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Abstract

We study Moser-Trudinger type functionals in the presence of singular potentials. In par-
ticular we propose a proof of a singular Carleson-Chang type estimate by means of Onofri’s
inequality for the unit disk in R2. Moreover we extend the analysis of [1] and [8] consid-
ering Adimurthi-Druet type functionals on compact surfaces with conical singularities and
discussing the existence of extremals for such functionals.

1 Introduction

Let Q C R? be a bounded domain, from the well known Sobolev’s inequality

1,
Il 2, o < Sl Vel P e (1,2), we W@, (1)
one can deduce that the Sobolev space H}(2) := Wol’Q(Q) is embedded into LI(2) V¢ > 1. A
much more precise result was proved in 1967 by Trudinger [27]: on bounded subsets of H{(Q)
one has uniform exponential-type integrability. Specifically, there exists 8 > 0 such that

sup / P da < 4. (2)
ueHY (), [q IVu|?dz<1/Q

This inequality was later improved by Moser in [20], who proved that the sharp exponent in (2)
is B = 4m, that is

sup / e dy < 400, (3)
u€H(Q), [q IVu|?dz<1/Q

and

sup / P’ dx = 400 (4)
ueH (), [ [Vul2dz<1/Q

for f > 4m. An interesting question consists in studying the existence of extremal functions

for (3). Indeed, while there is no function realizing equality in (1), one can prove that the

supremum in (3) is always attained. This was proved in [4] by Carleson and Chang for the unit

disk D C R?, and by Flucher ([9]) for arbitrary bounded domains (see also [23] and [15]). The
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proof of these results is based on a concentration-compactness alternative stated by P. L. Lions
([16]): for a sequence u,, € Hg () such that ||Viunl|12(q) = 1 one has, up to subsequences, either

2 2
/ e dg — / e dy
Q Q

where u is the weak limit of u,, or u, concentrates in a point z € Q, that is
|Vu|?dz — &, and Uy — 0. (5)

The key step in [4] consists in proving that if a sequence of radially symmetric functions u, €
H{ (D) concentrates at 0, then

lim sup/ e gy < m(1+e). (6)
n—00 D

Since for the unit disk the supremum in (3) is strictly greater than m(1 + e), one can exclude
concentration for maximizing sequences by means of (6) and therefore prove existence of extremal
functions for (3). In [9] Flucher observed that concentration at arbitrary points of a general
domain €2 can always be reduced, through properly defined rearrangements, to concentration
of radially symmetric functions on the unit disk. In particular he proved that if u, € H& Q)
satisfies | Vuy|l2 = 1 and (5), then

lim sup/ e dy < el TAmA) 4 Q). (7)
Q

n—oo

where Aq(z) is the Robin function of Q, that is the trace of the regular part of the Green
function of Q. He also proved

2 _
sup / e dy > rel TAmmaxg Ao |2, (8)
ueH}(Q), [ [Vul[2dz<1/Q

which implies the existence of extremals for (3) on Q. Similar results hold if €2 is replaced by a
smooth closed surface (3, g). Let us denote

H = {UGHI(E) : /|VU|2dvg§1a /Udvg_o}'
) b

Fontana [10] proved that

sup/ 64”“2dvg < 400 (9)
ueEH JX
and
sup/ eBUdeg = 400 (10)
ucH J¥

V 8 > 4m. Existence of extremal functions for (9) was proved in [13] (see also [12], [14]), again
by excluding concentration for maximizing sequences.

In this paper we are interested in Moser-Trudinger type inequalities in the presence of singular
potentials. The simplest example is given by the singular metric |z|?¥|dz|? on a bounded domain
Q C R? containing the origin. In [2] Adimurthi and Sandeep observed that ¥V o € (—1,0],

sup / || 2ot e)u® 4o < 4 oo, (11)
weH} (Q), [ |Vu[2dz<1 /Q



and
sup / |x|2aeﬂ“2dz = +o0, (12)
ueH}(Q), [ [Vul2dz<1/Q
for any 8 > 47(1 + «). Existence of extremals for (11) has recently been proved in [7] and
[8]. The strategy is similar to the one used for the case @ = 0. One can exclude concentration
for maximizing sequences using the following estimate, which can be obtained from (6) using a
simple change of variables (see [2], [8]).

Theorem 1.1. Let u, € H{(D) be such that [, |Vu,|[*dz < 1 and u,, — 0 in H{(D), then
Va e (—1,0] we have

limsup/ \m|2“e4ﬂ(1+a)“%dx < M. (13)
n—o0 D T 14«

In the first part of this work we will give a simplified version of the argument in [4] and show
that (6) (and therefore (13)) can be deduced from Onofri’s inequality for the unit disk.
Proposition 1.1 (See [21], [3]). For any u € H}(D) we have

1 “ 1 9
— < — .
log( / e dx) T / |Vu|*dx 4+ 1 (14)

Theorem 1.1 can be used to prove existence of extremals for several generalized versions of (3).
In [1] Adimurthi and Druet proved that

Amu? (14X ||u|?
sup / e mu?(1+ HullLQ(Q))dJ? < 400 (15)
ueH (Q), [ [Vul2dz<1 /Q

for any A < A(2), where A(2) is the first eigenvalue of —A with respect to Dirichlet boundary
conditions. This bound on A is sharp, that is

sup / APl 0) g o (16)
weH (Q), [ |Vu[2dz<1 /Q

Existence of extremal functions for sufficiently small A for this improved inequality has been
proved in [17] and [28]. Similar results hold for compact surfaces on the space H. We refer to
[25], [29] and references therein for further improved inequalities.

In this work we will focus on Adimurthi-Druet type inequalities on compact surfaces with conical
singularities. Given a smooth, closed Riemannian surface (3, g), and a finite number of points

Pls-- - Pm € 2 we will consider functionals of the form
2 2
Eg:;\;q(u) — /Eheﬂu (1+AHuHLq(Z’9>)dU9 (17)

where A\, 3 >0, ¢>1and h € CY(X\{p1,...,pm}) is a positive function satisfying
h(z) ~ d(z,p;)? with «a; > —1 near p; i=1,...,m. (18)

One of the main motivations for the choice of these singular weights comes indeed from the study
of surfaces with conical singularities. We recall that a smooth metric g on X\ {p1, ..., pn} is said



to have conical singularities of order oy, ..., in p1,...,pn if § = hg with g smooth metric on
Y and 0 < h € C®°(X\{p1,...,pm}) satisfying (18). Thus the functional (17) naturally appears
in the analysis of Moser-Trudinger embeddings for the singular surface (¥,7) (see [26]).

Ifm=0and h =1, Egi‘q corresponds to the functional studied in [17]. In particular, one has

sup ByM < oo = A < A(3,9), (19)
ueH ’
where 2,
\Y%
M(S,g) = inf L2Vl

wer ulZumy

As it happens for (11), if h has singularities the critical exponent becomes smaller. More
precisely, in [26] Troyanov (see also [5]) proved that if h is a positive function satisfying (18),
then

sup Eo0? < 400 = B <4r(l+@) (20)
ucH ’

where @ = min {O, min a,}. In this paper we combine (19) and (20) obtaining the following

1<i<m
singular version of (19).
Theorem 1.2. Let (X, g) be a smooth, closed, surface. If h € C*(S\{p1,...,pm}) is a positive
function satisfying (18), then V B € [0,4m(1 +@)] and X € [0, (X, g)) we have

sup Egzq(u) < +o0, (21)
ueH ’

and the supremum is attained if f < 4w(1 + @) or if = 4w (1 + @) and X is sufficiently small.
Moreover

sup EoM (1) = 400
ueH ’

for B>4n(1+@), or f=4n(1+@) and A > N\(X, g).

Note that we do not treat the case § = 4w (1+@) and A = A\j(X, g) (see Remark 5.1). In Theorem
1.2, it is possible to replace || - || La(x,g), Ag(2; 9) and H, with || - | a5 g,)s Aq(2, gn) and

Hy = {u € Hi(Y) : / |V g uldug, <1, / u dvg, = 0}’
by b))

where gp, := hg. In particular we can extend the Adimurthi-Druet inequality to compact surfaces
with conical singularities.

Theorem 1.3. Let (X, g) be a closed surface with conical singularities of order aq, ..., apy > —1
inp1,...,pm € X, Then for any 0 < X < A\ (X, g) we have

A (14a)u? (14 ||u||?
sup/ @i+ ”uHLq(E»w)dvg < 400,
ueEH J¥

and the supremum is attained for 8 < 4w (1 + @) or for f = 4n(1 + @) and sufficiently small X.
Moreover

2 14X 2
sup/ eBu (1+ HuHLq(Z’g))d’L}g = +o0,
ueH J X

if B>4r(1+@) or f=4n(1+@) and A > N(X, g).
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As in [13], [29] and [17], our techniques can be adapted to treat the case of compact surfaces
with boundary.

Theorem 1.4. Let (X, g) be a smooth compact Riemannian surface with boundary. Ifp1,...,pm €
S\OX and h € CH(E\{p1,...,pm}) satisfies (18), thenV B € [0,4n(1+@)] and X € [0, \,(Z, g))
we have
sup Eg’z’q(u) < 400
wEHE (D), [5, |Vul2dvg<t
and the supremum is attained if f < 4w(1 + @) or if = 4w (1 + @) and X is sufficiently small.
Furthermore if 8 > 4n(1+ @), or B =4n(1+ @) and A > A\¢(X, g), we have

BoAd,y —
sup Eg (u) = 400.
ucu€ HJ (%), [y, [Vul2dvg<1

In particular, if ¥ = € is the closure of a bounded domain in R?, Theorem 1.4 gives the following
generalization of the results in [9], [1], [8].

Corollary 1.1. Let Q C R? be a bounded domain. For any choice of V.€ CY(Q), V > 0,
ay .o, > =1 T, 2, €Q, > 1 and A € [0, 04(Q)), the supremum

m

.\ 9 9
sup / V(LU) H ‘x _ mi|2a¢e47r(1+oz)u <1+)\”uHLq(ﬂ))d$
WEHI®), [ IVultdr<1 e i

is finite. Moreover it is attained if A is sufficiently small.

This paper is organized as follows. Section 2 contains a simple proof of Theorem 1.1. Theorem
1.2 will be proved in the remaining three sections. In section 3 we will state some useful lemmas
and prove existence of extremals for Egzq with 8 < 47(1 4+ @). In Section 4 we will deal with
the blow-up analysis for maximizing sequences for the critical case 8 = 4w (1 + @) and we will
prove an estimate similar to (7), which implies the finiteness of the supremum in (21). Finally,
in Section 5 we test the functionals with a properly defined family of functions and complete the
proof Theorem 1.2. In the Appendix we will discuss some Onofri-type inequalities. In particular
we will show how to deduce (14) from the standard Onofri inquality on S? and discuss its
extensions to singular disks. The proof of Theorems 1.3 and 1.4 is very similar to the one of
Theorem 1.2, hence it will not be discussed in this work.

2 A Carleson-Chang type estimate.

In this section we will prove Theorem 1.1 by means of (14). We will consider the space
H:= {u € HY(D) : /D |Vu|2dx < 1}
and, for any a € (—1,0], the functional
Ey(u) = /D |x|2ae4”(1+a)“2dz.

By (11) we have supy E, < +o00. For any § > 0, we will denote with Ds the disk with radius ¢
centered at 0.



Remark 2.1. With a trivial change of variables, one immediately gets that if 6 > 0 and u €
H{(Ds) are such that Jps |Vu,|?dr < 1, then

/ |$|2ae4’r(1+°‘)“2da§ < §21+e) sup Fq.
Ds a

In order to control the values of the Moser-Trudinger functional on a small scale, we will need
the following scaled version of (14) (cfr. Lemma 1 in [4]).

Corollary 2.1. For any §,7 > 0 and ¢ € R we have
027'
/ e dr < melT16r 2
Ds

for any uw € H}(Ds) such that IDL; |Vul?dz < 7.

As in the original proof in [4], we will first assume o = 0 and work with radially symmetric
functions. For this reason we introduce the spaces

H&md(D) = {ue HY(D) : w is radially symmetric and decreasing} .

and
Hyag = H N Hj,0q(D).

Functions in H,,q satisfy the following useful decay estimate.

Lemma 2.1. For any u € H,,q we have

u(z)? < —% <1 -~ /D

Proof. We bound

|Vu|2dy> log || vV z € D\{0}.

|z|

(—log |z[)

1
1 2
<< / |Vu|2dy> (~tog o)
27 \ Jp\Dy,,

=)
<—[1-
27T< D

On a sufficiently small scale, it is possible to control Ey using only Corollary 2.1 Lemma 2.1 and
Remark 2.1.

=
—
8
IA
T
=
~—
Nt
=
~
IN
-~
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—~
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[\]
Q.
Sy
N———
(M)
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N[
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1
|VU|2dy> (—log |z[)= .

|z

O



Lemma 2.2. If u, € H.qq and 6, — 0 satisfy
/ |V, [*dz — 0,
D5n

then
2
lim sup / et ndy < re.
Ds,

n—oo

Proof. Take v, = u, — un(6,) € HY(Ds,) and set 7, = fDé |Vup|?de. If 7, = 0, then

Uy, = un(dy) in Ds, and, using Lemma 2.1, we find

2 2
/ emindy = w§2etmunn)® < 1 < e,
Ds

Thus, w.l.o.g. we can assume 7, > 0 for every n € N. By Holder’s inequality and Remark 2.1

we have

/ e47rui dr = e47run((5n)2 e4wv%+87run(6n)vn dr
Dén Dfsn

2 4 1}% ™ 8mun (dn)vn =

< efmun(on) / e da / e 1-m dx
Ds,, Ds,,
1—7n
Tn

2 8mun (§n)vn

S e47‘run(5n) (6721 sup E0> / e 1—7n dx .
H Ds,,

Applying Corollary 2.1 with 7 = 7,,0 = 6§, and ¢ = &m%g") we find

8mun (6n)vn 1 47"“71(571)2
/ e 1-m dxr< (527‘(‘6 i ™
Ds,,
thus from (23) it follows

47Tun(§n)2‘rn

Tn
2 —_ 47u2 (6,
/ elmundy < 52 (sup Eo) (7re)1 Tn Amun (0n)+ =005
Ds, H

4mun (5)2

Tn
= (sup Eo) (me) e 1-m
H

Lemma 2.1 yields

un(5n)2
62 <1,

Tn
/ el dy < (sup Eo) (me) ™™
Ds, H

therefore

Since 1, — 0, we obtain the conclusion by taking the lim sup as n — oo on both sides.

(23)



In order to prove Theorem 1.1 on H,.q for a = 0, it is sufficient to show that, if u, — 0, there
exists a sequence d,, satisfying the hypotheses of Lemma 2.2 and such that

/D (e‘”f“i - 1) dz — 0. (24)
on

Note that, by dominated convergence theorem, (24) holds if there exists f € L'(D) such that
647ru% < f (25)

in D\Ds,. In the next lemma we will chose a function f € L!(D) with critical growth near 0
(ie. f(z) ~ —5+5—) and define &, so that (25) is satisfied.

= Jel?log” [x]

Lemma 2.3. Take u, € H,.q such that

sup up, — 0 Vre(0,1). (26)
D\D;

Then there exists a sequence d, € (0,1) such that
1. 4, — 0.
2. Ty = fDén |Vu,|2de — 0.
3. Jp\ps e undy —s .

Proof. We consider the function

1 .
f(z):= |]2 log? |z lz] <e .
e2 |;1;| c (671’1]'
Note that f € Ll(D) and
(ionlf)f =é% -

Let us fix v, € (0,1) such that wa |Vu,|?dz < L. We define

bn = inf {7“ €(0,1) : ™) < f(z) for r < |z| < 1} €1[0,1).

and

5 Sy if 0, >0
"] v if6,=0.

By definition we have ,
eAmin < f in  D\D;,,

thus 3 follows by dominated convergence Theorem. To conclude the proof it suffices to prove
that if ny * +o00 is chosen so that d,, = d,, V k, then

lim 6, = lim 7, =0. (29)
k—o0 k—o00

8



For such nj one has ,
edmng (9ny)? — f((;nk) (30)

In particular using (28) we obtain
AminOn)* = f(8,) > e? > 1

k—o0

which, by (26), yields 6,, — 0. Finally, Lemma 2.1 and (30) imply

6—2Tnk
1> 53121_Tnk)64““71k (6ny)* — 4%2
' log® 6,
so that 7,, 23 (otherwise the limit of the RHS would be +00). O

Combining Lemma 2.2 with Lemma 2.3 we immediately get (6) for radially symmetric functions:

Proposition 2.1. Let u, € Hyqq and o € (=1, +00]. If for any r € (0,1)

sup u, — 0,
D\D,

then

] m(l+e)
| FE, < — 7
o Faltn) <

Proof. If @ = 0 the proof follows directly applying Lemma 2.3 and Lemma 2.2. If o # 0 consider

vn(@) = (14 @) 2 (|2 74).

/|an|2dz:/ \Vu,|? do
D D

and hence v, € Hqq. Moreover we compute

/ ‘I|2a6(1+a)“% dr = L / AT dy
D 1+« D

and the claim follows at once from the case o = 0.

‘We have

O

To pass from Proposition 2.1 to Theorem 1.1 we will use symmetric rearrangements. We recall
that given a measurable function u : R? — [0, +-00), the symmetric decreasing rearrangement of
u is the unique right-continuous radially symmetric and decreasing function u* : R? — [0, +-00)
such that

{u >t} = [{u* >t} vit>0.

Among the properties of u* we recall that

1. If u € LP(R?), then u* € LP(R?) and |ju|lp = ||u/|,-



(D) and

/|Vu*|2d$§/ \Vu|?dz. (31)
D D

2. If u € HY(D), then u* € H}

;rad

3. If u,v : R? — [0, +00), then
/ u(x)v* (z)dx > / u(z)v(z)de. (32)
R2 R2
In particular if u € H}(D) and a <0,

/|x|2ae“*dx2/ |lz|**e da. (33)
D D

Note that (33) does not hold if & > 0. We refer the reader to [11] for a more detailed introduction
to symmetric rearrangements.

Proof of Theorem 1.1. Take u, € H such that u, — 0 and let v} be the symmetric decreasing

rearrangement of u,,. Then uy € Hyqq and since [[uy, |2 = |[un|l2 — 0 we have supp\ p, uj, — 0

¥V r > 0. Thus from (33) and Proposition 2.1 we get

1
limsup Eq (uy,) < limsup E,(u),) < u.
n—0o00 n—00 14+«

In the next section we will need the following local version of Theorem 1.1.

Corollary 2.2. Fiz § >0, a € (—1,0] and take u,, € H}(D;s) such that fDa |Vu,|?dr < 1 and

u, — 0 in H}(Ds). For any choice of sequences 6, — 0, x,, € Q0 such that Dy, (z,) C Ds we
have
|2ae47r(1+a)uidgcS e 52(14a)

lim su / x —
n%oop Ds,, (wn) | 1+«
Proof. Let us define u,(z) := u,(dz). Note that u,, € H and satisfies the hypotheses of Theorem
1.1, thus

n—oo

limsup/ |x\2a(e4m3 —1)dx
Ds

= §20140) iy Sup/ |w|2a(e4’rﬁ% —1)dz
D

n—oo
< §20+a) 7€
- 1+a’

Thus we get

lim sup/ |x|2ae4ﬁ(1+o‘)“%dx
Dsy, (zn)

n—oo
= lim sup/ || 2 (64”(1""0‘)“'21 — 1) dx
n—00 D5n ($n)

< / |m|20¢(e471'u$Z _ 1)d$t’,’
Ds
e

< 62(1-‘1—04) .
- 1+«

10



Remark 2.2. We remark that for o € (—1,0] by Theorem 1.1 it is enough to show that

m(l+e)

E, >
Sup Bo > ==

in order to prove existence of extremal functions for E, (see [4], [7]).

We conclude this section pointing out that as we just did for the Carleson-Chang type esti-
mates, one can have a singular version of the Onofri inequality (14) (see Proposition A.2 in the
Appendix). In particular one can deduce the following generalized version of Corollary 2.1.

Corollary 2.3. V 6,7 >0, c€R and a € (—1,0] we have

2
14— <1 2(1+a)
Te 167 (1+a) 6
/ |$‘2aecu dx <
Ds 1+ o

Y u € H}(Ds) such that Jp, |Vul?dr < 7.

3 Extremals on Compact Surfaces: Notations and Prelimiaries

Let (3,g) be a smooth, closed Riemannian surface. In this section, and in the rest of the
paper, we will fix p1,...,p,m € ¥ and consider a positive function h € CH(E\{p1,...,pm})
satisfying (18). More precisely, denoting by d the Riemannian distance on (%, g) and by B, the
corresponding metric ball, we will assume that for some § > 0,

d(hp)%n € CL(Bs(p)) ={feC'(Bs(p)) : f>0} fori=1,....m. (34)

In order to distinguish the singular points p1,...,p, from the regular ones, we introduce a
singularity index function

J oo fx=p;
o) = { 0 2 S\{pi,....pm) (35)

Clearly condition (34) implies that the limit

K(p) := lim

q
R A 36
a=p d(q, p) > (30)

exists and is strictly positive for any p € ¥. We will study functionals of the form (17) on the

space
H o= {u eH\(Y) : / [Vuldvg <1, / u dvg = 0}'
» b

To simplify the notation we will set

@:=min< 0, min «o;
1<i<m

11



and

B :=4r(l+@).
Given s > 1, the symbols | - ||s, L*(X) will denote the standard L®—norm and L°®—space on %
with respect to the metric g. Since we will deal with the singular metric g, = gh we will also

consider
sh ::/ |ul®dug, :/h|u|3dvg
b )

L*(%, g5) == {u: ¥ — R Borel-measurable, |lul|s, < 400}

[[ul

and

In this section we will prove the existence of an extremal function for Eg’;\;q for the subcritical

case 3 < . We begin by stating some well known but useful Lemmas:
Lemma 3.1. If u € H'() then ¢’ € L*(X) N L*(Z, gn), V s > 1.

Proof. From (34) we have h € L"(X) for some r > 1, hence it is sufficient to prove that e’ €
L*(%), V s > 1. Moreover, since

2 _2 Va2 _\2 942
£5U :es(u u)?42s(u—u)utu < 623(u ) e?su ,

without loss of generality we can assume u = 0. Take € > 0 such that 2se < 47 and a function
v € CL(3) satisfying ||[Vy(v —u)||3 <€ and [ v dvg = 0. By (9), we have
u2
[|€25u=0%||} 4 || ¥ T¥4Tz ||y < +o0. (37)

Note that
esu2 < es(u—v)2623uv. (38)

By (37), we have e5(#=)* € L2(%) and, since v € L®(%),
W2
e2suv < essmeC(E,s,HVqu)vz c LQ(E)

Hence using (38) and Holder’s inequality we get e** € L1(X). O
Lemma 3.2. If u, € H and u, — u # 0 weakly in H*(X), then

sup/ hepﬁuidvg < 400
n Jx

1
V1<p<iwam
Proof. Observe that B B B
ePBuz, < ePBun—u)? 2pBunu (39)
Since

1 . 1
= > 1 [|Vull3 > [Vun |3 = [IVul3 = [V(un —w)l3 +0(1) = limsup ||V(u, —u)|3 < -,
p n—00 p

by (20) we get ||epB(“"_“)2Hs)h < C for some s > 1. Taking 1 + £ =1 and using Lemma 3.1 we
have -
13, JE Ye)
25/ Bunu < o5 (Coapt’® ¢ LS, gn) = [Py < C.

Thus from (39) we get ||epB”31||1’h <C. ]

12



Existence of extremals for 3 < 3 is a simple consequence of Lemma 3.2 and Vitali’s convergence
Theorem.

Lemma 3.3. V 3 € (0,3), A € [0,\;(Z,9)), ¢ > 1 we have
sup Eg’;\;q < 400
by

and the supremum is attained.
Proof. Let u, € H be a maximizing sequence for Eg z’q, and assume u, — u weakly in H!(X).

We claim that e84+ Munld) is uniformly bounded in LP(%, gp) for some p > 1. In particular
by Vitali’s convergence theorem we get Eﬁ’h () — Eg;\Lq( ) with Eg;\lq(u) < +o00. Hence

B2 (1) = supy, EZ(u), proving the conclusion.
If w =0, then B
A+ >\||Un||3) — B <P,

and the claim is proved taking 1 < p <5 2 and using (20). If u # 0, since

(1= IVull3) (1 + MlunlI7) < 1= [IVull3 + Alulf +o(1) < 1= (A(2) = Nullg +o(1) <1

1
we can find p > 1 such that limsupp(1 + \|u,|?) < ————, and the claim follows from
B ) < TVl

Lemma 3.2. O

The behaviour of extremal functions as 5 — S will be studied in the next section. As for now
we can study the convergence of the suprema.

Lemma 3.4. As 8 7 8 we have
sup Eg’z’q — sup Eg’;\;q.
H ’ H ’
Proof. Clearly, since 3 < 3, we have

lim sup sup Eg’;\;q < sup Eg’z’q.
g8 H H

On the other hand, by monotone convergence theorem we have

lim inf sup EB M > Jim inf EY )"q( ) = Eg’i‘l’q(v) VoveH,
B/B H 8,/8 '

which gives

lim inf sup EB - > Sup EB M
B/B H wh

13



We conclude this section with some Remarks concerning isothermal coordinates and Green’s
functions. We recall that, given any point p € 3, we can always find a small neighborhood 2 of
p and a local chart

Y :Q — D5, CR? (40)
such that
¥(p) =0 (41)
and
(v™)*g = ef|dx/? (42)
where
9 € C™®Ds,) and  ¢(0)=0. (43)

For any 6 < &y we will denote Qs := ¢ ~1(Ds). More generally if D,(z) C Ds, we define
Q-(v=Hz)) := v ~HDy(x)). We stress that (36) and (42) also imply

(™" gn = | PV (2)e?|da . (44)

with
0<VeC®Ds) and V(0)=K(p). (45)

For any p € ¥ we denote G’;}‘ the solution of

- - 1 _ -
—NgGp =5, + MGplI27 G| QG?,—E (1+A||G§||§ Q/E\Gg\q QG;dug>
/ Gpdvg = 0.
%

In local coordinates satisfying (40)-(45) we have

(46)

@™ (@) = — 5 Tog el + 43 + &(x) (47)

with &€ € C1(Ds,) and £(z) = O(Jx|). Observe that Gg is the standard Green’s function for —A,.
Lemma 3.5. As A — 0 we have G; — Gy in L*(%) V s and A; — A,

_ A

Proof. Let us denote cy := ]

||G2||g_q/E|G;‘|q_2GZ),‘dvg. Observe that

—Ag(Gy — GD) = M|G)|1279|G |7 %G — ca.
Since
e iza2a)| , =16
qg—1
by elliptic estimates we find

A 0 A 0 A
||Gp - GpHOO < HGp - GpHWZ,q%T ) < C)‘HGqu (48)

(=

In particular

1G3llq < 1G3llq + Gy = Gpllg < I1Gllg + ClIGy = Gpllse < IG3llq + CAIG g,

14



hence for sufficiently small A we have
1Gyllg < ClIGlg-

Thus by (48), as A — 0 we find
IG) — Gplloo — 0.

In particular G) — GO in L® for any s > 1. Since A} — A% = (G2 — GY)(p) we also get
P P P P p P

A 0
Ap — Ap.

O

Lemma 3.6. Fizp € ¥ and let (Q,v) be a local chart satisfying (40)-(45). As § — 0 we have

1
/ IVG)|Pdvg = ——logd + A + M||G)|Z + O(3] log d]).
Z\Qs 2

Proof. Integrating by parts we have

oG
VG |Pdvy = — A,Gy Godug — Gy —"Ldo,.
/2\95| pl 9 S\ 9-"p “p“lyg 905 P Hy g
For the first term, using the definition of Gi,‘ we get
1
- A,G Grdv, = /\||G’\||2’q/ |GA?dv, — ( +CA> G dv
e, L0 P ey T S no, ¢
= MGplI2 + o(1).
For the second term we use (47) to find
oGy 1
Gy—Ldoy = —=logd + A} + O(8|log d|).
oo, CP By 100 = g lesd T A (6] log o)

4 Blow-up Analysis for the Critical Exponent.

In this section we will study the critical case 5 = .

(50)

Let us fix ¢ > 1,\ € [0,A;(2,9)) and take a sequence 3, /B ( B, < B for any n € N). To
simplify the notation we will set E,, := Eg’;{\’q. By Lemma 3.3, for any n we can take a function

u, € H such that
E,(un) = sup E,.
H

Up to subsequences, we can always assume that
Up — Up in H(%)

and
up, —up In LX) Vs>1.

15
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Lemma 4.1. If ug # 0, then
B (un) — EE3 (ug) < +00. (55)
In particular B
sup Eg’z’q < 400
2% ;
and ug is an extremal function.

Proof. If ug # 0 we can argue as in Lemma 3.3 to find p > 1 such that eBrun (1M [unl[3) g
uniformly bounded in LP(3, gp). Vitali’s convergence Theorem yields (55). Lemma 3.4 implies

S%p nglq = Eg’ﬁ’q(uo) < 400.

O

Thus it is sufficient to study the case ug = 0, which we will assume for the rest of this section.
In the same spirit of Theorem 1.1 and (7), we will prove the following sharp upper bound for
Proposition 4.1. If uyp =0 we have

e

limsup E,, (uy,) < K(P)egA?’ + |Zlg,

< — m

n—00 1+ @ pes,a(p)=a
where AI),‘ is defined as in (47) and |S|g, = [ h dvg.
Remark 4.1. We remark that the quantity

max K (p)eP
PEX, a(p)=a ®)

is well defined. Indeed if @ < 0 the set of points such that a(p) = @ is finite. On the other hand
if @ =0 we have that K = h on ¥\ {p1,...,pm} = {p € T: a(p) = @} and the function heP4s
is continuous on X and has zeros at the points p1,...,pm.
In particular Lemma 4.1 and Proposition 4.1 give a proof of an Adimurthi-Druet type inequality,
namely B

sup Egz’q < +o00.

by .

The rest of this section is devoted to the proof of Proposition 4.1.

Lemma 4.2. There exists s > 1 such that u, € H N W?%5(Z) V n. Moreover |[Vuy,|2 =1 and
we have

—Aguy, = 'ynh(z)uneb"“% + sp(x) (56)
where B
by = Bn(1 4 Munll2) — B, (57)
limsupvy, < +00  and ’yn/ h uie“idvg — 1, (58)
n by

16



and

Sp 1= )\n||un||§*q|un\q72un —cp (59)
with
An — A, (60)
and )
2 — —
oI <7/ un e dvg, + Anun 50 / fun? QUndvg> : (61)
2] > =
In particular we have
cn — 0, [snll o —0 (62)
P

as n — +00.

Proof. The maximality of w, clearly implies ||Vu,|l2 = 1. Using Langrange multipliers theorem,
it is simple to verify that u,, satisfies

—Aguy, = annh(x)uneb"“% + )\l/an,unHun||2_q|un\q_2un — . (63)

where by, is defined as in (57), pin := [5 h u%eb““%dvg7

1
Cn :

2 — —
= 5] (%/ huneb"“"dvg —l—)\unﬂnunﬂun”z q/ || 2undvg> , (64)
) b

and v, € R. We define v, := v,by, Ay := Avpfppin and s, (x) = /\n|\un|\2_q|un|q’2un —cp
so that (56) and (59) are satisfied. Observe also that

H||un||§_q|un|q_2un|\q% = Huan — 0. (65)

/ |t | 2updvy
P

If s > 1 is such that h € L*0(X), using Lemma 3.1 and standard Elliptic regularity, we find
up € WH5(X) V1 < s < min{so, %}' Multiplying (63) by w, and integrating on 3 we get

and

1
llunll3 < lunllg%]s — 0 (66)

/\Bn”unng

by ) = Yabin(1+ 0<1))

1= annMn + )\Vn/BnMnHuan = annﬂn(l +
from which we get the second part of (58). As a consequence we also have

An = A Bnpin = AVnMnlil — A (67)

Now we prove limsup -y, < +oo or, equivalently, liminf u,, > 0. For any ¢t > 0, we have
n—o0 n—o0

]. 2 2 1 2
E,(uy) < o) /{|u - h uZebnndv, + /{|u - hebntn du, < 2 /Z huZ el ndu, + |2y, + o(1)

from which

lim iorgf tp =liminf [ A uieb"“%dvg > t? (sglp Egzq - E|gh> > 0.

n—r n—oo b))
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It remains to prove that ¢, — 0 which, with (65) and (67), completes the proof of (62). For
any t >0

1 1
”yn/ h|un\eb”“'21dvg < ’Y?n hu%eb"“%dvg —|—'yn/ h|un|eb"“'21dvg = %() +o(1).
b {lun|>t} {lun|<t}
Since t can be taken arbitrarily large we find
'yn/zhuneb"“%dvg — 0.
Combined with (61), (66) and (67), this yields ¢, — 0. O

By Lemma 4.2 we know that u, € C°(X), thus we can take a sequence p,, such that
My 1= max [ten] = un(pn), (68)

where the last equality holds up to changing the sign of u,,. Clearly if sup, m, < +o0, then we
would have E,(u,) — |X|g, which contradicts Lemma 3.4. Thus, up to subsequences, we will
assume

My — +00 and Dn — P. (69)

Lemma 4.3. Let Q) C X be an open subset such that
limsup || Vun || f2(0) < 1.
n—-+o0o

Then

[unllLse (@) < C.

Proof. Fix Q € Q. Take a cut-off function ¢ € C°(Q) such that 0 < ¢ < 1 and £ = 1 in
where Q € ' € Q. Since

/E |Vuné|*dv, = /Q |V, |2 dv, + 2 /Q up&Vuy, - VE dvg + /Q |VEPutdo, <

<(1+ s)/ IV [2€2d0, + 08/ VEPuldy,
Q Q
and € can be taken arbitrarily small, we find

lim sup ||V(unf)||%2(2) <l

n—oo

Thus, applying (20) to v, := HV(£+ we find

)”L2(Z)

B2 (1A [2) <C (70)

Lo (Q,gn) —

for some sp > 1. From (62) and (70), —Agu, is uniformly bounded in L*(Q) for any s <
min{sg, q%}' If we take another cut-off function & € C§°(Q') such that £ = 1 in Q, applying
elliptic estimates to Eun in ' we find supg, €up, < C and hence supg un < C. O
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From Lemma 4.3 one can deduce that |Vu,|? — &, that is u,, concentrates at p. Intuitively
it is natural to expect that concentration for maximizing sequences happens in the regions in
which h is larger. We will show that p must be a minimum point of the singularity index «
defined in (35). This will clarify the difference between the cases @ < 0 and @ = 0: in the
former, the blow-up point p will be one of the singular points p1,...,pn, while in the latter
p € X\{p1,...,pm} (cfr. Remark 4.2 and Proposition 4.3). The next step consists in studying
the behaviour of u, around p. Arguing as in [13] we will prove that a suitable scaling of u,
converges to a solution of a (possibly singular) Liouville-type equation on R? (see Proposition
4.2).

Again we consider a local chart (€, ) satisfying (40)-(45). From now on we will denote x,, :=
¥ (ppn) and

Up = Up O 1/1_1. (71)
Define t,, and £,, so that
20+ m2 ebnmi = 1, (72)
fi|xn|2"‘(p)7 erb”m" =1. (73)
Lemma 4.4. For any < 8 we have
20+ P) 2 ePmin 50, 2 |z, |2 PIm2 B

as n — +o0o. In particular, for any s > 0 we have

lim ¢,m; =0, lim t,m
n—+o0o n—+oo

Moreover as n — +o0o we have

— 00 =

tn n

(74)

Proof. Since the result can be proven both for t,, and f,, with the same argument, we will prove
it here only for ¢,. By (57), (58) and (72)

(B—bn)m%
20 a(@) 2 ofmi € e(B=br)m, /E hu2 e duvg (1 + o(1))
/ hu2 *Bundv (1+0(1)).

=/ —
Take s = g (i.e. 1/s+B/8 =1) and sg > 1 such that h € L*0(X). Then

8
]

1
/mﬂ Pidug < [[u s plle® 1y < ClAllG U2 sy — 0.

As for the last claim it is enough to observe that from (72) and (73) one computes
lnl _ <W>Ha(p)
th \ tn '

19



We define now

e {Z j)ftllzwze+oo s (75)
and
M (@) = M (Un(Ty + TnT) — M) (76)
where the function 1, is defined in D, .
Proposition 4.2. Up to subsequences, n, — no in C2.(R?) N HL (R?). Moreover
(i) if % — 400 as n — +o0o the function 1y solves
— Ang = V(0)e2Pm0 (77)
/ V(0)e?™ dy = 1; (78)
R2
(i) if % — T the function ngy solves
— Ang = |z + Z2*PV(0)e20 (79)
A;u+ﬂh@v@émwx:L (80)

Proof. If % — +00 as n — 400 then r, = t,, and it follows that 7, as in (76) satisfies

_Ann — mnT%eSO(In+rnz) (’Yn|xn + ’I“nl'|2a(p)V(l‘n + rna:)eb

_ #(@ntraz) (

Otherwise we have that r,, = t,, and, up to subsequences,

"”’%vn(ﬂcn + ) + Sn(zn + rmr)) =

In o

2
bn (an+"—”)
V(xn +rpx) (1 + :;2) e mi) 4 M2 55 (X0 + Tn:c)> .

n

|22 ]

5= — T as n — +oo and 7, satisfies

—Any, = myr2ef@ntraT) (% |, + Tnm|2a(p) Vi(en + rnx)eb"“ivn(xn + rpx) + Sp(zn + rnx)) =

— e¥@ntrny) (

Observe that from Lemma 4.4 and (62) we have

2a(p)
In +x

Tn

2
bn <2v7n+L">
V(xn +rpx) (1 + :;) e mi) 4 M2 s (2 + rn:v)> )

n

a2
/ |12 80, (2, + Tnx)|q%1 de =mil ' r2! / |sn(x)|q%1 dz
DL DL (.7) )
PP (81)
<mg ' rd 7 snll 4 — 0
q—1
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for any L > 0. Since 2n,, + TZ—% <0 and |n,| < 2m2, for any L > 0, in both cases (i) and (i) we
can find s > 1 such that
| = AnpllLsp,) < C.

Moreover 7,(0) = 0, thus we can exploit Sobolev’s embeddings Theorems and Harnack’s in-
equality to find a uniform bound for 7, in C%*(D.) for any L > 0. Hence with a diagonal
2

argument, we find a subsequence of 7, such that n — no in H} (R?) N Cp (R?). Moreover 1

loc
is a solution of (77) or (79), depending on our choice of r,. It remains to prove (78) and (80)

respectively. In order to do this we observe that in case (i) we compute

1= —/ Agupundvg = 'Yn/ h uieb"“%dvg + )\nHuan
b by
> 7, / h w2 idvg + o(1) (82)
QL'rn(pn)
= V(O)/ 280 dy 4 o(1).
D

In particular it holds (see for instance [6])

3 1
lim V(0) / Pmdy = —— >1 (83)
L—+o0 Dy, 1 +

where the last inequality follows from the fact that @ < 0. Hence with (82) we obtain (78).
Similarly, in case (i) we have

1= —/ Agupundog > V(O)/ |z —|—f|20‘(p)eﬁ"0dx +o(1). (84)
= Dy,

On the other hand (cfr. [22])

3 1
lim V(O)/ |z + |20 P Mgy = l@ > (85)
L—+o00 Dy, 1+«
where now the last inequality follows from the minimality of @. Therefore (80) is proven. [

Remark 4.2. From the proof of Proposition 4.2 it follows that if @ < 0 then by (82) and (83)
we have that only case (i) is possible. Moreover from (84) and (85) we get a(p) = @, that is p
must be one of the singular points p1,...,Pm-

We stress that Proposition 4.2 gives us information on the nature of the point p only in the case
a < 0. To have a deeper understanding of the case @ = 0 and a more complete analysis of the
blow-up behaviour of u, near the point p we will need few more steps (see Proposition 4.3).

Lemma 4.5. We have
vnmnhuneb”“% dvg =1

(Z) 11mL~>+oo hmn%Jroo ‘/‘QLT (pn)

.. . . 2 _bnu? o
(i7) Hmp— 4 oo limy,— 400 fQL (pn) Tnhune? i dvg = 1
™
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s . . b, u2 T 1
(#44) limp o0 limy, oo fQLr (o) PEP 0 dvg = Timsup,,_, oo .
n

Proof. Both (i) and (i¢) follow easily from Proposition 4.2. We are left with the proof of (iii).
By Proposition 4.2, for any L > 0 we have

I 2 hebn i dvy = 1 1
S T )
where or,(1) — 0 as L — co. Hence
lim sup 5 = (1 +0r(1))lim sup/ heb"“%dvg
n—oo YnMy n—=00 JQr, (pn)
and we can conclude the proof letting L — +o0. O

Following [13], for any A > 1 we define

= min{uy,, %}

A

A
U,

Lemma 4.6. For any A > 1 we have
1
lim sup/ \Vul Pdv, = =
n—oo J¥N A
Proof. Integrating by parts we have
lim inf / \Vuidv, = lim inf / Vult - Vuydvo, = liminf — / Agunut dv,.
n—0o0

n—o00 n—+0o00

Fix now L > 0. By Proposition 4.2, for sufficiently large n, Qr,, (pn) € {un > "3}, hence using
(56) and (59) we find

7/ Aguy, u,‘?dvg = ’yn/ huneb"“%ufzdvg +o(1) > InTn
b)) b))

/ h uneb"“%dvg + o(1).
QLT‘n (pn)

Hence passing to the limit as n, L — 400 we obtain

1
liminf/ |Vui P, = liminf—/ A guguis dvg > 1 (86)
b b

n— 00 n—-+o0o

where the last inequality follows from Lemma 4.5. Similarly

+
7/ Agur, (un - %) dvg > ’yn/ h uneb”“% (un — m“) dvg + o(1)
3 A QLrn(pn) A

we get
A-1
. . + >
llnrr_1>£f/ IV (u )| dvg T (87)
again from Lemma 4.5. Clearly u, = uj 4+ (up — )" and [ Vui - V(u, — %2 ) Tdvg = 0 thus
+
1= / |Vun|?dv, = / \Vui [2dv, +/ % (un — %) 2dv,
s b A
and from (86) and (87) we find
4p2 i ey, A
nh_}rrolo/ \Vui|2dv, = and nh_)rréo g \% (un Vi ) |“dvy = 1
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With Lemma 4.6 we have a first rough version of Proposition 4.1.
Lemma 4.7.
. . . b 121
limsup By, (uy) < lim  lim he’™n dvg + |Elg, -

n—o00 L—+o00n—+o0 Qr,. (pn)
n

Proof. For any A > 1 we have

By (58),

For the last integral we apply Lemma 4.6. Since limsup,,_,, [|[Vus |3 < & < 1, (20) implies that
ebn(ui)? ig uniformly bounded in L*(X, g;,) for some s > 1. Thus by Vitali’s Theorem

/{ . }hebn<“f3>2dvg < /E hebn @) duy — |5,
unan

Therefore we proved
2

A
imsup E, (uy,) < limsup - + 2,

n—00 n—oo  YnTly,

As A — 1 we get the conclusion thanks to Lemma 4.5. O

Lemma 4.8. We have )
Yo ugebntn — 5,

weakly as measures as n — +00.

Proof. Take ¢ € C°(X). For L > 0, A > 1 we have
’ynmn/ h unebnuiﬁdvg
2

2
= ’ynmn/ huneb"""fdvg
QLrn (pn)

+ Ynmp / hunebnuif duy
{un> % }\QLTn (pn)

+ Yy / huneb"“% &duy
{ung

mn

A

= I} + 2+ 13

‘We have

1L = / Rt (€ — £(p)) dug + i / httn € (p) dug.
QLrn (pn) QLrn (pn)
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From [|§ = &£(p)l|l Lo (s, (pn)) = 0 as n — +oo and Lemma 4.5 we have
lim lim I} = ¢(p).
Ll—I>Iolo nLH;o " g(p)

Similarly, using (58)

12 < m, / it €],
{un>"2 N\, (Pn)

<A S
{un > an}\QLrn (pn)

2
< Al|€ll Lo () (1 —/Q ( )%huieb”“ndvg + 0(1)) .
Lrp \Pn

Therefore, from Lemma 4.5,

lim lim I2 = 0.
L—oon—o0

For the last integral by Lemma 4.6 and (20) there exist s > 1,C > 0 such that
B A2
/ hesﬁ(un) d'Ug S C
pX
thus

3, 2
|7 s = Aumao(1).

2
|IS‘ < ’Vnmn||€||00/2h|un|ebn(u") dug < 'YnmannoonunHSCh

By (i4i) in Lemma 4.5 and Lemma 4.7 we get that y,m, — 0 and hence we find |I2| — 0
which gives the conclusion. O

Let now Gj be the Green’s function defined in (46). Using Lemma 4.8 we obtain:
Lemma 4.9. mpu, — Gy in Cp (S\{p}) N H} (S\{p}) N L*(Z) Vs > 1.

Proof. First we observe that |m,uy|q is uniformly bounded. If not we could consider the

sequence wy, := ”;T"”q which satisfies

u 2 s
_A w. :ry hi’n’ebnun_'_in
o " unllq [unllq

Arguing as in Lemma 4.8 one can prove that ||7nhmnuneb”“%||1 < C and hence it follows

bnu

||7nhune 2LHl - H’)’nhmnunebnu%”l

= —0
||Un||q Hmnuan

as n — +oo. Moreover it is easy to check with (59) and (61) that

Isnll1 < Cllunllg
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and we have a uniform bound for —Ajw, in L}(X). Therefore w;, is uniformly bounded in
Whs(8) for any 1 < s < 2 (see [24] for a reference on open sets in R?). The weak limit w of wy,
will satisfy

/ Vw - Vo dvg = )\/ lw|? 2 wedv,
) )

for any ¢ € C'(X) such that Js ¢dvg = 0. But, since A < A\g(X, g), this implies w = 0 which
contradicts ||wy||q = 1. Hence ||[myuy|q < C.

This implies that —A,(my,uy,) is uniformly bounded in L'(X) and, as before, m,u,, is uniformly
bounded in W1#(X) for any s € (1,2). By Lemma 4.8 we have m,u, — G;‘ weakly in W1s(%),
s € (1,2) and strongly in L" for any r > 1.

From Lemma 4.3 we get |Vu,|> — 8, and u, is uniformly bounded in L{° (X\{p}). This implies
the boundedness of —Ay(mpuy,) in L (X\{p}) for some s > 1 which gives a uniform bound
for mpu, in VVZ?);(Z\{p}) Then, by elliptic estimates, we get mpu, — G;,‘ in HL (Z\{p}) N
CO.(S\{p}). 0

loc

As we did in the proof of Theorem 1.1, in the next Proposition we will use an Onofri-type
inequality (Corollary 2.3) to control the energy on a small scale.

Proposition 4.3. We have a(p) =& and for any L >0

K 1+5A)
lim sup/ heb”“%dvg < %.
n—oo JQr. (pn) 1+«

Proof. Let us observe that

/ (| 200) b gy — / | [2(00) =) +28 bt g
Dy, (xn) Drr, (zn)

(88)
< (Lrn)Q(a(p)fa) |x|256b"”5 dx.
DLrn (zn)
Fix § > 0 and set 7, = [, (Vi |2dvo, = Jps |V, |2dy. Observe that, by Lemma 4.9,
2 _ A2
m2(1— ) _/ VG 2du, + of1), (89)
S\Qs
and
miylunly = 1GHI17 +o(1). (90)
Since by Lemma 3.6 we have
1
/ VG Pdvy = ——log 6 + O(1) 229 oo, (91)
T\ Qs 2
for ¢ sufficiently small, we obtain
1 1 A 1
21+ Munl3) = |1 - — VGa2d — )| (1+ 5622 —
T ( + ||'LL ||2) ( m% /E\QS | p‘ Vg +o m% + m%H qu +o m% (92)

1 A2 A2 1
=1-— V dv, — \||G — 1.
L?L <~/E\Q<; | Gp‘ Y H b ||q o L?L =
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We denote d,, := supyp, v and wy, = (v, — dn)* € H}(Ds). Applying Holder’s inequality we
have

— 2 2 — 2
/ |$|2a€b"v” dr = ebndn / |x|2aebnwn+2bndnwn dr
DL,.n (xn) DLT-n (xn)

2 2
) L w? 7n(1+Aun[g) _ 2bpwndn =7 (L4 Allunlg)
S ebndn / |l.|2aeﬁn;dx / ‘$|2O¢61*7n(1+)\”“n”q) .
Dpry, (zn) Drr, (zn)

(93)

Observe that, for n — +o0o, we have that :/UT% — 0 uniformly on Ds\Ds for any 0 < §' < 4.
Thus applying Corollary 2.2 to the function \7/”—%1 with 8, = Lry,, we find

'UJ,,2.L —
lim sup/ |ac|meﬁ"?dx < L;(SZ(HO‘). (94)
DLrn (zn) 1 + a

n—oo

Using Corollary 2.3 we find

- 2bpwndn - 2bpwndn
/ W%WS/ ([T T AT i
DLrn(zn) Ds

42 d2

1 o 2y2
167 (14 11— (1+X|un

1+a
L b (N fun 1)
bndnrn (1 Mlunlly)
e (-rn(tAlunl2)?

IN

™

< 52(1-&-5)'
- 1+«

Combining this with (88), (93) and (94), we find

2 med2(1+a) L mdn
lim sup/ || 2P ebnviidy < 22— limsup (L, )2@P) ) g 1=m@exluni) (95)
n—o00 Dy, (am) 1+« n—00
Using (92) and Lemma 4.9,
bnd? B(supyp, Gy)?

lim = =: H(J). (96)
=00 1 — 75 (1 + Allunl|2) (fmé VG 2dv, — >\||G;}||g)

Notice that by Lemma 3.6 and (47) we find
H(5) = —2(1+a@)logd + BA) + o5(1). (97)

From (95), (96) we obtain

n—-+00 n—o0

lim sup/ hebrtn dvg = lim sup/ V(a:)|x|2a(p)eb"”£ dx
QLrn (pn) Dy, n (In)

2(1+a) 3
< —K(p)ﬂe(l 0 lim sup (Lrn)Q(a(p)_a) )
1+« n—+o00
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If a(p) > @ we would have (Lr,)?@®)~® _ 0 as n — +oo. This would imply, using Lemma
4.7, that
lim sup By, (uy) < |Zg

n—+oo

ls

which is a contradiction since u,, is a maximizing sequence. Hence necessary we have a(p) = @.
Therefore combining (96), (97) and (98) we get

K (p)mes?(1+a) JH) _ K(p)ﬂel“'ﬁ“‘?‘*‘oé(l)
1+« 1+a@

lim sup/ hebriin dvg <
QLrn (pn)

n—+o00

Proof of Proposition 4.1. The proof follows at once from Lemma 4.7 and Proposition 4.3. [

5 Test Functions and Existence of Extremals.

By Proposition 4.1, in order to prove existence of extremals for Eg’z’q it suffices to show that

the value
e

max K eEA? + |24, .
1+ @ pes. a(p)=a (p) | Igh

is exceeded. In this section we will show that this is indeed the case if A is small enough.

Proposition 5.1. There exists Ay > 0 such thatV 0 < A < Ay one has

e

sup Eg’iq > K(p)egAz + |Zlg,

— m
u€EH ’ 1+ @ pes, alp)=a

Proof. Let p € ¥ be such that a(p) = @ and

In local coordinates (£, 1)) satisfying (40)-(45) we define

b\ 2014
1og<1+(—"’(§)') >+L5

Ce — e T € Qe
= A e 99
we($) Gp875,’7§ = QQ%E\Q%E ( )
Gy
e S 2\92755
and
We
Ue 1= ————
JI+ 22
where ¢, L. will be chosen later, v. = |log 5|1+%, ¢ is defined as in (47) and 7. is a cut-off

1
Ye€

function such that 7. = 1in Q. ., 7 € C5°(Q2.c) and ||V || fo(z) = O(52). In order to have

u. € HY(X) we choose L. so that

B | 4 205 _
Bt — L. = log —am |t BAY —2(1+a)loge. (100)
gl

€
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Observe that

1 = _
/Q V. 2dv, = =3 (log(l +7205®) — 1 4 O(|loge] 2)) . (101)
Ye€ €
Since ¢ € CY(Ds,) and &(z) = O(|z|) we have

/ 1V (1:6) 2 duy = / Vnel2€2 dv,
QZ’YeE\Q’Ysi QQ’YeE\Q’YaE

+ / \VE*n2 dvg + 2 / NEVNe - VE dv,
92755\9«,55 92756\9%6

= 0((1=2)%),
and similarly
/ VG - V(1.)dv, = O(x.2).
QQ’YEE\Q’YEE

By Lemma 3.6 we have

[ VP = [ VG + 00
EQ’Yae

Ye€

1
=5 log Yee + A) + A|Go 12 + O(vee| log(ve€)]).

Observe that 7e¢ log(y.€) = o(|loge|~2), therefore we get
1 — _
/ \Vw|?dv, = =— (4 —2(1+a@)loge + BA, + BA|G, 12 + O] log5|_2)) .
) 503

If we chose ¢, so that

B2 =—1—2(1+a)loge + BA) + O(|loge|?), (102)
then u, — W, € H. Observe also that (100), (102) yield
Le = —1+0(|loge|7?). (103)
and
2nc2 = |loge| 4+ O(1). (104)

Since 0 < w. < O(c;) in Q.. we get
/ wodvy = O(c.(1.6)?) = of|log | 2).
Q’YEE

Moreover

G)\
/ we dvg :/ —pdvg—/ ﬁdvg
I\ Qe S\Qee Ce Q29ee\Qyee Ce

:O(WW>+O(W)

Ce Ce

= o(|loge[7?)
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therefore
We = o(|loge|™2) = o(cz?). (105)
From (102), (103) and (105) it follows that in Q,_. we have

2(14@)
B(we —w:)* > Be? — 2L, — 2log <1 + <|¢(x)|> ) + o(c?).

E
Elwe -T2 > (/E\Q

where the last inequality follows from (99) and Bernoulli’s inequality after splitting the integral
on regions where |Gy| > |c.W.| and |Gp| < |c.w|. Therefore we find

We have )
q
|G2—Cews|qdvg> > |Gyllz + o(c2?),

2vee

1 <1 A||w€—w5|3> - 1+2§||G§||3+0(624)
A2 A2 2
1+ 516G 1+ S1GHIIZ (14_%\\@?\@) (106)
)\2 G)\ 4
=1- 7” 4p”q + 0(06_4).
CE
Therefore
2048\ BAZ|IGA|4
— — X _
Blue — )2 (1 + Nlluz — 7 |2) > Be? — 2L, — 2log (1 + <W’(€>> ) P o)
€

It follows that

/ ePle—e (LN —13) gy,
SIWEE

. Fa2fc) 4
ﬁc§—2Lg—ﬁ Hszquo(C;z)
C;

(1 (2)"™)

V(0)e2(+@) 4 20+3) =5 E_EAQHGQH;‘ 2
o (ls e eﬂcg 2L 5" to(e )(1—1—0(%5))
(L+ @)1 ++204)

_ Wv(o)EQ(l-‘ra) ECg*QLE*%JrD(c;Q)

(1+@)

2a ¢
E/D 122 (V(0) + O(.2))

(1+0(cch).
Using (102) and (103) we find

Bc? —2L. = —2(1 +@)loge + 1 +BA;‘ +0(ch)

so that

. _
/ B B(ue—e)2 (14 Aljue—e||2) _ TV (0)e o4 - NGyl
Q (1+a) c2

+ o(c;2)> . (107)

Ye€

29



Finally, with (105) and (106), we observe that

/ Pl —e (LN —el3) gy,
E\QZ’YSE

2/ hdvg + B(1 + AJue —ﬂs||§)/ h(ue —T:)? dvg
Z\QQ"/sﬁ

E\QQ’YE<€

(108)

€

> % 2(14a@) vl )‘QHG;)?\”é 4 92
> | |gh + O((7e¢) )+B (11— a4 +o(c) na h(w. —w.) dvg
2vee

BIGA 12 .
_ 8y, + WGl o2y

€

Hence from (107) and (108) it follows that

7K (p) 1+5A) B A
1+ae P+|E|gh+;g HGpHLQ(E,gh) -

Eg’j‘l’q(ue — ) >

BAN
TK (p)e' P NGyl 2
— +o(c.7),
l+@

where we used that by definition K (p) = V(0). By Lemma 3.5, we know that

K (p)e NGl
<|Gﬁ||L2(E,_qh) - 1o L) — Gl 2 (zgn) > 0
as A — 0 thus for sufficiently small A we get the conclusion. O

To finish the proof of Theorem 1.2 we have to treat the case A > A\;(2, g). Will use a family of
test functions similar to the one used in [17].

Lemma 5.1. If 3> 3 or B = and A > \,(%, g), we have
sup Eg’z’q = +o0.
by
Proof. Take p € ¥ such that a(p) = @ and a local chart (€, ) satisfying (40)-(45). Let us define

ve : Ds, — [0, +00),
L[ R <o

Ve(T) 1= —— S0
E( ) /;271' lOg |z] e S |,1“ S (50

and
_ [ (@) zeQ
us(@) = { 0 zen\Q.

It is simple to verify that

/ |V, |*dv, = / Vo |?dx = 1,
b Ds,

thus us — u. € H. By direct computation one has

7. =0 <<log i)_;> , (109)
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hence in . we have

Thus if B > 3 we have

_ C _
Eg”;\;q(ug — ) > Eg”%q(ug — ) > heﬁ(ufus)deg > — |z|*dx =
Q. g2r JDe
_ Cm c20+a
1+a@
as e — 0. For the case f = B and A > \,(¥, g) we take a function ug € H'(X) such that

_B ~ B=8
2 = (Ce 2 — 400

IVuoll3 = Aq(Z, 9)lluoll;
Js uo dvg =0 (110)
luollf = 1.
This function ug will also satisfy
—Agug = )\q||u0||§*q\u0|q72uo —c
where )
q 2— -2
= 2 g Q/ o |72 dv,.
D R J
Let us take t.,7. — 0 such that

log? re .o
t2|log e

t2|loge| — +o0, T—E, — +00 and (111)
€

We define
We 1= UeNe + Lot (112)

where 1. € C§°(Qar,) is a cut-off function such that n. = 1in Q,., 0 < n. <1 and |Vn| =
O(rZ1). Tt is straightforward that

. = O(|loge|~2). (113)

Observe that
Vel = [ 19 Pdu, + 21Vl + 2t [ Fuo- V()i
) )
Using the definition of u., 7. and (111) we find
/ Ve *uldv, = O(TE_Q)/ uZdvg = O (|loge| 'log?r.) = o(t2)
> QQTE \Qrg
and

‘/ uene Ve - Vneduy
P

< 0(7”5_1)/Q @ |Vuelusdvg = O(]log || log6|_1) = o(tg).
2re Te
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Thus
|WN%%M§=AJV%Fﬁw@+d@)S1+d€)

Moreover (110) gives ||Vuol|3 = A, and

/ Vug - V(uen:)dvg
b

)\q/(|u0|q_2u0 — C)neucdyy
b

= O(l)/zugdvg = 0| 10g€|_%) = o(te).

Hence we have
Vw3 < 14 A\gt2 + o(t2).

Furthermore by dominated convergence we have,

|%—%ﬁ2ﬁ</
E\QQT

thus we get

w q
o= 0, ) = ol + ) = 2o,
€

€

1 Jwe — w2
e [ L+ AL | > 14+ (A= X))t +o(tD).
Ve |3 ( Ve |3 !

Finally, using (113), in 2. we find

4m(1 +a)(w52— @5)2 Y [lwe — W&;Hg
Vw3 [Vwe|[3

= (21 +@)|loge| + O(1)) (1 + (A — A2 + o(t2))
= —2(14+a)loge + (A — A\)t2|loge| + O(1),

so that )
_ - 47 (14@) (we —We ) 2 llwellg )
Ve .
> 0572(1+E)e()\7)\q)t§\logeHO(l)/ P dy = A A osel 4 o
De
as € — 0. [

Remark 5.1. If there exists a point p € ¥ such that a(p) = @ and ug(p) # 0, then one can
argue as in [17] to prove that,

sup Eg’i‘;q = 400
by

also for A = X\y(2, go). This is always true if @ = 0.
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A Onofri-type Inequalities for Disks.

Let (X, g) be a smooth, closed Riemannian surface. As a consequence of (9) one gets

1 U—1u 1 2
— < — . 1
log<|z| /Ee dvg> < 167r/2‘vgu| dvg +C(%,9) (114)

While it is well known that the coefficient ﬁ is sharp, the optimal value of C(%, g) is harder to
determine. For the special case of the standard Euclidean sphere (52, gg), Onofri ([21]) proved
that C(S?,go) = 0 and gave a complete characterization of the extremal functions for (114).

Proposition A.1 ([21]). ¥V u € H(S?) we have

1 u—u 1 2
log (47r /52 e dvgo) < 167r/52 |V gouu|“dvg,,

with equality holding if and only if e'gy is a metric on S? with positive constant Gaussian
curvature, or, equivalently, u = log|detdp| + ¢ with ¢ € R and ¢ : S — S? a conformal
diffeomorphism of S?.

We will prove now Proposition 1.1 by means of the stereographic projection.

Proof. Let us fix Euclidean coordinates (21,22, 23) on S? C R? and denote N := (0,0,1) and
S = (0,0,—1) the north and the south pole. Let us consider the stereographic projection

71 S2\{N} — R?
m(e) = (1 flmg’ 1 f2x3> '

It is well known that 7 is a conformal diffeomorphism and

(7)) g0 = €*|da? (115)
where
up(z) = log <m> (116)
satisfies

—Ayy = 2e"° on R?. (117)
Given r > 0, let D, := {x € R? : |z| < r} be the disk of radius 7 and S? = 771(D,). We
consider the map 7, : H}(D,) — H'(S?) defined by

u(r(x)) = uo(m(x))  on S}
Tru(w) = { —2log (H%) on S?\S2.

Using (115) we find

/2 6T'”“dvgo > /2 eT"“dvgo :/ eT"“(”il(y))e“Ody :/ e“(y)dy. (118)
S S D, Dy

I
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Moreover, by (117),

/ VT ul*dvg, :/ |Vul?de — 2/ Vug - Vu dy—|—/ |Vug|*dy
52 D, D, D,

:/ |Vu|2dy—4/ ue"ody—|—/ |Vuo|*dy
D/y‘ Dr DT

— / |Vu|2dy - 4/ Tru dvg, + (/ \Vuode — 4/ eruody> .
Dy 52 D, D,

It is easy to check with a direct computation that one has

2
27 _ 2 r
/DT |Vuo|“dy = 16w (log(l—i-r ) — 1—|—r2)

and
/ upe"dy = 8mwlog2 — 87 + o(1),

T

where o(1) — 0 as r — +o00. Thus we get

/52 IV Tul? dvug, + 4/32 Tru dvg,

— / |Vul*dy + 167 (log(1 + %) + 1 — 2log2 + o(1)) .

T

Using (118), (119) and Proposition A.1 we can conclude

1 1
log </ e"dy) <log (/ eTT“dvgo>
Tl' o ™ Js2

1
< — / \VTul*dvy, +2/ Tudvg, | +2log2
167 S2 S2
1
< — | |Vu’dy +log(1 +r?) + 1+ o(1).
167 D,

Now if u € Hj(D) we can apply (120) to u,(y) = u(¥) and since

1
/e“dcc:—Q/ e dy and /\Vu|2dx:/ |V, 2dy,
D ™ JD, D D,

1 1
log (/ e“da:) < —/ |Vu|?dz + 1+ o(1).
™ JD 167 D

As r — oo we get the conclusion.

we find

(119)

(120)

O

Asin [2], starting from (14) we can use a simple change of variables to obtain singular Onofri-type

inequalities for the unit disk.
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Proposition A.2. Let —1 < a < 0. Then for any u € H(D) we have

1 1

Moreover, if we restrict ourselves to the space H ...(D), we have that (121) holds true for any
a € (—1,+o0].

Proof. As we did in the proof of Proposition 2.1, for u € H& (D) we consider the function

;rad
1

v(z) = u(|z|™=), which is again in H}, (D). The second claim follows at once applying (14)

to v. As for the first claim, if & < 0 we can use again symmetric rearrangements as we did in

the proof of Theorem 1.1 to remove the symmetry assumption.

O

Since

/‘l‘lmdﬂc: —
D 1+O[

Proposition A.2 can be written in a simpler form in terms of the singular metric g, = |z|?¥|dz|?.

Corollary A.1. Ifu € H}(D) and -1 < a <0 (ora >0 and u € H&md(D)), we have

1 1
lo etd <— | |VulPdv,. +1
g(Dla/D “-"“)—167r<1+a>/D' uldug,

where | D]y = (17%) is the measure of D with respect to gq.

We stress that the constant 1 appearing in Proposition A.2 is sharp.

Proposition A.3. For any —1 < o <0 we have

1 1
inf —— [ |Vul?dz -1 / 2aeudy | = —1.
wehi(D) T J, T °g(|D|a ol et

Moreover, if we restrict ourselves to the space H&md(D), the conclusion above holds true for
any a € (—1,400).

Proof. Let us denote

1 1
E, = — 2dx —1 —_ 2agug .
(u) 167T(1+a)/D|Vu| T 0g<|D|a/D|x| e vg)
e—0

It is sufficient to exhibit a family of functions u. € H}, .,(D) such that E,(u.) = —1. Take

Ye =4 400 such that ev, =9 0, and define

—2log ( 1+ ("”‘)Q(HQ)

jE} <
() = - + L. for |z| < e

—4(1 + «) log |z| for yee < x| <1
where the quantity

2(1+a)
1+
L. :=2log (%) —4(1+ «a)loge
Ye
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is chosen so that u. € Hj(D). Simple computations show that

1 2
_ dr=-1-2(1+a)l + 1
167(1 + a) /D|Vu5\ T ( a)loge + o(1)

and
2(14a) . 2(1+) L. 1
[ eeerar = S S T ()
D (1+a)(1+~2"Y)  T+a \(ree)?tite
7T€_2(1+a)
= 1_1_7&(1 + 0:(1)).
Thus

Ey(ue) — —1.

O

To conclude we remark that Propositions A.2 and A.3 can also be deduced directly using the
singular versions of Proposition A.1 proved in [18], [19].
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