (a) It follows from Remark 4.2 that (i) implies (ii) and (iii). Clearly, (ii) implies
(iv) since a common DARBOUX polynomial for the ¢; is also a common DARBOUX poly-
nomial for the d,, which does not exist.

(b) We now show that (ii) implies (i), hence (iii), using the following well-known fact.
If hy,..., h, € K[z1,...,x,] satisfy the conditions ghl = ghﬂ for all 7, j, then there is an
f € Klzy,...,z,) such that h; = % for all <.

By (ii) we have 0,, = >, hid) fori = 1,...,n. We claim that dh”“ = % for all
J

ox;
1, 7, k. In fact,
0= 0,,00, — 02,00, = Oh, Zh]kék Os, thkék
oh Oh;
= Z Jkék + Z h]karldk — (9$k6k — Z hlkazjdk =
k J k

Oh 3hz
< a;k — k>5k —+ (Z hjkhigégék — Z hikhjf5l(5k> =
% kt k.l

oh oh;
( 8; - k>5k + Z hikhje[0r, 6¢) =

Z
Ohji,  Ohy
; < e dz; >5k
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Hence h;;, = % for suitable f,..., f, € K[x1,...,x,]. Itis clear that the matrix (h;z)
is invertible. This implies that the morphism ¢ := (fi,..., f,): A" — A" is étale, and
O, = D g—f:ék, hence d; = ¢* (0, ), by equation (4.2) in Remark 4.2.

(c) Assume that (iii) holds. Setting d; = >, hix0,, and applying both sides to f;, we
see that the matrix (h;,) € M,,(K|z1, ..., z,)]) is invertible, hence (ii). Thus the first three
statements of the proposition are equivalent, and they imply (iv).

(d) Finally, assume that (iv) holds. Put §; = >, h;0,,. Since [0;,6;] = 0 we get
0;(hjr) = 6;j(hi) for all 4, j, k. Now an easy calculation shows that d;(det(h;;)) =
Div(dy) det(h;;), and so det(h;;) € K. If det(h;;) # 0, then (ii) follows.

If det(hy;) = 0, then rank(} ;. | K[zy,...,2,]0;) = r < n, and we can assume
that rank(>7_, K[xy,...,%,]d;) = . Choose a nontrivial relation "/ f;6; = 0 where
ged(fr, ..., frp1) = 1. Since 0 = §;(37F fid:) = S22 6,(f:)0; for any j we see that
0;(fi) € K[z1,...,2,]f;, and since the §; are K-linearly independent, at least one of the
fi is not a constant, hence a common DARBOUX polynomial, contradicting (iv). [

The second main ingredient for the proof is the following result.
Lemma 5.3. Let 01,5, € Vec’(A™) be commuting vector fields. Assume that
(a) 61 and 65 have a common DARBOUX polynomial f where 6;f # 0,1 =1, 2.
(b) Each &; acts locally nilpotently on Vec’(A™).

Then K[xy,...,x,]01 + K[xq,...,2,]00 C Vec(A") is a K[z1,...,x,|-submodule of
rank < 1.

Proof. We will show that there are nonzero polynomials py, po such that p;d; = p2ds. We
have 6;(f) = h;f where hy, hy # 0. Since §; and 0 commute we get 61 (hof) = do(h1 f),
and so d1hy = d2hy. Using the formula Div(gd) = dg + g Div(d), this implies that
§ := h10y — had; € Vec?(A™). Moreover, 6 f = 0, and so fd € Vec”(A"). Since

01, &) = [61, h102] — [01, hod1] = (01h1)02 — (81h2)d1,

we get (ad 51)k5 = 5f(h1)52 — 6’f(h2)51 and (ad 51)k(f5) = 5f(fh1)52 — 6f(fh2)51 NOW,
by assumption (b), there is a k > 0 such that (ad §;)*6 = (ad 6;)*(fd) = 0, hence

5f(h1)52 = 5f(h2)51 and (Slf(fhll)62 = (Slf(fh/Q)(Sl

Thus the claim follows except if 0Ffh; = 0Fthy = 6¥(fh1) = 6F(fha) = 0. We will
show that this leads to a contradiction. Since ¢, f = hy f, we get 5{““ f = 0. Choose r, s
minimal with 67h; = 0 and & f = 0. By assumption, r, s > 1, and we get 0]t 2(h, f) =
877 hy - 8571 f # 0. On the other hand, we have 6~ '(h, f) = 65f = 0, and we end up
with a contradiction, because s — 1 < r + s — 2. L]
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Now we can prove the Theorem.

Proof of Theorem 5.1. The case n = 1 is handled in Lemma 3.2, so we can assume that
n > 2. Let 0 be an automorphism of Vec’(A™) as a Lie algebra, and put §; := 6(9,,). Then
the vector fields d1, . . ., d,, are pairwise commuting and K -linearly independent. Since 0.,
acts locally nilpotently on Vec’(A™) the same holds for 6;. Moreover, the centralizer of the
6; in Vec’(A™) is the linear span of the d;, i.e. [3, 9;] = O for all 7 implies that § € €D, K 6.

In the following we will use vector fields with rational coefficients:
Ve (A™) := K (z1,..., %) @Kay,..0n] Vec(A™) = @ K(zy,...,2,)04.
i=1

(1) We first claim that the ; do not have a common DARBOUX polynomial. So assume
that there exists a nonconstant f € K[xy,...,x,]suchthatd;f = h, f for all i and suitable
hi € K[.’L‘l,...,l'n].

First assume that h; = 0, i.e. &,f = 0. Then f&, € Vec’(A"), and for any h €
Klzy,...,x,] and every ¢ we have [0;, hf01] = 6;(hf)01 = (6;(h) + hh;) fd1, and so

(ad &) (K[x1,...,2,]f61) C K[zy,. .., 2, f0; for all k > 0. 5.1
Setn := 671(f6,). Then there are k, . .., k,, € N such that
no := (ad 0, )" (ad 0,,)" - - - (ad 0, )" n € KO, ® --- ® K0, \ {0}.

Hence, 0(ny) = (ad dy)* (ad d2)*2 - - - (ad 6,)" (fd;) € K& & --- & K6, \ {0} which
contradicts (5.1), because f ¢ K.

We are left with the case where all ~; # 0. Then, Lemma 5.3 above implies that
> Kz, ..., 2,]6; € Vec(A™) has rank 1, i.e., there exist a 0 € Vec(A") and nonzero
rational functions r; € K(z1,...,x,) such that §; = ;0 fori = 1,..., n. We can assume
that 0 is minimal, i.e., that ¢ is not of the form ¢ ¢’ with a nonconstant polynomial q.
For every ;1 commuting with 0;, we get 0 = [u, ;] = [, 7:0] = p(r;)d + r;[u, 8], hence
[1,0] € K(x1,...,2,)0. Itis easy to see that

L= {€ € Vec(A") | [¢,6] € K(x1, ..., 2,)0}

is a Lie subalgebra of Vec(A™) which contains all elements commuting with one of the
8;. Since Vec”(A") is generated, as a Lie algebra, by elements commuting with one of
the 0,,, we see that §(Vec’(A")) = Vec’(A") is generated by the elements commuting
with one of the &;. Thus Vec’(A") C L, and so [Vec’(A"),8] C K(xy,...,x,)d. For
6 = 3, pi0y, we get [0,,,0] = 3, 99, = 56 for some s € K(x1,...,2,), hence

7 81‘)€
Opip) — OPj irs 4. 7. This impli 0P _
g P = FoDi for all pairs ¢, j. This implies that B =

0 in case p; # 0, i.e. % does
T
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not depend on . Since this holds for all k, we conclude that p; = ¢;p; for some ¢; € K,

hence § = } . ¢;0,;, because ¢ is minimal. In particular, [0;,,6] = 0 for all k. Now
we get [1¢0;,, 0] = —c0,, € K(x1,...,2,)0 for all k, ¢ which implies § = 0, hence a
contradiction.

(2) Now we use the implication (vi) = (i) of Proposition 5.2 to see that there is an
étale morphism ¢: A" — A™ with ; = ¢*(0,,) for all 7. Then the composition ¢’ :=
0~ o p*: Vec’(A™) — Vec’(A™) is an injective homomorphism of Lie algebras (Propo-
sition 4.1) and 6'(9,,) = 0,,. Hence, Lemma 5.4 below implies that ¢’ = Ad(s) = (s7!)*
where s € Aut(A") is a translation, hence 6 = (¢ o s)*. Now Proposition 4.3 implies that
Y := o s is an automorphism of A", and so # = Ad(¢y)~!) as claimed. ]

Lemma 5.4. Let 0 be an injective endomorphism of Vec’(A") such that 0(0,,) = 0,,
for all i. Then § = Ad(s) where s: A™ = A" is a translation. In particular;, 0 is an

automorphism.

Proof. We know that ) . K0,, = L(S) where S C Aff,, are the translations. Moreover,
L(Aff,) is the normalizer of L(S) in the Lie algebra Vec(A"). Hence 0(L(SAff,)) =
L(SAff,), and so there is an affine transformation g such that Ad(g)|.saf,) = 0]L(saf,)»
by Lemma 3.2. Since Ad(g) is the identity on L(S) we see that ¢ is a translation. It
follows that Ad(g™!) o 6 is the identity on L(SL,), hence Ad(g~') o § = Ad(\E) for
some A € K*, by Lemma 3.3. But A\ = 1, because 0 is the identity on L(S), and so
0 = Ad(g). O

Acknowledgments. The authors are partially supported by the SNF (Schweizerischer Nationalfonds).
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LIE SUBALGEBRAS OF VECTOR FIELDS ON AFFINE 2-SPACE
AND THE JACOBIAN CONJECTURE

ANDRIY REGETA

ABSTRACT. We study Lie subalgebras L of the vector fields Vec®(A2) of affine
2-space A2 of constant divergence, and we classify those L which are isomorphic
to the Lie algebra affy of the group Aff3(K) of affine transformations of A2.
We then show that the following statements are equivalent:

(a) The Jacobian Conjecture holds in dimension 2;

(b) All Lie subalgebras L C Vec®(A?) isomorphic to aff, are conjugate under

Aut(A2);

(c) All Lie subalgebras L C Vec®(A2?) isomorphic to aff, are algebraic.
Finally, we use these results to show that the automorphism groups of the Lie
algebras Vec(A2), Vec?(A?) and Vec®(A?) are all isomorphic to Aut(A?).

1. INTRODUCTION

Let K be an algebraically closed field of characteristic zero. It is a well-known
consequence of the amalgamated product structure of Aut(A?) that every reductive
subgroup G C Aut(A?) is conjugate to a subgroup of GLo(C) C Aut(A2), i.e.
there is a 1 € Aut(A?) such that »Gy~! C GLy(C) ([Kam79], cf. [Kra96]). The
“Linearization Problem” asks whether the same holds for Aut(A"). It was shown
by Schwarz in [Sch89] that this is not the case in dimensions n > 4 (cf. [Kno91]).

In this paper we consider the analogue of the Linearization Problem for Lie
algebras. It is known that the Lie algebra Lie(Aut(A?)) of the ind-group Aut(A?)
is canonically isomorphic to the Lie algebra Vec®(A?) of vector fields of constant
divergence ([Sha66, Sha81], cf. [Kum02]). We will see that the Lie subalgebra

L := K(2?0, — 22yd,) ® K (20, — y9,) ® K9, C Vec®(A?)

where 9, := 8% and 0y := 8%7 is isomorphic to sly, but not conjugate to the

standard sl C Vec®(A?) under Aut(A?) (Remark 4.3). However, for some other
Lie subalgebras of Vec®(A?), the situation is different. Let Affa(K) C Aut(A?) be
the group of affine transformations and SAffy(K) C Aff3(K) the subgroup of affine
transformations with determinant equal to 1, and denote by aff,, respectively saff,
their Lie algebras which we consider as subalgebras of Vec®(A?). The first result
we prove is the following (see Proposition 3.9). For f € Klz,y] we set Dy =
fo0y — [y0n € Vec®(A?).

Theorem A. Let L C Vec®(A?) be a Lie subalgebra isomorphic to affy. Then there
is an étale map @: A% — A? such that L = ¢*(aff,). More precisely, if (D¢, Dy) is
a basis of the solvable radical of [L, L], then

L = <Df,Dg,Df2,Dgz,ng,ng>,

Date: February 2014.
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and one can take ¢ = (f, g).

The analogous statements hold for Lie subalgebras isomorphic to saff,. As a
consequence of this classification we obtain the next result (see Theorem 4.1 and
Corollary 4.4). Recall that a Lie subalgebra of Vec(A?) is algebraic if it acts locally
finitely on Vec(A?).

Theorem B. The following statements are equivalent:

(i) The Jacobian Conjecture holds in dimension 2;
(ii) All Lie subalgebras L C Vec®(A?) isomorphic to aff, are conjugate under
Aut(A?);
(iii) All Lie subalgebras L C Vec®(A?) isomorphic to saff, are conjugate under
Aut(A?);
(iv) All Lie subalgebras L C Vec®(A?) isomorphic to aff, are algebraic;
(v) All Lie subalgebras L C Vec®(A?) isomorphic to saffy are algebraic.

Finally, as a consequence of the theorem above, we can determine the automor-
phism groups of the Lie algebras of vector fields (Theorem 4.5).
Theorem C. There are canonical isomorphisms
Aut(A?) =5 Autpa(Vec(A?)) = Autpa(Vec®(A%)) =5 Autya(Vec® (A?)).
(Here Vec’(A?) denotes the vector fields with zero divergence, see section 2).

Acknowledgement: The author would like to thank his thesis advisor HANSPETER
KRAFT for constant support and help during writing this paper.

2. THE POISSON ALGEBRA

Definitions. Let K be an algebraically closed field of characteristic zero and let
P be the Poisson algebra, i.e., the Lie algebra with underlying vector space K|z, y]
and with Lie bracket {f,g} = fagy — fygz for f,g € P. If Jac(f,g) denotes the
Jacobian matriz and j(f, g) the Jacobian determinant,

sacr.g) = [F I 7.0) = densact ),
9z Gy
then {f,g} = j(f,g). Denote by Vec(A?) the polynomial vector fields on affine
2-space A% = K2 i.e. the derivations of K[z, y]:
Vec(A?) := {pd, + q0y | p,q € K[w,y]} = Der(K[z,y]).
There is a canonical homomorphism of Lie algebras
p: P — Vec(A?), hs Dy, = h,0, — hy0y,

with kernel ker p = K.

The next lemma lists some properties of the Lie algebra P. These results are

essentially known, see e.g. [NN88|]. If L is any Lie algebra and X C L a subset, we
define the centralizer of X by

centr(X):={z€L|[z,2] =0forall z € X},
and we shortly write cent(L) for the center of L.

Lemma 2.1. (a) The center of P consists exactly of the constants K C P.
(b) If f,g € P are such that {f,g} =0, then f,g € K|[h] for some h € K[x,y].
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(¢) If f,g € P such that {f,g} # 0, then f,g are algebraically independent in
K[z,y], and centp(f) Ncentp(g) = K.
(d) P is generated, as a Lie algebra, by {x,x3,y*}.
Proof. (a) is easy and left to the reader.
(b) Consider the morphism ¢ = (f,g): A2 — A% Then C := p(A2) C A% is an
irreducible rational curve, and we have a factorization
h

@: A? Al —1 5 ¢ c A?
where 7 is the normalization of C. It follows that f, g € K[h].

(c) Tt is clear that f,g are algebraically independent, i.e. tdegx K(f,g9) = 2.
Equivalently, K (z,y)/K(f,g) is a finite algebraic extension. Now assume that
{h, f} = {h,g} = 0. Then the derivation D}, vanishes on K[f, g], hence on K|z, y].
Thus D, =0 and so h € K.

(d) Denote by P; := K|[z,y|q the homogeneous part of degree d. Let L C P be
the Lie subalgebra generated by {z, 23, y?}. We first use the equations

{z, v} =1, {z,v*} =2y, {°,y} =327, {a® 9%} = day, {2°,y°} =627y
to show that K@ P, @ P, C L and that 22y € L. Now the claim follows by induction
from the relations

+1 s+1

{z" 2%y} = na"! and {z"y*, 9} = 2ra" "y

0

Divergence. The next lemma should also be known. Recall that the divergence
Div D of a vector field D = pd, + qd, € Vec(A?) is defined by Div D := p, + ¢, €
K[z, y]. Define

Vec?(A?) := {D € Vec(A?) | Div D = 0} C Vec®(A?) := {D € Vec(A?) | DivD € K}.

The Lie algebra homomorphism p: P — Vec(A?), f — Dy, has its image in
Vec?(A?), because Div Dy = 0.

Lemma 2.2. Let D be a non-trivial derivation of K|x,y].

(a) The kernel K[x,y|P is either K or K|[f] for some f € K[z,y].
(b) If DivD = 0, then D = Dy, for some h € K[z,y]. In particular, u(P) =
Vec?(A2?).
Now assume that D = Dy for some non-constant f € Kz,y| and that D(g) = 1
for some g € K|z, y].
(¢) Then K[z,y|P = K[f].
(d) If D is locally nilpotent, then K[z,y] = K[f,g].

Proof. (a) See [NN88] Theorem 2.8.

(b) Let D = f0, + g0y, then DivD = f, + g, = 0 implies that there exists
h € K[z,y] such that f = h,, g = —h,.

(c) It is obvious that ker(D) D K|[f], hence, by (a), one has ker(D) = K[h] D
K[f]. Thus f = F(h) for some F' € K[t] and then D¢(g) = Dpn)(9) = F'(h)Dn(g) =
1 which implies that F' is linear.

(d) Let G be an affine algebraic group, X an affine variety and ¢p: X — G a
G-equivariant retraction. Then one has O(X) = ¢*(O(G)) ® O(X)C. In our case
we get K[z,y] = O(A?) = O(G) ® O(A?)Y = K|g] ® K|[f]. O
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Automorphisms of the Poisson algebra. Denote by Auty4(P) the group of
Lie algebra automorphisms of P. There is a canonical homomorphism

p: Autpa(P) — K*, ¢ o(1),

which has a section s: K* — Autya(P) given by s(t)|x(z,y], 1= t'~"idk]s,), where
Klz,y], C K[z,y] denotes the subspace of homogeneous polynomials of degree n.
Thus Autza(P) is a semidirect product Autpa(P) = SAutpa(P) x K* where

SAutpa(P) :=kerp = {Oé € Autpa(P) | a(l) = 1}.

Lemma 2.3. Every automorphism o € Autpa(P) is determined by (1), a(x) and
a(y), and then K[z,y] = K|a(x), a(y)].

Proof. Replacing a by the composition o s(a(1)™!) we can assume that a(1) = 1.

We will show that a(z™) = a(z)™ and a(y™) = a(y)™ for all n > 0. Then the
first claim follows from Lemma 2.1(d).

By induction, we can assume that a(z?) = a(x)? for j < n. We have {a",y} =
nz" 1 and so {a(z"),a(y)} = na(z" ') = na(z)"~!. On the other hand, we
get {a(z)", a(y)} = na(z)" " Ha(x),a(y)} = na(z)" !, hence the difference h :=
a(z™) — a(x)" belongs to the kernel of the derivation Dy : f = {f, a(y)}. Since
D,y) is locally nilpotent, we get from Lemma 2.2(c)—(d) that ker Dy () = K[a(y)]
and that K[a(x),a(y)] = K|z, y]. This already proves the second claim and shows
that h is a polynomial in a(y).

Since {a(z"), a(z)} = a({z", z}) = 0 and {a(z)", a(z)} = na(z)" Ha(x), a(z)}
we get {h,a(x)} = 0 which implies that h € K.

In the same way, using {z, zy} = = and {y, zy} = —y, we find a(zy) —a(z)a(y) €
K. Hence

na(z") = {a(z"), a(ry)} = {a(x)", a(r)aly)} = na(x)",
and so a(z") = a(x)™. By symmetry, we also get a(y™) = a(y)™. O
Automorphisms of affine 2-space. Denote by Aut(K|[z,y]) the group of K-
algebra automorphisms of K[z,y]. We have a canonical identification Aut(A?) =
Aut(K|[z,y])°P given by ¢ — ¢*. For p € Aut(K|[z,y]) we will use the notation
p = (f,g) in case p(z) = f and p(y) = g, which implies that K[z, y] = K[f, g]. Note
that the Jacobian determinant defines a homomorphism

jo Aut(Klz,y]) = K°5 p = j(p) = i(p(x), p(y))
whose kernel is denoted by SAut(K|[z,y]).
We can consider Aut(K|z,y]) and Auty4(P) as subgroups of the K-linear auto-
morphisms GL(K [z, y]).

Lemma 2.4. As subgroups of GL(K[z,y]) we have SAutp4(P) = SAut(K|x,y]).
Proof. (a) Let u be an endomorphism of K[z, y] and put Jac(u) := Jac(u(x), u(y)).
For any f,g € K[z,y] we have Jac(u(f), u(g)) = pn(Jac(f, g)) Jac(u), because
sot0) = 5L o), ) 252+ S o), i 22
~u(GhH By Sh2W

It follows that {u(f),un(9)} = w({f,9})j(n). This shows that SAut(K[z,y]) C
SAutpa(P).
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(b) Now let @ € SAut4(P). Then j(a(z), a(y)) = {a(x),a(y)} = a(1) = 1 and,

by Lemma 2.3, K[a(z),a(y)] = Klz,y]. Hence, we can define an automorphism
p € SAut(Klz,y]) by p(x) := a(x) and p(y) := aly). From (a) we see that p €
SAutz4(P), and from Lemma 2.3 we get o = p, hence a € SAut(K [z, y]). O

Remark 2.5. The first part of the proof above shows the following. If f,g € P are
such that {f,g} = 1, then the K-algebra homomorphism defined by = — f and
y +— ¢ is an injective homomorphism of P as a Lie algebra. (Injectivity follows,
because f, g are algebraically independent.)

Lie subalgebras of P. The subspace
P =KoPoP=KoKroKy® Ke*® Key® Ky* C P

is a Lie subalgebra. This can be deduced from the following Lie brackets which we
note here for later use.

(1) {2%, ay} = 227, {2%, 9%} = day, {v*, 2y} = —2";
(2) {z%,2} =0, {zy,2} = -z, {y*,2} = 2y,

(3) {z%,y} =22, {wy,y} =v, {¥*,y} =0;

(4) {z,y} =1

Moreover, P, = Kz? & Kxy ® Ky? is a Lie subalgebra of P<5 isomorphic to sly,
and P; = Kx & Ky is the two-dimensional simple P>-module.
From Remark 2.5 we get the following lemma.

Lemma 2.6. Let f,g € K|x,y] such that {f,g} = 1. Then (1, f, g, f%, fg,9°) C P
is a Lie subalgebra isomorphic to P<a. An isomorphism is induced from the K-
algebra homomorphism P — P defined by x +— f,y — g.

Definition 2.7. For f,g € K|z, y] such that {f, g} € K* we put

Ppg:=(1,f,9,.f* fg.9°) C P.
We have just seen that this is a Lie algebra isomorphic to P<s. Clearly, Py 4 = Py, 4,
if (1, f,9) = (1, f1,91). Denoting by tad L the solvable radical of the Lie algebra L
we get
tad Py g = (1, f,g) and Pyg/vad Py 4~ sly.

Proposition 2.8. Let Q C P be a Lie subalgebra isomorphic to P<g. Then K C Q,
and Q = Pyg4 for every pair f,g € L such that (1, f,g) = tad Q. In particular,
{f,g9} € K*.
Proof. We first show that cent(Q) = K. In fact, @ contains elements f, g such that
{f,g} #0.If h € cent(Q), then h € centp(f) Ncentp(g) = K, by Lemma 2.1(c).

Now choose an isomorphism 6: P<s — Q. Then 6(K) = K, and replacing 6 by
0o s(t) with a suitable t € K* we can assume that ¢(1) = 1. Setting f := 0(x), g :=
0(y) we get {f,g} =1, and putting fo := 0(2?), f1 := 0(xy), fo := 0(y*) we find

{f1, f} = 0wy, 2} = 0(—x) = —f ={fg. [}
Similarly, {f1,9} = {fg,9}, hence fg = f1 + ¢ € @, by Lemma 2.1(c). Next we
have
{fo, /Y =0 and {fo,g} = 0({z*,y}) = 6(22) = 2f = {f*, 9}

Hence f? = fo + d, and thus f? € Q. A similar calculation shows that g* € Q, so
that we finally get Q = Py 4. O
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Characterization of P<;. The following lemma gives a characterization of the
Lie algebras isomorphic to P<s.

Lemma 2.9. Let Q be a Lie algebra containing a subalgebra Qg isomorphic to sls.
Assume that

(a) Q=Qo®Va® Vi as a Qo-module where the V; are simple of dimension 1,
(b) Vi is the center of @, and
(c) [Va, V2] =W1.

Then @ is isomorphic to P<s.

Proof. Choosing an isomorphism of P, = (2% 2y,%?) with Qo we find a basis
(ag, a1, az2) of Qp with relations

(1) [ag, a1] = 2ag, [ag,a2] = 4a1, [az,a1] = —2as

(see (1) above). Since Vs is a simple two-dimensional Qo-module and Kz @ Ky a
simple two-dimensional Py-module we can find a basis (b, ¢) of V4 such that

(2" [ag,b] =0, [a1,b] = —b, [az,b] = —2¢,

(3" [ag, c] = 2b, [a1,d] =¢, [az,c] =0

(see (2) and (3) above). Finally, the last assumption (c) implies that
(4 d:=1[b,c] #0, hence V; = Kd.

Comparing the relations (1)—(4) with (1")—(4") we see that the linear map P<o — Q
given by 22 — ag, 2y — a1, y2 — a9, T — b, y — ¢, 1 — d is a Lie algebra
isomorphism. O

3. VECTOR FIELDS ON AFFINE 2-SPACE

The action of Aut(A?) on vector fields. The group Aut(A2) acts on the vector
fields Vec(A?). If ¢ € Aut(A?) and if the vector fields Vec(A?) are regarded as
sections £: A2 — TA? of the tangent bundle, then ¢*(€) := (dp) ! o € o . Writing
§=p0z + qdy and ¢ = (f, g), we get

* 1 * * * *
() = ) ((9u™ (P) = f4#" (@) O + (—92" (P) + f2p" () Dy) -

In particular,

“(0.) = and 0" (8.) = 1 (_

In fact, for every u = ( b) € A% we have dp, 00*(£)y = Epuy- If *(§) = PO, + G0y,
this means that

v 5] el ]

ga(u)  gy(u)] [G(u) q(e(u)

[ﬁ(U)}_’ 1 [gy(U) - UHP(@(H))]

Hence

q(u)
and the claim follows.
Remark 3.1. If £ € Vec(A?) is considered as a derivation D of K[z,y], and if

a = p* € Aut(K[z,y]), then the derivation corresponding to ¢*(€) is given by
ayD=aoDoa!
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Remark 3.2. If p: A2 — A% is étale, i.e. j(p) € K*, then the pull-back ©*(£) is well-
defined for every vector field £: A% — T'A2. Tt satisfies the equation dpog*(£) = Eop
and it is given by the formula (). In terms of derivations, this corresponds to the
well-known fact that for an étale extension a: A — B every derivation D of A
extends uniquely to a derivation of «, (D) of B satisfying a,(D)oa =« o D.

It is not difficult to see that the map

"1 Vec(A?) = Vec(A?), € ¢*(¢),

is an injective homomorphism of Lie algebras. In fact, if o = ¢* € End(K|[z,y])
and D the derivation of K[z,y] that corresponds to &, then we find

ax([D1,D3])oa = «ao[Dy,Ds]=aoDyoDy—aoDyoDy
= ax(D1)oaoDy— a.(Ds)oao D
= au(D1)oa.(Dg)oa— a,(Ds)oas(D1)oa
= [a(Dr), au(D2)] o,

hence the claim.

Recall that Vec®(A?%) C Vec(A?) are the vector fields D with Div D € K. Clearly,
the divergence Div: Vec®(A?) — K is a character with kernel Vec”(A?), and we
have the decomposition

Vec®(A?) = Vec’(A?) @ KE where E :=xd, +y0, is the Euler field.

Lemma 3.3. If ¢: A*> — A? is étale, then ¢*(Dp) = j(¢) ' Dy« (). Moreover,
Div(¢*(E)) = 2, and so ¢*(Vec’(A?)) C Vec®(A2) and p*(Vec®(A?)) C Vec(A?).
In particular, the homomorphism p: P — Vec(A?) is equivariant with respect to
the group SAut(K|[z,y]) = SAutp.(P).

Proof. Put a := ¢* € End(K|[x,y]). We have a(Dy) o « = aw o Dy, hence
a(Dn)(a(f)) = a(Dn(f)) = ali(h, £)) = j(a) " i(a(h), a(f)) =
= j(a) " Damy(a(f)).

From formula (x) we get «(F) = ﬁ ((gyf — fy9)0s + (—gzf + f29)0,) which im-
plies that Diva(FE) = 2. O

o

Remark 3.4. Let p: A2 — A? be étale. If p*: Vec?(A?) — Vec’(A?) is an iso-
morphism, then so is . In fact, p*(De.p) = Dy-p) for ¢ := j(¢) € K*, show-
ing that every f € K[x,y] is of the form ¢*(h) up to a constant. It follows that
©*: Klx,y] = K[z, y] is surjective, hence an isomorphism.

Remark 3.5. The lemma above implies that we have canononical homomorphisms

Aut(K[z,y]) — Autpa(Vec(A?)),
Aut(K|[z,y]) — Autpa(Vec®(A?)),
Aut(K[z, y]) — Autpa(Vec®(A2)).

We will see in Theorem 4.5 that these are all isomorphisms.
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Lie subalgebras of Vec(A2). Let Aff(A%) denote the group of affine transforma-
tions of A% z+— Az + b, where A € GLo(K) and b € K?. The determinant defines
a character det: Aff(A?) — K* whose kernel will be denoted by SAff(A?). For the
corresponding Lie algebras we write saff, := Lie SAff(A?) C aff, := Lie Aff(A?).
There is a canonical embedding aff, C Vec(A?) which identifies aff, with the Lie
subalgebra

(O, Oy, ©0y + YOy, 20y — YOy, 10y, yOy) C Vec(A?),
and saff, with

1(Pyy) = (D, 0y, 20y — Y0y, 20y, y0,) C Vec?(A?).
Note that the Euler field E = 20, + y0y € aff, is determined by the condition that

E acts trivially on sl and that [E, D] = —D for D € tad(saffy) = K0, © K0,. We
also remark that the centralizer of saff, in Vec(A?) is trivial:

centVec(AZ)(gaﬁ2> = (O)

In fact, centyee(az)({0s,0y)} = K8, ® K0,, and (K0, ® K9,)*2 = (0).
Let o = (f,g): A2 — A? be étale, and assume, for simplicity, that j(f,g) = 1.
From formula (x) we get

¢ (0) = 9y0z — 920y = =Dy, ¢"(9y) = —fy0s + [0y = Dy,
¢*(28,) = [Df = §Dg2,  ¢*(yds) = —gDyg = =3 Dy,
" (®0z) = —fDg, ¢*(ydy) = gDy, " (20, —ydy) = —Dyy.
This shows that for an étale map ¢ = (f, g) we obtain
¢*(affy) = (Dy, Dg, Dy2, Dg2, fDg, gDy),
¢*(saffy) = (D, Dg, Dy2, Dg2, Dyg) = 11( Py )

Proposition 3.6. Let L C Vec®(A?) be a Lie subalgebra isomorphic to saffy. Then
there is an étale map ¢ such that L = ¢*(saff,). More precisely, if (D, Dy) is a
basis of vad(L), then L = (Dy, Dy, Ds2, Dy2, Dyg), and one can take ¢ = (f,g).

Proof. We first remark that L C Vec®(A?), because saff, has no non-trivial charac-
ter. By Proposition 2.8 it suffices to show that @ := p~1(L) C P is isomorphic to
P<5. We fix a decomposition L = Ly & vad(L) where Ly =~ sly. It is clear that the
Lie subalgebra Q := puY(Lo) C P contains a copy of sly, i.e. Q = Qo ® K where
Qo ~ sls. Hence, as a @Qg-module, we get @ = Qo & Vo & K where V5 is a two-
dimensional irreducible Qg-module which is isomorphically mapped onto tad(L)
under p. Since {tad(L),tad(L)} = (0) we have {V3, V2} C K. Now the claim follows
from Lemma 2.9 if we show that {Va, Va} # (0).

Assume that {V5,V2} = (0). Choose a sly-triple (eg, ho, fo) in Qo and a basis
(f,g) of V4 such that {eg, f} = ¢ and {eg,g} = 0. Since {f,g} = 0 we get from
Lemma 2.1(b) that f,g € KJh| for some h € K[x,y], i.e. f = p(h) and g = ¢(h)
for some polynomials p,q € K[t]. But then 0 = {eg, g} = {eo,q(h)} = ¢'(h){eo, h}
and so {eg, h} = 0. This implies that g = {eg, f} = {eo,p(h)} = p'(h){eo, h} =0, a
contradiction. O

Remark 3.7. The above description of the Lie subalgebras L isomorphic to saffy
also gives a Levi decomposition of L. In fact, (Dy, D) is a basis of tad(L) and
Ly := (Dy2,Dg2, Dyg4) is a subalgebra isomorphic to sly. The following corollary
shows that every Levi decomposition is obtained in this way.
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Corollary 3.8. Let L C Vec®(A?) be a Lie subalgebra isomorphic to saffy, and
let L =vad(L) @ Lo be a Levi decomposition. Then there exist f,g € Klx,y] such
that vad(L) = (Dy, Dy) and Lo = (D2, Dyg, Dy2). Moreover, if L' C Vec®(A?) is
another Lie subalgebra isomorphic to saffy and if L' D Loy, then L' = L.

Proof. We can assume that L = saffy, = (Dy, Dy, Dy2,D,2, Dyy). Then every Lie
subalgebra Lo C L isomorphic to sly is the image of sly = (D,2, D,2, D,,) under
conjugation with an element « of the solvable radical R of SAffs. As a subgroup of
Aut(K|[z,y]) the elements of R are the translations a = (z + a,y + b), and we get
tad(L) = (Dyya, Dy+b> and a(sly) = <D(z+a)2, D(erb)z, D(r+a)(y+b> as claimed.
For the last statement, we can assume that L' = (Dy, Dy, Dy2, Dg2, Dyg) such
that (Dy2,Dg2, Dyg) = sly. This implies that (f?,¢2, fg,1) = (z%,y?, 2y,1), and
the claim follows. O

Proposition 3.9. Let M C Vec®(A?) be a Lie subalgebra isomorphic to affy. Then
there is an étale map ¢ such that M = ¢*(affy). More precisely, if (Dy, Dgy) is a
basis of vad([M, M]), then M = (D, Dy, fD¢,gDgy, gDy, fDy), and one can take

v=(f9)-

Proof. The subalgebra M’ := [M, M] is isomorphic to saff, hence, by Proposi-
tion 3.6, M’ = ¢*(saff,) for an étale map ¢ = (f,g) where we can assume that
jla) = 1. We want to show that ¢*(affy) = M. Consider the decomposition
M =J & My e KD where J = vad(M’), My is isomorphic to sly, and D is the
Euler-element acting trivially on My. We have ¢*(affy) = M’ & KE where E is
the image of the Euler element of aff,. Since Vec®(A?) = Vec’(A2?) @ KD’ for any
D’ € Vec®(A?) with Div D’ # 0 we can write D = aE + F with some a € K and
F € Vec’(A?), i.e. F = Dy, for some h € K|z,y].

By construction, F' = D — aF commutes with My. Since Mo = (D2, D2, Dyg)
we get {h, f?} = ¢ where ¢ € K. Thus ¢ = {h, f?} = 2f{h, f} which implies that
{h, f} = 0. Similarly, we find {h,g} = 0, hence h is in the center of p=1(M’) =
P4 C P. Thus, by Lemma 2.1(c), h € K and so Dj, = 0 which implies D = oFE. O

4. VECTOR FIELDS AND THE JACOBIAN CONJECTURE

The Jacobian Conjecture. Recall that the Jacobian Conjecture in dimension n
says that an étale morphism p: A™ — A" is an isomorphism.

Theorem 4.1. The following statements are equivalent.

(i) The Jacobian Conjecture holds in dimension 2.
(if) All Lie subalgebras of P isomorphic to P<o are equivalent under Autp4(P).
iii) All Lie subalgebras of Vec®(A?) isomorphic to saff, are conjugate under
2
Aut(A?).
iv) All Lie subalgebras of Vec®(A2) isomorphic to aff, are conjugate under
2
Aut(A?).

For the proof we need to compare the automorphisms of P with those of the
image u(P) = Vec’(A?) ~ P/K. Since K is the center P, we have a canonical
homomorphism F': Autpa(P) = Autpa(P/K), ¢ — @.

Lemma 4.2. The map F: Autpo(P) = Autpa(P/K) is an isomorphism.
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Proof. If ¢ € ker F, then ¢(z) = x+a, p(y) = y+b where a,b € K. By Lemma 2.4,
the K-algebra automorphism « of K|z,y] defined by z — z+a, y — y+ b is a Lie
algebra automorphism of P, and ¢ = a by Lemma 2.3. But then p(2?) = (z+a)? =
22 4 2ax + a?, and so @(z2) = 22 + 2a%. Therefore, a = 0, and similarly we get
b =0, hence p =idp.

Put P := P/K and let p: P = P be a Lie algebra automorphism. Then L :=
p(P<3) C P is a Lie subalgebra isomorphic to saff, and thus L := p~ (L) is
a Lie subalgebra of P isomorphic to P<s, by Proposition 2.8. Choose f,g € L
such that f = p(Z) and g = p(y). Then (1, f,g) = vad(L), and so L = Py ,, by
Proposition 2.8. It follows that the map pu: P — P defined by x — f,y — ¢
is an injective endomorphism of P (Remark 2.5), and that i = p. Since p is an
isomorphism the same holds for pu. d

Proof of Theorem 4.1. (i)=-(ii): If L C P is isomorphic to P<o, then L = Py 4 for
some f,g € KJ[z,y| such that {f, g} =1 (Proposition 2.8). By (i) we get K[z,y] =
K|f,g], and so the endomorphism z — f,y — g of K|z, y] is an isomorphism of P,
mapping P<s to L.

(ii)=(iii): If L C Vec®(A?) is a Lie subalgebra isomorphic to saff,, then L =
w(Py,q) for some f,g € Klx,y], by Proposition 3.6. By (ii), P, = a.(P<2) for
some o € SAutpa(P) = SAut(K[z,y]). Hence L = p(a.(P<2)) = a(saff,), by
Le