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ABSTRACT. We look at sequences of positive integers that can be realized as
degree sequences of iterates of rational dominant maps of smooth projective
varieties over arbitrary fields. New constraints on the degree growth of endo-
morphisms of the affine space and examples of degree sequences are displayed.
We also show that the set of all degree sequences of rational maps is countable;
this generalizes a result of Bonifant and Fornaess.
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1. INTRODUCTION AND RESULTS

1.1. Groups of birational transformations and degree sequences. Let X},
be a projective variety defined over a field k; denote by Bir(Xj) the group of
birational transformations of Xj. A group I' is called a group of birational trans-
formations if there exists a field k and a projective variety X over k such that
I' C Bir(Xj). More generally, one can consider Rat(X}), the monoid of dominant
rational maps of X;. Accordingly, we call a monoid A a monoid of rational dom-
inant transformations, if there exists a field £ and a projective variety X over k
such that A C Bir(Xy).

If X is a smooth projective variety, an interesting tool to study the structure
of monoids of rational dominant transformations are degree functions. Fix a polar-
ization of Xy, i.e. an ample divisor class H of X;. Then one can associate to every
element f € Rat(X}) its degree degy (f) € Z* with respect to H, which is defined
by

degp (f) = f*H-H"Y,
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where d is the dimension of X} and f*H is the total transform of H under f. For
a smooth projective variety X over a field of characteristic zero k, one has for
f,9 € Bir(Xy)

degp (f o g) < C(X, H) degy (f) degy (9),
where C(Xy, H) is a constant only depending on X}, and the choice of polarization
H (see [DS05]). For a generalization of this result to fields of positive characteristic,
see [Trulb].

Let f be a rational self map of Pi. With respect to homogeneous coordinates
[0 : -+ : xq] of P4, fis given by [wg : @y = -~ = xq] — [fo: fi: - : fa, where
fos--y fa € k[zo,...,zq4] are homogeneous polynomials of the same degree and
without a common factor. We define deg(f) = deg(f;). Note that if f is dominant,
then deg(f) = degy (f) for H = O(1). So in case X}, = P{ we can extend the notion
of degree to all rational self maps. Note that if f is an endomorphism of A¢ defined
by (x1,...,2q) — (f1,..., f4) with respect to affine coordinates (z1,...,x4) of AL
where f1,..., fa € k[z1,...,z4], then deg(f) is the maximal degree of the f;.

Let A C Bir(X}) be a finitely generated monoid of rational dominant transfor-
mations of a smooth projective variety X with a finite set of generators S. We
define

Dgpy: Zt - 17"
by

Ds p(n) := 5 ggiy?n){deng(v)},

where, Bg(n) denotes all elements in A of word length < n with respect to the
generating set S. We call a map Z* — Z* that can be realized for some field k
and some (X, H,A,S) as such a function a degree sequence.

Note that our definition of degree sequences includes in particular degree se-
quences that are given by finitely generated groups of birational transformations
I’ C Bir(Xy).

In this paper we show that there exist only countably many degree sequences,
display certain constraints on their growth and give some new examples.

1.2. Countability of degree sequences. In [BF00], Bonifant and Fornaess proved
that the set of sequences {d,} such that there exists a rational self map f of P&
satisfying deg(f") = d,, for all n, is countable, which answered a question of Ghys.
We generalize the result of Bonifant and Fornaess to all degree sequences over all
smooth projective varieties, all fields, all polarizations and all finite generating sets
S of finitely generated monoids of rational dominant maps:

Theorem 1.1. The set of all degree sequences is countable.

1.3. Previous results. In dimension 2 the degree growth of birational transfor-
mations is well understood and is a helpful tool to understand the group structure
of Bir(Sy) for projective surfaces Sy, over a field k.

Theorem 1.2 (Gizatullin; Cantat; Diller and Favre). Let k be an algebraically
closed field, Sy a projective surface over k with a fized polarization H and f €
Bir(S). Then one of the following is true:
o the set {degy(f™)} is bounded;
o degy (f™) ~ cn for some positive constant ¢ and f preserves a rational
fibration;



REMARKS ON THE DEGREE GROWTH OF BIRATIONAL TRANSFORMATIONS 3

o degy (f™) ~ en? for some positive constant ¢ and f preserves an elliptic
fibration;
o degy (f™) ~ A", where X is a Pisot or Salem number.

For more details on this rich subject and references to the proof of Theorem 1.2
see [Canl2a).

In the case of polynomial automorphisms of the affine plane, the situation is
even less complicated. Let f € Aut(A}7). Then the sequence {deg(f™)} is either
bounded or it grows exponentially in n. See [Fur99] for this and more results on
the degree growth in Aut(A?)

In higher dimensions there are only few results on the degree growth of birational
transformations. In particular, the following questions are open:

Question 1. Does there exist a birational transformation f of a projective variety
X, such that degy (f™) is of intermediate growth, for instance deg (f) ~ evV™?

Question 2. Does there exist a birational transformation f such that degy (f™) is
unbounded, but grows "slowly“? For instance, can we have degy(f™) ~ /n? Or
do unbounded degree sequences grow at least linearly?

Question 3. If there is a birational transformation f such that degy (f™) ~ A", is
A always an algebraic number?

Question 4. Do birational transformations of polynomial growth always preserve
some non-trivial rational fibration?

In [LB14] Lo Bianco treats the case of automorphisms of compact Kéhler three-
folds.

1.4. Degree sequences of polynomial automorphisms. A good place to start
the examination of degree sequences seems to be the group of polynomial automor-
phisms of the affine d-space Aut(A%). In Section 3.2 we will show the following
observation (the proof of which can be found as well in [Dés16]):

Proposition 1.3. Let k be a field and f € Aut(AZ) a polynomial automorphism
such that deg(f%) = deg(f)?, then deg(f™) = deg(f)" for alln € Z*.

The monoid End(A¢) has the additional structure of a k-vector space, on which
the degree function induces a filtration of finite dimensional vector spaces. This
gives rise to a new technique, which we will use to prove that unbounded degree
sequences of groups of polynomial automorphisms diverge and can not grow arbi-
trarily slowly:

Theorem 1.4. Let f € End(A{) be an endomorphism such that the sequence
{deg(f™)} is unbounded. Then for all integers K

# {m | deg(f™) < K} < Cq- K,
where Cy = %. In particular, deg(f™) diverges to oco.

By a result of Ol’shanskii ([Ols99]), Theorem 1.4 shows that an unbounded
degree sequence of a polynomial automorphism behaves in some ways like a word
length function.

The following corollary is immediate:
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Corollary 1.5. Let I' C End(AZ) be a finitely generated monoid with generating
system S. If Dg(n) < Cy - n'/? for infinitely many n then T is of bounded degree.

Unfortunately our methods to prove Theorem 1.4 do not work for arbitrary
birational transformations of P¢. However, if we assume the ground field to be
finite, we obtain a similar result:

Theorem 1.6. Let F, be a finite field with q elements and let f € Rat(IF’%q) such
that the sequence {deg(f™)} is unbounded. Then, for all integers K,

#{m | deg(f™) < K} < g9,
where C(K,d) = (d+1) - (d}r(K). In particular, deg(f™) diverges to co.
This implies the following for degree sequences in Rat(IP’]’éq):

Corollary 1.7. Let ' C Rat(IP’]‘;q) be a finitely generated monoid with generating

system S. There exists a positive constant Cq 4 such that if Ds(n) < Cq 4 -log(n)'/4

for all n, then T is of bounded degree.
1.5. Types of degree growth.

Definition. Let X be a smooth projective variety with polarization H over a field
k and let f € Bir(Xy). We denote the order of growth of degy (f™) by

dpol(f) := Tim sup %

The order of growth can be infinite.

By a result of Dinh and Sibony, the order of growth does not depend on the choice
of polarization if we work over the field of complex numbers (see Section 2.4):

Proposition 1.8. Let X¢ be a smooth complex projective variety and let f €
Bir(X¢). Then dpol(f) does not depend on the choice of polarization.

Let f be a birational transformation of a surface. As recalled above, in that case
dpol(f) =0,1,2 or oco. This gives rise to the following question:

Question 5. Does there exist a constant C(d) depending only on d such that for
all varieties X}, of dimension d we have dpol(f) < C(d) for all f € Bir(X}) with
dpol(f) finite?

We give some examples of degree sequences that indicate that the degree growth
in higher dimensions is richer than in dimension 2.
First of all, note that elements in Aut(Ag) can have polynomial growth:

Example 1.9. Let k be any field and define f, g, h € Aut(AY) by g = (z+yz,v, 2),
h=(z,y+ xz,2) and

f=goh=(x+z2(y+x2),y+zz2).
One sees by induction that deg(f™) = 2n + 1; in particular, dpol(f) = 1.

Example 1.10. More generally, for all | < d/2 there exist elements f; € Aut(Af)
such that dpol(f) =1 (Section 3.4).
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Other interesting examples of degree sequences of polynomial automorphisms
and the dynamical behavior of the corresponding maps are described in [Dés16].

For birational transformations of P{ we can obtain even faster growth (see [Lin12]
for more details):

Example 1.11. The birational transformation f = (1, x122,...,212Z2 - x,) of ]P’z
defined with respect to local affine coordinates (z1, . . . , x4) satisfies deg(f™) = n?~1,

i.e. dpol(f) =d— 1.
The following interesting observation is due to Serge Cantat:

Example 1.12. Define w := 71%\/:0’ and the elliptic curve E,, := C/(Z+Zw).
Let
X =E,xE, x B,
and s: X — X the automorphism of finite order given by diagonal multiplication
with —w. In [OT15] Oguiso and Truong prove that the quotient ¥ := X/s is a
rational threefold. Let f: X — X be the automorphism defined by (x1,x2,z3) —
(x1,21 4+ x2,22 +x3). Since f commutes with s, it induces an automorphism on Y,
which we denote by f . Let ¢1: Y — Y be a resolution of the singularities of Y and
define f € Bir(Y) by
f=e1tofodn

We will show in Section 3.5 that dpol(f) = 4.

Remark 1. In [Dés16] Déserti shows that for all [ < d there exists a birational
transformation f € Bir(P&) such that dpol(f) = I.

1.6. Acknowledgements. I thank my advisors Jérémy Blanc and Serge Cantat
for many interesting and helpful discussions and their constant support. I would
also like to thank Junyi Xie for inspiring conversations and for giving me, together
with Serge Cantat, some of the main ideas for the proof of Theorem 1.1, as well
as Federico Lo Bianco for showing me Proposition 2.6. Many thanks also to Bac
Dang and Julie Déserti for their comments and helpful references.

2. PRELIMINARIES

2.1. Monoids of rational dominant transformations. Let X} be a projective
variety over a field k. There is a one to one correspondence between rational
dominant self maps of X}, and k-endomorphisms of the function field k(X}). The
field k(X}) is the field of fractions of a k-algebra of finite type k[z1, ..., z,]/I, where
I C klzy,...,zy,] is a prime ideal generated by elements f1,..., f; € k[z1,...,zp].
A field extension k& — k' induces a base change X;» — Xj. The function field
of Xy is the field of fractions of the k’-algebra k'[z1,...,2,]/I’, where I’ is the
ideal generated by fi,...,f;. Note that k(Xy) C k'(Xy). We say that a k'-
endomorphism of k'(Xy) is defined over k, if it restricts to a k-endomorphism of
k(X}). Consider a k’-endomorphism G of k¥'(Xy/) sending generators (x1, ..., %)
of k' (Xx) to (g1,-..,9n), where g; € k'(X)s). Then G is defined over k if and
only if g; € k(Xj) for all i. On the other hand, let g;,...,g, € k(Xg) and let
(x1,...,24) = (g1,-..,94) be a k-endomorphism of k(Xy). Then (z1,...,z4) —
(g1,---,9q) defines as well a k’-endomorphism of k¥'(Xg/). So a k-endomorphism
(x1,...y2n) = (91,---,9n) of k(X)) extends uniquely to a k’-endomorphism of
k'(Xks). This yields the following observation:
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Lemma 2.1. Let X, be a projective variety over a field k and p: k — k' a homo-
morphism of fields. Then ¢ induces a natural injection of monoids ¥, : Rat(Xy) —
Rat(Xk/)

Recall that there are uncountably many finitely generated groups and thus in
particular uncountably many finitely generated monoids. The following observation
by de Cornulier shows that being a monoid of rational dominant transformations
is in some sense a special property (cf. [Corl3] and [Canl2b]).

Proposition 2.2. There exist only countably many finitely generated isomorphism
classes of monoids of rational dominant transformations.

Proof. Let A C Rat(X}) be a monoid of rational dominant transformations with a
finite generating set fi,..., f, € A, where X}, is a projective variety defined over a
field k. Denote by S C k the finite set of coefficients necessary to define X and the
rational dominant transformations f;. Let k" be the field F,,(S), where p = char(k),
or Q(9) if char(k) = 0.

We consider the function field k'(Xj) as a subfield of the function field k(X).
Note that the action of the elements of A on k'(Xj) preserves k(X)) and that
filfiQ T fik—l = fik in Rat(Xk) if and only if filfiz e fik—l = fik in Rat(Xk')'
So without loss of generality we may assume A C Rat(X}y/), where &’ is a finitely
generated field extension of some ), or of Q.

A rational dominant transformation of a given variety Xy is defined by finitely
many coefficients in k. So the cardinality of the set of all finitely generated monoids
of rational dominant transformations of a variety X} is at most the cardinality of k.

Recall that the cardinality of the set of all finitely generated field extensions
of F, and Q is countable. Since a projective variety is defined by a finite set of
coefficients, we obtain that there are only countably many isomorphism classes of
projective varieties defined over a field &’ that is a finitely generated field extension
of F, or Q. The claim follows. a

2.2. Intersection form. Let X be a smooth projective variety of dimension d
over an algebraically closed field k and let D be a Cartier divisor on X. The Euler
characteristic of D is the integer

o0

X(Xg, D) =Y (—1)" dimy, H' (X}, D).

i=0

Let Dq,..., D4 be Cartier divisors on Xj. The function
(ml, .. ‘,md) — X(Xk,ﬁllDl 4+ 4 mdDd)

is a polynomial in (mq,...,mg). The intersection number of Dy,..., Dy is then
defined to be the coefficient of the term mims - --myg in this polynomial and we
denote it by Dy - D5 --- Dgy. One can show that intersection multiplicities are always
integers and that the intersection form is symmetric and linear in all d arguments.
Moreover, if D1, ..., Dy are effective and meet properly in a finite number of points,
Dy - -+ Dy is the number of points in D1N- - -N Dy counted with multiplicities and the
intersection form is the unique bilinear form with this property. For the details on
this construction we refer to [Deb01] and the references in there. The intersection
number is preserved under linear equivalence, therefore it is well defined on classes
of Cartier divisors. Note as well that an isomorphism between algebraically closed
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fields does not change the cohomology dimensions and hence that the intersection
multiplicities are invariant under such an isomorphism.
Let X} be a smooth projective variety of dimension d over an arbitrary field k

and let Dy, ..., D4 be Cartier divisors on X}. Denote by k an algebraic closure of k.
We define the intersection multiplicity Dy -Ds - - - Dg as the intersection multiplicity
of Dy, Dy, ..., Dgon Xj after base extension k — k. By the remark above, this does

not depend on the choice of the algebraic closure k. Every field isomorphism k — &’
extends to an isomorphism between the algebraic closures of k and k', hence the
intersection number is invariant under field isomorphisms. Since the intersection
form is unique, it also does not change under a base extension k — k' between
algebraically closed fields.

We summarize these properties in the following proposition:

Proposition 2.3. Let Xi be a smooth projective variety of dimension d over a
field k. Then there exists a symmetric d-linear form on the group of divisors of Xy:

DiV(Xk) X oo X DiV(Xk) *)Z, (Dl,...,Dd) — D1 'D2"’Dd’

such that if D1, ..., Dy are effective and meet properly in a finite number of points,
Dy - Dy is the number of points in Dy N---N Dy counted with multiplicity. More-
over, this intersection form is invariant under base change k — k' of fields.

2.3. Polarizations and degree functions. A polarization on a smooth projective
variety X of dimension d is an ample divisor class H. This implies in particular
that Y - H?=! > 0 for all effective divisors Y.

Let f € Rat(X}) and denote by dom(f) the maximal open subset of X}, on which
f is defined. The graphT'y of f is the closure of {(z, f(z) | z € dom(f))} C Xj x X.
Let p; and pa: I'y — X be the natural projections on the first respectively second
factor, then f = po opl_l. Note that p; is birational. The total transform of a
divisor D under f is the divisor py,(p3D), where po*D is the pullback of D as a
Cartier divisor and p;,(p5D) is the pushforward of po*D as a Weil divisor. Note
that if £ is algebraically closed and D is effective, then f*D is the closure of all the
points in dom(f) that are mapped to D by f.

2.4. Degrees in the case of complex varieties. Let X¢ be a smooth complex
projective variety of dimension d. The following constructions and results can be
found in [Laz04]. Recall that two divisors Dy and Dy are numerically equivalent if
Dy -~y = Dy -~ for all curves v on X. Denote by N!(X) the Neron-Severi group,
which is the group of divisors modulo numerical equivalence. The intersection
number of divisors D1, ..., Dy is invariant under numerical equivalence. By taking
the first Chern class one can embed N'(X¢) into H?(X;Z);. ., which is H?(X¢; Z)
modulo its torsion part. It turns out that N'(X¢) = H?(X¢;Z)r.r. N HY (Xe).
Let Dy,..., Dy be divisors and wy, . ..,wy the corresponding (1, 1)-forms, then

Dl'DQ"-Dd:/ wl/\wQA»»«/\wd.
Xc
A divisor is ample if and only if the corresponding (1, 1)-form is cohomologous to a
Kahler form. Hence a polarization of a smooth complex projective variety can be
seen as a Kahler class. In this section we will take this point of view.

Let f be a birational transformation of X. With the help of currents, one can
define the pullback f*w of a (1,1)-form w (see [DN11]). If H is a divisor of X and
w the corresponding (1,1)-form then f*w is the form corresponding to f*H.
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If we fix a polarization wx,. of smooth complex projective variety Xc, then the
degree of a birational map f € Bir(X¢) is defined by

degwxc(f) = . f*ch/\ch/\"'/\wXC'

So the degree does not depend on whether we look at an ample divisor class or its
corresponding Kahler class.
In [DS05] the following is shown (see also [DN11]):

Proposition 2.4. Let X¢ be a smooth complex projective variety with polarization
wx, and f € Bir(X¢). There exists a constant A > 0 such that

A deg,, (f") < I(FM)*]l < Adeg,, (f7),
where || - || denotes any norm on End(H'1(Xc)).

The following corollary follows directly from Proposition 2.4 and proves Propo-
sition 1.8:

Corollary 2.5. Let X¢ be a smooth complex projective variety, then

dpol(f) = lirﬂso]ip %

In particular, dpol(f) does not depend on the choice of polarization.

Proposition 2.6. Let X¢ and Y¢ be complex smooth projective varieties of dimen-
sion d, let f € Bir(X¢), g € Bir(Y¢) and m: X — Y a dominant morphism of finite
degree k, such that wo f = gom. Then dpol(f) = dpol(g).

Proof. Let wx. be a Kéhler form on X¢ and wy, be a Kéhler form on Yc. We have

deg,,, (f") = / (F") wxe Awd! = deg(r) / T (") e A maw?
- Xc Ye
—deg(r) [ (¢") moxe A
Yc
< Ky deg(m) - (") |- Imawxel - Imawd ) < K - (™))

for some positive constants Ki, Ko not depending on n. By Corollary 2.5, this
yields dpol(f) < dpol(g).
On the other hand, we have

1
d ny — T\ * /\dfl: / *( M\ * h/\*d71
b (0") = [ Voot = o [ e nl;
1 L\ k% * d—1
= deg(m) /x@(f e AT
/ 1 n\* * * d—1 U n\*
< Kl g I el - T < K 17T,

for some positive constants K7, K} not depending on n and therefore, by Corol-
lary 2.5, dpol(g) < dpol(f).
O



REMARKS ON THE DEGREE GROWTH OF BIRATIONAL TRANSFORMATIONS 9

3. PROOFsS

3.1. Proof of Theorem 1.1. Let k be a field, X a smooth projective variety
defined over k, H a polarization of X} and A C Rat(Xy) a finitely generated
monoid of rational dominant transformations with generating set T. Then X, H
and T are defined by a finite set S of coefficients from k. Let k&’ C k be the field
F,(S), where p = char(k), or k' = Q(S) if char(k) = 0. By Proposition 2.3, the
degree of elements in I' considered as rational dominant transformations of X, with
respect to the polarization H is the same as the degree of elements in A considered
as rational dominant transformations of Xj,. So without loss of generality, we may
assume that A is a submonoid of Rat(Xj ), where k' is a finite field extension of
F, or of Q.

As in the proof of Proposition 2.2, we use the fact that there are only countably
many isomorphism classes of such varieties. Polarizations and rational self maps are
defined by a finite set of coefficients, so the cardinality of the set of all (', Xy, H,T')
up to isomorphism, where £’ is a finitely generated field extension of F,, or Q, X}
a smooth projective variety over k', H a polarization of X} and a finite set of
elements in Rat(X}/) is countable. It follows in particular that the set of all degree
sequences is countable.

3.2. Proof of Proposition 1.3. Let k be a field and f € Bir(P{) a birational
map that is given by [fo : --- : f4], with respect to homogeneous coordinates
[xo : -+ xq], where the f; are homogenous polynomials of the same degree without
common factors. There are two important closed subsets of IF’% associated to f,
the indeterminacy locus Ind(f), consisting of all the points where f is not defined
and the exceptional divisor Exc(f), the set of all the points where f is not a local
isomorphism. If f is not an automorphism, the indeterminacy locus is a closed set
of codimension > 2 and the exceptional divisor a closed set of codimension 1. Note
that Ind(f) is exactly the set of points, where all the f; vanish. Let X C P{ be
an irreducible closed set that is not contained in Ind(f). We denote by f(X) the
closure of f(X \ Ind(f)) and we say that f contracts X if dim(f(X)) < dim(X).
The following lemma is well known (see for example [FS94]):

Lemma 3.1. Let k be a field and g, f € Bir(P}). Then deg(f o g) < deg(f) deg(g)
and deg(f o g) < deg(f)deg(g) if and only if g contracts a hypersurface to a subset

of Ind(f).

Proof. Let f={[fo:---: faJand g =[go: -+ : ga]. Then deg(fog) < deg(f)deg(g)
if and only if the polynomials fo(go,---,9d);---, fa(go,---,gq) have a non constant
common factor h € k[zg,...,zq4). Let M C ]P’Z be the hypersurface defined by
h =0. Then f is not defined at g(M). This implies that the codimension of g(M)
is > 2 and therefore that g contracts M to a subset of Ind(f).

On the other hand, let M be an irreducible component of a hypersurface that
is contracted by g to a subset Ind(f). Assume that M is the zero set of an irreducible
polynomial h. Since g(M) C Ind(f), we obtain that fo(go,-.-,94),---, fa(g0,-- - 9d)
vanish all on M and therefore that h divides fo(go,---,9d)---, fa(go,---,9a). This

implies deg(f o g) < deg(f)deg(g). O

In order to prove Proposition 1.3, we consider an element f € Aut(A{) as a bira-
tional transformation of IP’Z whose exceptional divisor is the hyperplane at infinity
H :=P{\ A} and whose indeterminacy points are contained in H.
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Note that deg(f?) = deg(f)¢ implies deg(f!) = deg(f)! for Il = 1,...,d. We
look at f as an element of Bir(P{). If f is an automorphism of P{, its degree is
1 and the claim follows directly. Otherwise, f contracts the hyperplane H. By
Lemma 3.1, deg(f"*!) = deg(f') deg(f) is equivalent to f'(H) not being contained
in Ind(f). In particular, if deg(f!) = deg(f)" and f'(H) = f'*1(H) for some [ then
deg(f?) = deg(f) for all i > [.

Let 1 <1 < d. By Lemma 3.1, f/(H) is not contained in Ind(f). Observe
that f!(H) is irreducible and f'*(H) C f!(H). This implies that dim(f"1(H)) <
dim(fY(H)) and dim(f!"**(H)) = dim(f'(H)) if and only if f"*'(H) = f'(H). Tt
follows that the chain H > f(H) D f2(H) D --- becomes stationary within the
first d iterations. In particular, f(H) = f4t*(H) for all i and therefore deg(f?) =
deg(f)" for all i.

3.3. Proof of Theorem 1.4 and Theorem 1.6. We start by proving Theo-
rem 1.4. Let f € End(A%) be an endomorphism such that the sequence {deg(f™)}
is unbounded. Our first remark is that the elements of {f"} are linearly indepen-
dent in the vector space of polynomial endomorphisms End(AZ). Indeed, if for any

n we have
=3 afl
I<n
for some ¢y, ..., cn—1 € k. It follows by induction that deg(f"*%) is smaller or equal

to max;<, deg(f') for all 4 .

Denote by End(Ad)g k the k-vector space of polynomial endomorphisms of de-
d+K
K

d
d- (d2K> < (d_ll)!(Ker)dg %Kdgcmd,

Since the elements in {f*} NEnd(A%)<x are linearly indepen-

gree < K, which has dimension d - ( ) One calculates

where Cy = (&ff?ﬁ

dent, the cardinality of {f*} N End(A%)< is at most Cy K% 1.

For the proof of Theorem 1.6 note that in the case of finite fields, there are
only finitely many birational transformations of a given degree. If f! = f for some
1> 1, then {deg(f™)} is bounded. There are (d'}'{K) monomials of degree < K. A
birational transformation of degree < K is given by d + 1 polynomials of degree
< K,soby C(K,d)=(d+ 1)(’1'}'{K) coefficients from F,. Hence there are less than
q©U5D birational transformations of degree < K. This proves the claim.

3.4. Proof of Example 1.10. Let d be an integer and | = |d/2|. For d = 3 the
automorphism f3 := (z+z(y+zz2), y+zz, z) from Example 1.9 satisfies deg(f§) ~ n.
Moreover, the first coordinate of £ is the coordinate with highest degree. Assume
now that d > 5 and that we are given an automorphism f;_» € Aut(A?"?) such
that deg(f7 o) grows like n'~! and that the first coordinate of f7 , is the entry
with highest degree. Let

fa = (1 + x3(x2 + 2123), 22 + 2123, fa—2(23, ..., 2q)).

One sees by induction that the degree of f7 grows like n! and that the first coor-
dinate of f is the coordinate of f} with highest degree.
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3.5. Proof of Example 1.12. In this section we use the notation introduced in
Example 1.12.

Let dz1,dz2, dzs be a basis of HV(X). Then dz;,d%,dz3 is a basis of H%!(X).
The automorphism f" induces an action on both H%(X) and H%!(X) whose norm
grows like n2. Since H*!(X) = HY°(X) ® H%1(X), this implies that the norm of
the induced action of f* on HY!(X) grows like n*. By Corollary 2.5, we obtain
dpol(f) = 4.

Denote by 7: X — Y = X/s the quotient map. Let X be a smooth projective
variety, ¢o: X — X a birational morphism and ¥: X = Y a dominant morphism
such that the following diagram commutes:

X,y

oo s

X 1Y

Note that v is generically finite. By Proposition 2.6, we have dpol(qﬁ;l ofogs) =
dpol(f) = 4 and hence, again by Proposition 2.6, dpol(f) = dpol(s) o ¢5 " o f o pg 0
1~1) = 4, which proves the claim of Example 1.12.

4. REMARKS

4.1. Other degree functions. One can define more general degree functions. Let
X, be a smooth projective variety over a field k with polarization H and 1 <[ <
d —1, then
degyy (f) = (f*H)' - H*!.

These degree functions play an important role in dynamics. In characteristic 0, we
still have degh; (fg) < C deg;(f) degh; (g) for a constant C' not depending on f and
g (see [DS05] and [Trulb] for generalizations to fields of positive characteristic).

Our proof of Theorem 1.1 works as well if we replace the function degy by deng
for any I. Let I' C Bir(X%) be a finitely generated group of birational transfor-
mations with a finite symmetric set of generators S. We define ng, ' 7zt - 7"

by DlS7H(n) = max,epy(n){degy ()} and we call a map Z* — Z* that can be
realized for some (X, H,T', S,1) as such a function a general degree sequence.

Theorem 4.1. The set of all general degree sequences is countable.

Proof. Analogous to the proof of Theorem 1.1. a
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