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Abstract
In this article, we establish logarithmic stability estimates for the determination of the
perturbation of the biharmonic operator from partial data measurements when the inaccessible
part of the domain is flat, and homogeneous boundary conditions are assumed on this part.
This is an improvement to a log-log type stability estimate proved earlier for the partial data
case.

1 Introduction

Let us consider the boundary-value problem for a perturbation of the biharmonic operator posed
in a bounded domain 2 C R™ (n > 3) with smooth boundary, equipped with the Navier boundary
conditions, that is,
Byu = (A% + q)u =0 in Q,
u = f on 09, (1.1)
Au = g on 09,

where f € Hz(9Q) and g € H?(9Q). If 0 is not an eigenvalue of Bgu = 0 in the domain Q with

the boundary conditions u o = 0= Au e there exists a unique solution u € H*(Q) to the

problem (1.1) when (f,g) € HZ(99) x H?(99) (see [7]).
Let us define the set Qx of potentials ¢ € H*(€2), s > 5, as

Qn = {q: supp(q) C D llglli-(e < N for some N > 0} (1.2)

and assume that for all ¢ € Qu, 0 is not an eigenvalue for (1.1) with homogeneous boundary
conditions on 92 and thus the problem (1.1) admits a unique solution for each g.
In this article, we shall consider a bounded domain © (with smooth boundary) where Q C {z :
xn, < 0} and a part I'g of the boundary 99 is contained in the plane {z : x,, = 0}.

We shall assume that the supports of f, g are contained in I' := Q2 \ I'y and that the boundary
measurements %, % are available on I" only. Thus the part I'g is assumed to be an inaccessible
part of the boundary.

In order to define the Dirichlet-to-Neumann map that is connected with our boundary mea-
surement we set

H{(T) = {f € H'(0Q) : supp f C T}.

The partial Dirichlet-to-Neumann map N can then be defined as
N, :HE(T) x Hg (T) — H3(T') x H(T)

s (2], 280 "
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where w is the solution to (1.1).

Our aim, in this article, is to address the question of stability in the inverse problem of deter-
mination of the potential ¢ from the partial Dirichlet-to-Neumann map N,. The corresponding
question of unique identification of the potential ¢ from the map N, was recently studied in [19],
wherein the author combined the techniques in [14, 15] with a reflection argument introduced
in the work [13] to prove the identification of a first-order perturbation as well. The stability
question of recovering the potential ¢ for the operator B, was also studied in [6] where following
the methods introduced for the study of the Calderén inverse problem in [1] and [9], logarith-
mic stability estimates were proved when the boundary measurements are available on the whole
boundary. Further log-log type estimates were obtained when the measurements are available only
on slightly more than half of the boundary. We shall also like to refer to the works [11, 12] in the
context of unique determination of the potential ¢ from B,.

It will be worthwhile to note that this kind of inverse problem, for the conductivity equation,
was first introduced in the work [3]. The uniqueness question for dimensions three or higher was
settled in the work [17] based upon the idea of Complex Geometric Optics (CGO) solutions. The
method introduced in the proof of the stability estimates in [1] was based on [17]. The work [9]
which dealt with the partial data case combined the idea of CGO solutions with the techniques of
[2]. For subsequent developments related to the stability issues of the Calderén inverse problem
and the inverse problem of the related Schrédinger equation, we refer to the works [4, 5, 8, 10, 18].

In this article, we prove a logarithmic-type stability estimate for the determination of ¢ from
the Dirichlet-to-Neumann map N,;. We would like to emphasize that here we deal with a partial
data case and thus, for this particular class of domains, we are able to improve the log-log type
estimates proved in [6]. The strategy of our proof closely follows that in [10]. We use the reflection
argument used in [13, 19] and combine it with a suitable quantitative version of the Riemann-
Lebesgue lemma derived in [10].

On the space H*(I") x H?(T") (which we shall henceforth denote as H*#(T)), we shall consider
the norm

ICf O e sy = I f ey + N9l ey
Let us define
NGl = sup (N (0l 5 gy 2 100D 5.5 ey = 1

With the above notations, we now state the main result in this article.

Theorem 1.1. Let @ C R" be a bounded domain as described above and let Ny, ,N,, be the
partial Dirichlet-to-Neumann maps corresponding to the potentials q1,q2 € Qn. Then there exist
constants C, o, > 0 such that

2. 1
—2a 2(1+s)
a1 = qallzecey < O (N = Naall + 1INy = N 1757 ) 777, (1.4)

where C' depends on Q,n, N, s only and a,n depend on s and n only.

2 Preliminary results

We begin this section by briefly recollecting the results pertaining to the existence of CGO solutions
for the equation B,u = 0 in a domain (2. For a detailed exposition and proofs, we refer to the
works [14, 15, 16].

2.1 Carleman estimates and CGO solutions

The existence of CGO solutions was established using Carleman estimates which we state next.
We recall that the standard semiclassical Sobolev norm of a function f € H*(R") is defined as

115, gy := [[(hD)* £l 2 gy, where (€) = (14 [€[2)z.




Proposition 2.1. Let ¢ € Oy and ¢ = « -z, for some unit vector a. Then there exist positive
constants hg (<< 1), C depending on the dimension n and the constant N in (1.2) only such that
for all 0 < h < hg, the following estimate holds for any u € C () :

@ -$ "
e hBge R ull iz = Nl s o

Using this estimate, one can prove the following result guaranteeing the existence of CGO
solutions.

Proposition 2.2. There exist positive constants hy (<< 1), C depending only on the dimension
n and the constant N in (1.2) such that for all 0 < h < ho, there exist solutions to Byu = 0
belonging to H*(Q) of the form

ul(e,Gih) = e 5 (14 hr(z, G h),
where ¢ € C" satisfies ¢ - ¢ = 0,[Re(Q)| = [Im(C)| =1 and [|r|[ s, < Ch.

2.2 A version of the Riemann-Lebesgue lemma

In order to estimate the terms involving Fourier transforms, we shall use a quantitative version
of the Riemann-Lebesgue lemma which we discuss next. The following results were proved in [10]
but we include the proofs here for the sake of completeness. In what follows, we shall use the
following convention for the definition of the Fourier transform of a function f:

FfE):= . f(x)e™ ¢ d.
Lemma 2.3. Let Q@ C R" be a bounded domain with C' boundary and let f € CO*(Q) for some
a € (0,1). Let f denote the extension of f to R™ by zero. Then there exist § > 0 and C > 0 such
that B ~
1FC=y) = FOler @y < Clyl®,
for any y € R™ with |y| < 4.

Proof. Given the fact that € is a bounded domain with C! boundary, we can find a finite number
of balls B;(x;), i = 1,...,m with centres x; € 9Q and C! diffeomorphisms

bi : Bi(w;) — Q (= {2’ e R"71: ||2/|| < 1} x (—1,1)).
Let d := dist(092, 0(UjZ, B;(x;))). Then it follows that d > 0.

Let Q¢ = UgeanB(x, e)_7 where B(z, €) is the ball of radius € with centre x. Now if € < d, we clearly
have that Q. C U™, B;(x;). R
Our next step is to estimate the volume of j,; when 0 < |y| < ¢ < d (where we also assume that

d < 1). To do so, we note that for z1, 22 € B(z, |y|) N B;(x;), we have
|9i(21) = i(22)] < [[VillLee |21 — 22| < Cly
for some positive constant C. This implies
$i(Qpy) N Bi(w:)) € {2’ € R*1: [[/|| < 1} x (=Clyl, Clyl)

and using the transformation formula, we then have the estimate VOI(QM) < Clyl|.
Therefore

176 =) — FOlo @y = / ~ @ —y) - Fo)] de

o —y) — F(2)] dw+/

Q\Q\yl Lyl
< Cvol(Q)|y|™ 4 2|| f || Lo vol (L))
< C(ly|™ + |y))

< Cly|®, when |y| <.



The following lemma provides a quantitative version of the Riemann-Lebesgue lemma for
functions satisfying the conditions of the previous lemma.

Lemma 2.4. Let f € L'(R") and suppose there exist constants § > 0, Cy > 0 and a € (0,1)
such that for |y| <6,

1£C=v) = fFWlr@ny < Colyl® (2.1)

Then there exist constants C > 0 and €y > 0 such that for any 0 < € < €y, we have the inequality
_2lel? o

IFAOI<Cle” 3 +€7), (2.2)

where the constant C depends on Cy, || f||p1,n,9 and a.

Proof. Let us denote G(z) := e~m12I” and define Ge(z) := e "G(%). Let fc := f*Gc. Then using
the triangle inequality, we write

|Ff(E] = [Ffe(€) + F(fe = )]
< |FLOI+ |1F(fe = HEI
Now
|Ffel = [FfE] - |FG(E)]
< [1f 12 gy "€ FG(e€) (2.3)

_<2g)?
<N fllpr@mye™ 3.

Next we estimate the term |F(f. — f)(£)|- In order to do so, we write it as

P~ DO < e~ fllzsany
<[] V=) f@)G.w) dody
<[ [en-s@icw s [ [ ) - @G dedy
< I+ I (say).

Now using (2.1)

D= [ =)= £ Calw) dy
ly|<d
<Co [ l"Gt) dy
ly|<o
5 2
:C/ /r”_lrae_”ef% drdf
* Joni Jo (2.4)
B
= C/ e lynleag e e ¢
0
B

2
:Cea/ unteTleT T gy
0
= Ce“,

where the generic constant C' depends on Cy,n, ¢ and «.



Also

I < 2| fllzr @ny Ge(y) dy
ly|=6

ad 7\'7‘2

< CHf”Ll(]Rn)/ e e 2 T'n_l dr
é
00

< CHf”LI(]Rn)/; ’U,n_le—ﬂ'u2 du
: (2.5)

o0

S

< CHf”Ll(]Rn)/ e~ ™ du (choosing e sufficiently small, less than some ¢y << 1)

€

)

1 _
<Ol fllrny—e™
™
< Ce® (since a,e < 1, we have —

where the generic constant C' depends on || f|| 11 (rn), 7,6 and a.
From (2.3),(2.4),(2.5), it therefore follows that

2112

IFAOI<Cle™ 7 +€%).

O

Remark 2.5. We would like to note that since, by assumption, the potentials q € H*(Q)) where
s> 5, there exist a > 0 such that q € C%2(Q)). Hence the conclusions of the lemma 2.4 hold true
for the potentials q.

3 Stability estimates

In this section, we now establish the stability estimate given by the theorem 1.1. As a first step,
we derive the following integral identity involving the Dirichlet-to-Neumann map for the operator
B,.

Lemma 3.1. Let uy,us be solutions of (1.1) corresponding to q = q1, qa, respectively. Further let
v denote the solution to By v =0 in  such that v = 0= Av on I'g. Then the following identity
holds true:

/(q2 — g )usids — / 0,(A(uy — uz))5dS + / 9, (1 — uz)(B0)dS 3.1)
Q r r
Proof. To begin with, let us recall the Green’s formula
/ (Bqu)v dz — / uBjv dz = 0, (Au)v dS + d,u(Av) dS
Q Q 2Q o0
(3.2)
f/ (Au)d,v dS — u(0y (Av)) dS,
o0 a0

for u,v € H*(2). Let uy, us be solutions to (1.1) for ¢ replaced by ¢; and gs, respectively, and let
us define

U =1uy — us.
Let v € H*(2) be the solution to B, v=0in  and let us note that on the part of the boundary
Fo, v=0=Av.
With ¢ = ¢; and u, v defined as above, we then apply the Green’s formula to get

/(Bq1 (u1 — ug))v dv = Oy (A(uy — ug))v dS + Oy (uy — ’uz)(m) ds
Q J o0 o0 (33)

—/ (A — u))Byo dS — | (w1 — us) (@, (A0)) dS.
o0 o0




The last two terms in the right-hand side of (3.3) vanish since u; and ugy satisfy the same boundary
conditions. Also let us note that

Bth (ul - U’?) = Btnul - Bl]1u2
= (A2 +q1)ur — (A2 + q1)us
=0+ qu2 — qruz = (g2 — q1)u2.

The first two integrals in the right-hand side of (3.3) are actually on I since the integrand vanish
on 'y as v and Av are 0 on I'g. Therefore the identity (3.3) reduces to

[ @2~ v do= [ 0, -~ ua))v dS+ [ 8,fur - ua) (B0) ds,
Q r r
and thus we have proved the result. O

3.1 A suitable change of co-ordinates

Given a point x = (z1, ..., 7,) € R", we denote ' = (1, ..., 2,_1) € R*! and hence we can write
x = (2, zp).

For given £ € R"™, (£,£ # 0) we will now choose unit vectors a and § in an appropriate way.
These vectors will be used when we construct the CGO solutions. To start with, we define the

orthonormal basis E = {ey,...,e,} in R" in the following way.
Let ey =¢'/|¢'| and e, = (0,...,1). Let eg, ..., en—1 be such that the n-th component e; , =0
for i = 2,...,n — 1 and such that F is an orthonormal basis of R".

In order to calculate the coordinates of a vector z € R™ with respect to the basis F we define
the following transformation matrix

. &/1E &€ - &aa/IE] 0
! * * * 0
€2

Tps=| . | = : : : 0
! * * * 0
en 0 0 - 0 1

Note, that here x describes a matrix entry that we cannot describe more precisely, in general.
For the case n = 3, for example, we can choose e; = (,‘%‘7 %,0). Further, note that Tgg is

an orthogonal matrix. Hence T, é = Tgs =: Tsr and Tgg is the matrix that calculates standard
coordinates from the coordinates with respect to E.
More precisely the vector € has the following representation with respect to the basis E:

Since Tgg is orthogonal, it is clear that the coordinate transformation defined by Tpg preserves
the scalar product.

Let (Be1,- -+, Bem)e be the representation of 8 = (81, -+, 3,) in the new co-ordinates. Since
the co-ordinate change preserves the n-th co-ordinate, it follows that B, = 3.
The vector /3 is perpendicular to £ and therefore

0= E . ﬂ = (56,1’03 t 707'56,”)6 . (ﬁe,la t 7ﬁc,n)e
= ge,lﬂe,l + geﬂuge,n = ge,lﬁe,l + gnﬁ'm



Also
|ﬂ| =1= |(/Be,17 e 756,n)e| =1.

A suitable choice of (3 is

b g b
ﬁe,l - |£‘7 6n 5e,n |§| )

Beyj =0, forj=2,--- ,n—1.
Hence )
2 _ Sel €%++£T2171
TR €1
For the choice of the unit vector « perpendicular to both £ and 3, we proceed as follows: we
want to choose « such that the n-th co-ordinate «,, is 0. Since the vectors o and S should be
perpendicular to each other, that would mean

O0=a- /)) = (ae,h T 7ae,n)e . (ﬁe,l» T 7ﬁe,n)e = ae,lﬁe,l + ae,nﬁe,n
= te,1fe,1, since o, = o, = 0.

In particular, we can therefore choose a1 = 0 and choose ae 2, - , e n—1 such that
2 2 _
Qe o + ot Ao p—1 = 1.
Since a1 = 0 = ¢ p, the condition a - & = 0 is also satisfied.

Remark 3.2. It will be important to note that this change of co-ordinates leading to the above
choices of the vectors a and 8 can be carried out for £ & # 0. In other words, we can carry out
this change of co-ordinates for any & which doesn’t lie on the &, -axis.

3.2 The stability estimates

Let Q* := {z € R™ : (a/,—z,) € Q} denote the reflection of Q about z, = 0 and we extend a
potential ¢ € Qn to Q* by reflecting ¢ about z,, = 0.

Let us also define
2
G :%Jr\/lth%ﬁJria,
e (3.4)
__hE NS .
(2= 5 +14/1—-h 1 B —ia,

where «, § are constructed as in Section 3.1, i.e. they are unit vectors in R, and «, § and £ being
mutually perpendicular.
Then Proposition 2.2 applied to the domain QU Q* guarantees the existence of CGO-solutions to
By, iz = 0 and Bj © = 0 in the domain Q U Q* of the form

B iz-C

U(ﬂf, C17 h‘) =c h . (1 + hr1($7 C17 h‘))7

iz-Co

ﬂ2(£’7§2;h):€ " (1+hr2(x7<-27h))7

(3.5)

2
with Hrj||H4l(QUQ*) < Ch, j=1,2, provided h < hg and 1 — hQ% is positive.
These CGO-solutions, in turn, provide solutions of By,uz = 0 and By v = 0 in the domain {2 of
the form

(@, Gih) = e T (L4 b, Gih)) — e (L b (2, =), G b)), (3.6)
us(, Cos h) = e T2 (1 + hra(, Coi b)) — €72 (14 hro (2, —n), Cas ),



with v, us € H*(Q) and satisfying the conditions v|r, = 0 = Av|r,, ua|r, = 0 = Aua|r,.
We now estimate the right-hand side of (3.1). To do so, we observe that (see also [6])
[ 2u(aur ~ uz)yo ds + / By (ur — 1) (B0 dS|
r

< 10w (A(ur — u2))ll 2 myllvll L2y + 100 (w1 — u2) | L2y AV 22 (1)

< C(J10u(Aur — u2)) |l 2y vl e ) + 100 (ur — u2) || L2y | Av] g1(e))

< C([10u(A(ur = u2)) | 2oy + 100 (w1 —u2)l[z2(ry) (0]l m1 @) + 1 Av[| 1))
< Ol (A = w2 )y gy + 100 (wr = u2)ll g ) (0l ) + [1A0] (@)
< C|(Ng, *Nqa)(fvg)HHg,%(F)(||UHH1(Q> + [ Av]| g1(e))

< ClNg = NaalllCF )y 3.5 ) 0l o) + AV 0)

< ONg = Noll(luzll sy + 1Auzl r2) (10l a1@) + 1A a1 ()

(3.7)

Therefore we shall now have to estimate the norms of us,v and their derivatives that appear in
the above expression. Since ) is a bounded domain, we assume that Q C B(0, R) for some fixed
R > 0. Then proceeding as in [6], we can prove

C o2 C 2r
[vllre) < e, |Av[[m o) < e,
R h (3.8)
C 2r C :2n
[ Ausl|gr2(0) < 2 luallgeo) < e

Using these estimates in (3.7), we have

2R C@ C% CE
|/a ul—ug)vd5+/8 (ur — u2)(A0) dS| < CIN;, — Nq2||( T (et 4 L)
<

C C C
< ClWNg = Nl - e Ee¥ hf TRHNth = Ngls
and using the fact that <en , we can therefore write
|/F8V(A(u1 —up))o dS +/Fay(u1 — us)(B0) dS| < CeF [Ny — N (3.9)

We next estimate the left-hand side of (3.1). To do so, we write ¢ = g2 — ¢1 and note that

/Qquﬁd;vz/ﬂ 52 (14 hra(2, Cos 1) — € T2 (1 4 hry((2f, — ), Coi )]
(=5 (14 b7, G b)) — e~ T (g (@, —an), G b)) da
= /Qq [e%"“ra’(l + hra(x, Gy 1) (1+ Wi (e, Cis b)) (3.10)

+ e @ e @ (1 (o, ), Gos ) (1 + BTE((, ), G5 b))
_etleta—( ,7zn).<1](1 + hra(z, Co; W) (1 4 T ((2, —,), C13 h))
_ e%[(z’,—zn).cz—z.ﬁl(l 4 (e, Cis ) (L + hro (2, —an), o )] da
Let us introduce the notations
(@) G =2,
(@', —2n), Gih) = 7 (2, i h).



Then (3.10) can be written as
/ (g2 — @ )us® do = / g [eF™ (=D (14 hry) (14 h77) + eh ™G (14 hrg) (1 + hiF)
Q Q B
— RGN 4 hry)(1 4 hrf) — ef [T 01 4 B (1 + hrd)] da

:/ g [erm (@) 4 ke (G-0D) dx_/q [eh e | ohleri =Tl gy
Q Q

k%
+/qw(x,r1,r2,r1,r2) dz,
Q

(3.11)

where } _ ) P _ _
w = eh ™) (hry + h7T + h2ro7) + €7 =G =D (hel + hf + RPryry) (3.12)
_ e%[f‘crw‘ﬁ](hrg + hrf + hPrart) — eﬁ[”@*”a](hﬁ + hry 4+ REFrS). .

It can easily be checked that %a: (¢ — () = —iz - € and %x (G~ ) = —i(a!, —zy,) - £ and
therefore the first term in the right-hand side of (3.11) is nothing but

/n q(x) e dx = Fq(6). (3.13)
Also,

TG = (@, —wn) Q= (@ 20) G — (@ —an) 1

)G
h I€]2 ., h / (B ,
_ ! L ! _ 2151 /_ ! _ _ 2151 _
7(.%',.2671) ( 26 +4/1-h 4 5 o, 2£n+ 1-nh 4 /3n Zan)
h / €2 - h / (SR -
_ / _ (L ! _ 2151 /7 ! o _ 2151 _
(z', —zp) (2§+ 1-nh 4ﬁ za,2§n+ 1-h 4571 ia,)
2
= (2, 2zn) - (—h&',24/1 - hQ% n — 2i00,)
Y |€-|2 .
= —h&'z" +2¢/1— hZTﬁnxn — 20, T,
2
= —h&'z' +24/1 th%ann,

since a,, = 0. This implies

. o . 2 2
%[z G — (@, —xn) - G = —id'E + %\/ 1- h2%ﬁnxn = —iz - (¢, —%\/ 1— hz% n). (3.14)

Therefore
[ ate) et 4= rye, 21 -2 ), (3.15)
Similarly we have,

f 2 f 2
(x’, _xn) : (2 — T a = (I/7 _xn) : (_ggl + 1- hQ%ﬁ/ - ial: _ggn + 1- hQ%ﬁn - ian)
— (2, ) - (gf' +14/1— h2$ﬁ' —id/, g& +4/1— h2¥6n —iau,)
= (2 @) - (=hE', —24/1— h2¥5n + 2iay,),

which implies (since o, = 0)

. o . 2 2
%[(m’, —p) (o —x- (] = —ir’¢ - %\/ 1- h2%,ﬁn1‘n = —iz- (&, %\/ 1- hQ% ), (3.16)



and therefore

Al X —peCq / 2 |§|2
/ alw) H GG dp = Fo((€ 21~ w205 (3.17)
Q

Using lemma 2.4, the terms (3.15) and (3.17) can then be estimated as

Fa((€ /1 h2@n|+|f (€. 2\1 h2@n|<c - [l “ﬁ"hea)

(3.18)
We next estimate the last term in the right-hand side of (3.11) using the bounds on the norms of
rj,7 = 1,2. To do so, we observe that

|/ q w(z,r1,r, 7], 75) dz| < / lq] [|hr2 + BT + R2roTr| + Ry + hry + h%;ﬁ
Q Q
o+ |hrs + B + W2rr| + B + b + B3| de

C[(h||7"2||L2 @ + Ll L2 + RPIrel 2ol L2 )
+ (BlirsllL2) + Rl 2) + P2 Irsllz @ I7f 2 @)
+ (hllr2llL2@) + Bl lL2@) + B2 Irellcz) 75l L2 (o))

+ (BlI71l 2y + PlIrs | 2oy + B® ||ﬁ|\L2(sz)||7”2\|L2(n))}4

Using the bounds on the norms of r;,j = 1,2 stated in Proposition 2.2 and since h << 1, we can
write

‘ q w(x’Tl’TQ’TT7TS) dx‘ S Ch (3.19)
Q
Now for £ #0,|¢'| > 0,

—g[\s'\w%—wmz] fg[\s’\2+<h%—|5\2>“§"‘f]
=e

Let p > 1 be a real number to be chosen later. Then for anyf # 0 such that 0 < [£'] < p, [€n] < p,
72 12
the following holds: Since [£|? < 2p?, we have — |§\2 < - p2 and hence —4—2% ‘élg < —%h% ‘fo;
which then implies that
2 g2 _2 2 \a’\z
e mhT g2 el AmnT p2
Thus for any £ # 0 such that 0 < |¢'| < p, |&,] < p, we have the estimate
9R _e2 2 ¢
Fa(©)] < Cle NGy = Noall + ¢ 77207 e 4 1),
Let Z, ={£ e R": |¢'| < p, |&n| < p}. Then using Parseval’s identity, we can write
]:q 2 g ]:q 2
lally = [ FHO e [ PO 4
z, 1+ ze 1+ [¢]
’ (3.20)
Fq(9) c '
< [ VHOR e, C
z, 1+[¢ P

Now since the set {{£ € R" : |¢’| = 0} is of n-dimensional Lebesgue measure zero, we can ignore it
and estimate the integral over Z, as follows:

Sl
| Fq(&)? 18R 2, 2 2/ // G /
de < Clemn |INy, — N, @ 4p de'de,,
/Zﬂ1+|5|2 €< Ol NG — N+ 4 17 2, 1+|£|2 oy 1HEE - HE

2
oS le]

CLrlEE

< O NG, — NP+ O oz o [ f 0€'de,
p Y B’(0,p)

10



Therefore from (3.20), we can write

2 1 /2
15k C p — T azzl€]
lalfy+ < Cone ¥ NG, — NP+ e comt 4 S [0 ST agag,,
p B'(0,p) + €]
(3.21)
.
In order to estimate the integral ffp fB/(o,p) %

proceed as follows.

d€'dg,, we choose € such that h = €2 and

2
o5 lE

21 72
de'de,, < 2p / e Tl ag
/ /’(Op) L+ ¢ B'(0,p)

P g —2_1 2
:Cp/ r"T%e T RE2T dr
0

P 1.2
n—2_ - 27
:Cp/ r" e whe? dr
0

1

h2

= szh%p”%h"?i/ u"2em " du
0
oo
< Cp”hnTﬂ/ w27 dy
0
<Cp
Using this in (3.21), we have
18R n—1 C
lgll3—1 < Cpe® Ny, — Ny || + Cp™h® + Cp"h* + Cp"h™ = + e
and since h << 1, 251 > 1 and o € (0,1), we can write
18R C
lgll; -+ < Cp"e ™ [Ny, = Npll* + Cp"h™ + i (3.22)

Next we choose h such that p"h® = % that is, h = + . Then we have

p

18R

lgllZ; - sCimzer

Ny — Ny |2 + Chtz

a 1 na
< C—el?ﬁ Ny, — Ny |? + Chtz (since " < 2 we have h < h?)
ha n+2 « (3.23)

o Ny — Ny P + Ot

<C1
h,

oft 20 1 1
< Ot NG ~ NGl Ch (since <L)

_20

Let h = min{hg,e2}, § =e &= and let us assume [N, —N,,| < .
We then choose p = {515 |In |V, — N, |I[}7F2. With this choice of p, we have

Y]

2|

1 n+t2
= = NG, - Al

11



Now

=71
INgy = Np [l <e 7= (<< 1)

20R
= In Hqu _quH < _ET
20R
= |lIl ”Nth 7NQ2H| > ill
1 1
= m“n ||Nq1—Nq2H|>E
1 1
= T > TT
ha ha
= h < h < hg.
For €' < p,|&n] < p, we also have
2|§‘2 2P2 1, 1 _ 1
h T <h E = 5 pz(n{j-Q) - 2p[2(na+2) = < 17

and thus the estimate (3.23) indeed remains valid for our choice of h. Also

20 = I G, = Al = I G, = Al
- I [AG Al = =2
= HN(II _quH =€ ne
20R
= ehéHqu—N@H:L

and therefore from (3.23), it follows that for [Ny, — N, |l < 4,

—2a2
g1 — %”?{*1(9) < C(INgy = Ngo || + [In [Ng, = N, [||7+2). (3.24)

The case when [N, — Ng,|| > § follows directly keeping in mind the uniform bound N satisfied
by the potentials belonging to the set Qn.

From (3.24), we can now derive an estimate for the L norm of ¢; — ¢ by using the interpolation
theorem. We recall that if ¢o, ¢, ¢, are such that ¢y < ¢; and t = (1 — 8)tg + St1 where 8 € (0,1),
then the H®-norm of a function f can be estimated, using the interpolation theorem, as

1—
L e < 1 g - I

To apply this in our case, we define n > 0 such that s = § + 27, and choose ty = —1, t; = s and
t=%+n=s—mn. Then

1 —
t=(1—B)to+ Bty, where 8 = %

)
and using the Sobolev embedding theorem and the interpolation theorem, we have the estimate
1-8 8 gE]
g1 — 92|‘L°C(Q) <Cllg: - QZHH%+'U(Q) <Cllq1 - q2||H—1(Q)Hq1 - q2HHs(Q) <Cllq: - q2‘|H§1(Q)

—202\ 3(1F%)
< C(INGy = Nall + 110 NG, = NIl 7))
(3.25)
which gives us the stated stability estimate.
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