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Abstract

We show a sharp fractional Moser-Trudinger type inequality in dimension 1, i.e. for an
interval I € R, p € (1,00) and some a; > 0

P
sup / lu|?e®?"I"™" dz < 0o if and only if a = 0.

1, 1 I
w€H P (I):[|(=A) 2P ul|Lp (1) <1

Here I:I%’p(l) ={ue LP(R): (—A)ﬁu € LP(R),supp(u) C I}.
Restricting ourselves to the case p = 2 we further consider for A > 0 the functional

Jw) = /R (~A) ufdz — A /1 (¥ ~1)ar, we b2,

and prove that it satisfies the Palais-Smale condition at any lever ¢ € (—oo, 7). We use these
results to show that the equation

(—A)7u = Auez®  in ]
has a positive solution in Hz2(I) if and only if X € (0,A;(])), where A;(I) is the first
eigenvalue of (—A)% on I. This extends to the fractional case some previous results proven
by Adimurthi for the Laplacian and the p-Laplacian operators.

Finally with a technique of Ruf we show a fractional Moser-Trudinger inequality on R.
MSC 2010. 26A33, 35R11, 35B33.

1 Introduction

Let s € (0,1). We consider the space of functions Ls(R) defined by

Ly(R) = {u €Ll (R): /wa)'dx < oo} . (1)

1+ |x|1+2$

For a function u € Lg(R) we define (—A)®u as a tempered distribution as follows:

(~A)u, ) = /R u(—A)pdr, €S, )

*The authors are supported by the Swiss National Science Foundation.



where S denotes the Schwartz space of rapidly decreasing smooth functions and for ¢ € S we
set

(=8¢ = F7I(| - [*9).

Here the Fourier transform is defined by
P(&) = Fo(6) = —= | e "p(x)da.

Notice that the convergence of the integral in (2) follows from the fact that for ¢ € S one has
(=AY ()] < O+ |2 +2) 7
For s € (0,1) and p € [1, 00] we define the Bessel-potential space
H*P(R) := {u € LP(R: (~A)Su e L”(R)} : (3)
and its subspace
HP(I):={ue LP(R) :u=0in R\ I, (-A)2u € LP(R)}, (4)

where I € R is a bounded interval. Both spaces are endowed with the norm

lealpsm iy = Nl ey + 1(=2)Zull? - (5)

Remark 1 Notice that the standard H*P-norm defined in (5) is equivalent to the smaller norm
Hu||jis’p(R) = ||(_A)%U/||Lp(1) on HP(I), see for instance Theorem 7.1 in [15].

1.1 A fractional Moser-Trudinger type inequality

The first result that we shall prove is a fractional Moser-Trudinger type inequality:

Theorem 1.1 For any p € (1,+00) set p' = p%l and

ap = % {2 cos (27;) T (;)]p I(z) = /Om Lt gt. (6)

Then for any interval I € R and o < oy, we have

sup (e“'“‘p — 1) dx = Cp|I|, (7)
1 1
weH TP (1), | (~A) P ul| o<t

and o = a, is the largest constant for which (7) holds. In fact for any a > 0 we have

sup |u|® (eaPI“‘p - 1) dx = oo. (8)
1
P, (=A) 2P ul| pp ) <1

1
ueHP

1
Remark 2 Notice that in (7), instead of the standard H»*-norm defined in (5), we are using

the smaller but equivalent norm | (_A)%UHLP(I) (see Remark 1).

ul|* =
ol gy =

2



Theorem 1.1 is a fractional version of the well-known Moser-Trudinger inequality

T 1
sup / "™ g < 19|, for a < ay, :=n|S" AT, (9)
weWy ™ (@), [|Vul|pn (o) <172

where 2 C R” is a domain of finite measure, see e.g. [25], [31], [32]. Recently A. Iannizzotto
and M. Squassina [16, Cor. 2.4] proved a subcritical version of (7) in Theorem 1.1 in the case
p = 2, namely

2
sup e dr < ColI|, for a <.
-1 1
weA 22D [[(~A) Tull 2 gy <177

1.2 Palais-Smale condition and critical points

In the rest of this paper we will focus on the case p = 2, and denote
~ 1 1
H:=H>*(I), |ullg:=(-2)1ullL2(g)- (10)

By Remark 1 also this norm is equivalent to the full H 22 norm on H %’2(1 ). This also follows
from the following Poincaré-type inequality (see [28, Lemma 6]):

ul3o) < Cll(=A)Tul2o) for ue A1),

We now investigate the existence of critical points of inequality (7) in the case p = 2. Since we
often integrate by parts and (—A)®u is not in general supported in I even if u € C°(I), it is
more natural to consider the slightly weaker inequality

sup / (eéuz - 1) dx = C|I|, (11)
I

u€H, ||ul|} <27

where we use the slightly different norm given in (10). The reason for using the constant 3
instead of as = 7 in the exponential and having |ul|%, < 27 instead of |lu||% < 1 is mostly
cosmetic, and becomes more clear when studying the blow-up behaviour of critical points of
(1.1), see e.g. [23] and [20].

We want to investigate the existence of critical points of (11), or more precisely solutions of
the non-local equation

(fA)%u:)\ue%"Q inl, u=0inR\I, (12)
which is the equation satisfied by critical points of the functional F : My — R, where
BE(u) = /I (e“ - 1) dv, My :={ue H:|ul% = A},
A > 0 is given, A is a Lagrange multiplier and FE is well defined on M, thanks to Lemma 2.3

below. Since with this variational interpretation of (12) it is not possible to prescribe A, we will
follow the approach of Adimurthi and see solutions of (12) of critical points of the functional

J:H >R, Ju) = %nuni, - )\/ (e%"2 - 1) dz. (13)
I
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Again J is well-defined on H by Lemma 2.3. Moreover it is differentiable by Lemma 2.5 below,
and its derivative is given by

(J'(u),v) :== %J(u + tv)

1,2
= (u,v)H—)\/uveZ“ dz,
=0 I

for any u,v € H, where
(u,v)g == / (—A)%u(—A)%U dx.
R

In particular we have that if w € H and J'(u) = 0, then u is a weak solution of Problem (12) in
the sense that

(u,v)g = )\/Iuve%uzalac7 for all v € H. (14)

That this Hilbert-space definition of (12) is equivalent to the definition in sense of tempered
distributions given by (2) is discussed in the introduction of [20].

To find critical points of J we will follow a method of Nehari, as done by Adimurthi [3]. An
important point will be to understand whether J satisfies the Palais-Smale condition or not. We
will prove the following:

Theorem 1.2 The functional J satisfies the Palais-Smale condition at any level ¢ € (—oo, ),
i.e. any sequence (uy) with

J(ug) = c € (—oo,m), ||J (ur)|lgr — 0 ask— oo (15)
admits a subsequence strongly converging in H.

Theorem 1.3 Let I C R be a bounded interval and M\ (I) denote the first eigenvalue of (—A)%
on H= fNI%’Q(I). Then for every A € (0, \1(I)) Problem (12) has at least one positive solution
u € H in the sense of (14). When X > M (I) or A < 0 Problem (12) has no non-trivial
non-negative solutions.

To prove Theorem 1.3 one constructs a sequence (uy) which is almost of Palais-Smale type
for J, in the sense that J(uy) — ¢ for some ¢ € R and (J'(ux), ur) = 0. Then a modified version
of Theorem 1.2 is used, namely Lemma 3.1 below. In order to do so, it is crucial to show that
¢ < 7 (Lemma 4.4 below) and this will follow from (8) with p = a = 2. Interestingly, in the
general case s > 1, n > 2, p = 2, the analog of (8) is known only when s is integer or when
a > p' (see [24] and Remark 3 below).

Both Theorems 1.2 and 1.3 were first proven by Adimurthi [3] in dimension n > 2 with

(—A)% replaced by the n-Laplacian.

Let us briefly discuss the blow-up behaviour of solutions to (12). Extending previous works
in even dimension (see e.g. [4], [12], [23], [27]) the second and third authors and Armin Schikorra
[20] studied the blow-up of sequences of solutions to the equation

(=A)2u= Auez®  in Q € R”

with suitable Dirichlet-type boundary conditions when n is odd. The moving plane technique
for the fractional Laplacian (see [7]) implies that a non-negative solution to (12) is symmetric
and monotone decreasing from the center of I. Then it is not difficult to check that in dimension
1 Theorem 1.5 and Proposition 2.8 of [20] yield:



Theorem 1.4 Fiz I = (—R,R) € R and let (uy) C H = ﬁ%’Q(I) be a sequence of non-negative
solutions to ) L
(=A)2up = Aguge2"s  in I, (16)

in the sense of (14). Let my, := sup;u and assume that

A :=limsup ||ug||% < oo.
k—o00

Then up to extracting a subsequence we have that either

(i) up — uso in CL (I) N COI) for every € > 0, where us € Cf.

loc

(I)NCO%I) N H solves

1

(—A)%uoo = Aoolico€Z" in I, (17)
for some Ao € (0, A1(1)), or

(i3) w — Uso weakly in H and strongly in CP (I \ {0}) where us is a solution to (17).

loc
. 1,2
Moreover, setting r such that )\krkm%ezmk and

e (x) := myg(uk(rez) —mg) +1og2,  neo(x) := log (1—|—2|302) , (18)

one has ng — 1Noo in CL (R) for every € >0 and A > |Juso||? + 27.

The function 7, appearing in (18) solves the equation
(—A)%noo =e™ inR,

which has been recently interpreted in terms of holomorphic immersions of a disk (or the half-
plane) by Francesca Da Lio, Tristan Riviére and the third author [10].

Theorem 1.4 should be compared with the two dimensional case, where the analogous equa-
tion —Awu = Aue** on the unit disk has a more precise blow-up behaviour, see e.g. [5], [4], [12],
[21].

1.3 A fractional Moser-Trudinger type inequality on the whole R

When replacing a bounded interval I by R, an estimate of the form (7) cannot hold, for instance

because of the scaling of (7), or simply because the quantity ||(—A)iu|| L»(r) vanishes on con-
stants. This suggests to use the full Sobolev norm including the term ||u||z»(r) (see Remark 1).
This was done by Bernhard Ruf [30] in the case of H%?(R?). We shall adapt his technique to

the case H%’Q(R).

Theorem 1.5 We have

sup /R (e’”‘Q - 1) dz < o0, (19)

1
weHZ?R), lull 1, <1
H2%(R)



is defined in (5). Moreover, for any a > 2,

sup / |u|® (e”Q - 1) dzr = oo. (20)
<1”R

1
w€HZ?R), lull 1, <
H27(R)

where ||u||H%2

(R)

In particular the constant m in (19) is sharp.

A main ingredient in the proof of (19) is a fractional Pdlya-Szegd inequality which seems to
be known only in the L? setting, being based mainly on Fourier transform techniques.

1
Open question 1 Does an LP-version of Theorem 1.5 hold, i.e. can we replace H22 with HrP
in (19)7

The reason for taking a > 2 in (20) (contrary to (8)) is that the test functions for (20) will

be constructed using a cut-off procedure, and due to the non-local nature of the H %’2—norm,
giving a precise estimate for the norm of such test functions is difficult.

Open question 2 In analogy with Theorem 1.1, can one also take a € (0,2] in (20)7

In the following sections we shall prove Theorems 1.1, 1.2, 1.3 and 1.5. In the appendix we
collected some useful results about fractional Sobolev spaces and fractional Laplace operators.

2 Theorem 1.1

2.1 Idea of the proof
The following analog of (7)

/ 1
sup /eap‘ulp de = CplI|, Ii(z):= |z|p (21)
“:CpI%*fisUPp(f)CI_,HfHLp(I)Sl I P

is well-known (also in higher dimension), since it follows easily from the Theorem 2 in [2], up to
choosing ¢, so that

= Jy, (22)

compare to Lemma 2.1 below.
1
In (21) one requires that the support of f = (—A)2ru is bounded; following Adams [2] one
1 1
would be tempted to write u = I1 x (—A)2 u and apply (21), but the support of (—A)? u is in

P
general not bounded, when u is compactly supported.
In order to circumvent this issue, we rely on a Green representation formula of the form

1
u(r) = IGi(%y)(—A)QW(y)dy,
and show that \G%(x,y)\ < I.(xz —y) for x # y. This might infer from the explicit formular
P p

of Gs(x,y), which is known on an interval, see e.g. [6] and [9], but we prefer to follow a more
self-contained path, only using the maximum principle.



More delicate is the proof of (8). We will construct functions u supported in I with
1
(=A)2ru = f for some prescribed function f € LP(I) suitably concentrated. Then with a
~ 1 1
barrier argument we will show that u € H»’(I), i.e. (—A)2u € LP(R). This is not obvious
1

1
because (—A)2r is a non-local operator and even if u = 0 in ¢, (—A)2ru does not vanish outside
I, and a priori it could even concentrate on 0I.

Remark 3 An alternative approach to (8) uses the Riesz potential and a cut-off function 1),
as done in [24] following a suggestion of A. Schikorra. This works in every dimension and for
arbitrary powers of —A, but is less efficient in the sense that the ||(—A)Y|| e is not sufficiently
small, and (8) (or its higher-order analog) can be proven only for a > p'. On the other hand,
the approach used here to prove (8) for every a > 0 does not work for higher-order operators,
since for instance if for Q € R* we take u € W()1’2(Q) solving Au = f € L*(Q), then we do not
have in general Au € W*2(R?).

2.2 Proof of Theorem 1.1
By a simple scaling argument it suffices to prove (7) for a given interval, say I = (—1,1).
Lemma 2.1 For s € (0,1) the fundamental solution of (—A)* on R is

1
~ 2cos(sm)['(2s)]z|1 28’

Fy(x)

i.e. (—A)SFs =0y in the sense of tempered distributions.

Proof. This follows easily e.g. from Theorem 5.9 in [19]. d

Lemma 2.2 Fiz s € (0,%). For any x € I = (—1,1) let g, € C®(R) be any function with

9e(y) = Fy(x —y) fory € I¢. Then there exists Hy(x,-) € H*2(I) 4 g, unique solution to

(=A)*Hs(z,-)=0 inl
{ Hy(z,") = 9o in R\ T (23)
and the function
Gs(xay) = Fs(x_y)_HS(x7y)v (x’y) €I xR
is the Green function of (—A)® on I, i.e. for x € I it satisfies
(=A)*Gg(x,-) =05 inl (24)
G(z,y) =0 fory e R\ I
Moreover
0 < Gs(z,y) < Fs(x—y) fory#+xzel. (25)
Finally, for any function v € H**?(I) (p € [1,00)) we have
u(z) = / Gile,y)(—A)u(y)dy, for ae. z €1, (26)
I

where the right-hand side is well defined for a.e. x € I thanks to (25) and Fubini’s theorem.



Remark 4 The first equations in (23) above and in (24) below are intended in the sense of
distribution, compare to (2).

Proof. The existence and non-negativity of Hg(x,-) for every x € I follow from Theorem A.2
and Proposition A.3 in the Appendix. The next claim, namely (24), follows at once from Lemma
2.1 and (23).

We show now that G(x,y) > 0 for every (z,y) € I x I. We claim that

hm H( y) = Hs(z, £1) = Fy(z F 1), (27)

y%

hence Gs(x,y) — 0 as y — 901, and by Silvestre’s maximum principle, Proposition A.6 below,
we also have Gs(z,-) > 0 for every = € I, hence also (25) follows. For the proof of (27) notice
that

Hy(z,-) == Hy(z,") — g» € H>*(I)

satifies

{ (—A)Hy(x,) = —(—=A)*g, inT
Hy(z,-) =0 inR\ I

and ((—A)%gz)[r € L>(I) by Proposition A.7 (we are using that g, € C°°(R)), hence Proposition
A4 gives Hy(x,y) — 0 as y — OI, and (27) follows at once.
To prove (26), let us start considering u € C2°(I). Then, according to (24), we have

w(@) = (0z,u) = ((=A)°Gs(x, ), u) = /IGs(x,y)(—A)SU(y)dy-
Given now u € H?*P(I), let (u)reny C C°(I) converge to u in H?**P(I), i.e.
up = u,  (—A)up — (=A)*u in LP(R), hence in L'(I),
see Lemma A.5. Then
LY (1) s
uw e, —/G A) up(y)dy — /G y)(=4)uly)dy,

the convergence on the right following from (25) and Fubini’s theorem:

/ \ [ 6 (87 u) - (-2 u()) ) da
/ / (& — ) [(—A)u(y) — (~A)°u(y)| dady
< sup Pl 1ol )t = (<Al 0

as k — oo. Since the convergence in L! implies the a.e. convergence (up to a subsequence), (26)
follows. O

Proof of Theorem 1.1. Set s = %. From Lemma 2.2 we get

0< (20p)"% Gala,y) < Iz —y) = |o—y|p~

1
P



where G is the Green’s function of the interval I defined in Lemma 2.2. Choosing f :=
1
|(—A)ﬁu|’1 and using (25) and (26), we bound

(20,)' fu(o)] < (20)'7 [ Gulen )iy <1y @)
and (7) follows at once from (21).

It remains to show (8). The proof is based on the construction of suitable test functions and
it is split into steps.

Step 1. Definition of the test functions. We fix ¢ > 1 and set

1, 1 e 1
f) = foly) == 27]|y| PX-1—ruri]p T 5 (28)
Notice that L
19 = e | L=
o)y ot
Now let u = u, € H*?(I) solve
(=A)Yu=f inl
{ u=0 in I€. (29)
in the sense of Theorem A.2 in the appendix.
Step 2. Proving that u € ]EIQS’P(I), According to Proposition A.4 u satisfies
[u(@)] < Cllfllzee (1 = [a])® forz el (30)
We want to prove that (—A)%u € LP(R). Since by Proposition A.7
(—A)’u(z) = Cy L@)dy for |z| > 1
[z =yt
and u is bounded, we see immediately that
A)? < ¢ f > 2
|(_ ) U({E)| = |x|1+257 or |(E| = 4
hence
[(=A) ull La@\—2,2)) < 00 for every g € [1,00). (31)
Now we claim that
(1) = I(=A)°ullLa(—2,27\[-1,17) <0, ¢ =max{p,2}. (32)

Again using Proposition A.7, (30) and translating, we have

1 1

1 q g 0 q 2

(1) = / c/ —uwdy "y, gC(/ dx) ,
[—2,2]\[=1,1] 1|y — x|t ~1

/ 2 yidy
o (y _ l‘)1+25




and using the Minkowski inequality

(/A1 /A2 F(a,y)dy qu); < /A2 </Al |F(m,y)|qu>;dy,

1
_dz ¢ 2 dy

since 1 + s — % < 1. This proves (32).
To conclude that (—A)*u € LP(R) it remains to shows that (—A)®u does not concentrate on
OI = {—1,1}, in the sense that the distribution defined by

(T, p) := / wdw—/fwdw /1 /R\x y|1+25 dy p(x)dz

= (T1,¢) — (Ta, ) = (T, ) for p € CF(R)

we get

vanishes. Notice that (T, ) = 0 for ¢ € C°(R \ 9I), since T} = (—A)*u, while
(Ta, ) = (=A)°w, ), (T3,0) =0 for p € CZ(I)

by (29), and
(T, 0) =0, (T3,90) = (=4)"u, ) for p € CZ(I°)

by Proposition A.7, and for ¢ € C°(R \ 9I) we can split ¢ = 1 + @2 with ¢; € C°(I) and
g € C°(I°). In particular supp(T') C JI.
It is easy to see that T} is a distribution of order at most 1, i.e.

/Ru(fA)sgadx

(use for instance Proposition A.7), and that T and T3 are distributions of order zero, i.e.

< Cllellerry, for every p € C°(R)

(Ti, o) < Cll@l oo r)  for i =2,3.
Since supp(T') C OI it follows from Schwartz’s theorem (see e.g. [8, Sec. 6.1.5]) that
T = ad_1 + 86, +aDé_1 + 3D, for some a, B, a, 5 € R,

where (Ddg,, ) := —(0zy, ¢") = —¢'(w0) for ¢ € CF(R).
In order to show that & = 0, take ¢ € C°(R) with

supp(¢) C (=1,1),  ¢'(0) =1, ¢(0) =0,

and rescale it by setting for (=14 x) = Ap(A~1x) for A > 0. Since T5 and 73 have order 0 it
follows
(T, ox)] SCAX—0as A — 0, fori=2,3.

10



As for T1, using Proposition A.7 we get

T —
(T1, ) :/ U(I)/ @A(ler)Qdedx
Cs (Baa(~1) B(-1) |7 =l
ex(z)
—|—/ u(x)/ — - dydx
Bax(—1) (Bax(—1))° ‘x - y|1+2s

+/ u(m)/ Pa@) = oaly) _ﬁAzgy) dydz
Bax(-1) Bya(-1) [z =yl

= (I)+ (1) + (II1).
Since [[@xllzem) = CpA and u € L*(R), one easily bounds |(1)[ + [(I)] — 0 as A — 0, and

using that supg || = supg |¢’| we get

/
|(IIT)| < |u(z) SupL‘gﬂdydm < CNTE |u(z)|dz — 0 as A — 0.
oy
Bax(~1) Bax(-1) y Bax(~1)

Since for A € (0,1) we have (T, ) = —&, by letting A — 0 it follows that & = 0. Similarly one
can prove that g = 0.
We now claim that «, 8 = 0. Considering

(z) = u(z) — aFs(x + 1) — BFs(xz — 1),
and recalling that (—A)*Fs = dp, one obtains that
(=AY =T, —ad_y — Bé = Tr + T3 € L*(R),

hence with Proposition A.1

i) — a(y)[” . -
J, [ = e = CICA ey <

and this gives a contradiction if « # 0 or 8 # 0 since the integral on the left-hand side does not
converge in these cases.

Then T = 0, i.e. (—A)%u =: Ty = Tp + T3 and from (29), (31) and (32) we conclude that
(=A)*u € LP(R), hence u € H*P(I), as wished.

Step 3: Conclusion. Recalling that (—A)*u = f in I, from (26) we have for z € I
uw) = [ Gulen) 1)y
1 1 (33)
= ———= —— - Hy(z,y) f(y)dy
r r<lyl<3

1 1
2q(20y) 7 Ir<iul<d |z —y|'plylp
=: up(z) + ua(x),

where Hq(x,y) is as in Lemma 2.2.

11



We now want a lower bound for  in the interval [—r,7]. We fix 0 < z < r and estimate

1
1 2 dy - dy
ul(x):j (/ 1-1 1 +/ 1—1 1>
2q(20y) 7 (y—x) pyr ez fy—a| Tyl

1

r 2
1
2

1 @+/é@
2q(2ap)pT?1 I y T y + x

1 142z
=,)1Cm+bg<1 x))
2q(2cyp) P T

1 _
= ———= + 0.

(205) 7

Since H, is bounded on [—r,7] x [, 1], we have

\%

luz(a)] < C / * fly)dy < Cq! /0 PRy =0, welnrl

Then for |z| < r we have

u(@) > ——— + 0(gY),

= p—1

(20p) 7
as ¢ — 0o. We now set
—1 ~ 1
wg = (20)"% ug € HvP(1),
so that [[(=A)*wgl|zr(r) = 1, we compute for a > 0

/

, T a/p’ a/p oa a/p
a ,op|w q 27“q e q
/I|wq| e Pl qlp dﬁU Z /77) (ap ()(1)) eq+0(1)dx Z C — C ,

and we conclude by letting ¢ — oco. O

2.3 A few consequences of Theorem 1.1
Lemma 2.3 Let u € H. Then ufeP € LY(I) for every p,q > 0.

Proof. Since |u|? < C(q)el", it is enough to prove the case ¢ = 0. Given & > 0 (to be fixed
later), by Lemma A.5 there exists v € C2°([I) such that

v —ull%} <e.
Using
u? < (v —u)? +0v° + 2u

we bound
6pu2 < ep(v—u)ervQ 62pvu’ (34)

where clearly e?”” € L°(I). Using the inequality |ab| < 1 (a® 4+ b%) we have
2

1,2 2 .2 T
e2puv < e&P llullZv eE(HuHH) ,

12



and for & small enough the right-hand side is bounded in L?(I) thanks to Theorem 1.1. Still
by Theorem 1.1 we have eP(+=v)° ¢ L?(I) if ¢ > 0 is small enough, hence going back to (34) and
using that v € L*(I) is now fixed, we conclude with Hélder’s inequality that e?”” € L(I). O

Lemma 2.4 For any q,p € (1,400) the functional
E,p:H—-R, Egp(u):= / |u|‘1€pu2d33
I

18 continuous.

Proof. Consider a sequence u; — u in H. By Lemma 2.3 (up to changing the exponents)
we have that the sequence fi, := |uy|%P"* is bounded in L2(I). Indeed, it is enough to write
up = (up — u) + u and use the same estimates as in (34) with u instead of v and wy instead
of u. We now claim that f; — f in L'(I). Indeed up to a subsequence u; — u a.e., hence
fu = f = |u|%”"* a.e. Then considering that since f}, is bounded in L2(I) we have

/ fkdxgl/ fﬁdzgg%O as L — 400,
{f>L} L Jipsny L

the claim follows at once from Lemma A.9. O

Lemma 2.5 The functional J : H — R defined in (13) is smooth.

Proof. This follows easily from Lemma 2.4, since the first term on the right-hand side of (13) is
simply 1[|u||%, and the derivatives of the second term are continuous thanks to Lemma 2.4. O

The following lemma is a fractional analog of a well-known result of P-L. Lions [22].

Lemma 2.6 Consider a sequence (ug) C H with ||ugllg = 1 and up — w weakly in H, but not
strongly (so that |[ul|g < 1). Then ifu % 0, €™k is bounded in LP for1 <p < p:= (1— |ull3)~L.

Proof. We split
up = u® — 2u(u —ug) + (v — ug)?.

Then vy := e = VUL 1V 2, Where v = emlul” ¢ LP(I) for all p > 1 by Lemma 2.3, vy =
e*QTFU(U*Uk) and Vgo = eﬂ'(ufuk)z.

Notice now that from
P2
—2pmu(u —ug) <7 <2u2 + &% (u — uk)2> ,
€

we get from Lemma 2.3 and Theorem 1.1 that vy 1 € LI(I) for all ¢ > 1 if € > 0 is small enough
(depending on ¢). But again from Theorem 1.1 vy, is bounded in LP(I) for all p < p since

g, =l =1 = 2(up, w) + lJullfy — 1 — [ullf;

Therefore by Holder’s inequality we have that vy is bounded in LP(I) for all p < p. O

13



3 Proof of Theorem 1.2

For the proof of Theorem 1.2 we will closely follow [3]. Set

Qu) == J(u) — %(J’(u),u) = )\/I ((“; - 1> e’ 4 1) da. (35)

Remark 5 Notice that the integrand on the right-hand side of (35) is strictly convex and has
a mintmum at u = 0; in particular

0=0Q(0) < Q(u) foreveryu e H\ {0}. (36)

Furthermore by Lemma 2.4 the functional Q is continuous on H and by convexity @ is also
weakly lower semi-continuous.

Let us also notice that

2

)\/uQe%"2 dx = )\/ u2es” dx + )\/ uZes™’ dr
I {lul<4} {lul>4}

<C+ )\ uZes? da <C+ C’Q(u)
{lu>4]}

and hence we have

A/uQe%Ude <C(1+ Q(u)) for every u € H. (37)
I

We consider a Palais-Smale sequence (uy)g>o with J(ug) — ¢. From (15) we get
(J'(ug), ug) = o(1)||ug||lg  as k — oo,

and
Q) = () — 507 (), k) = e+ 0(1) + o(1) 1 (39)

Then with (37) we have
A/uie%u%dx < C(+ fugllm),
1

hence, using that Q(ug) > 0

/\/ (e%“i _ 1) de < C(1+ |lugllg),
I

so that .
J(ug) > §Huk\|?{ = O+ |lug|| )

This and the boundedness of (J(ug))x>0 yield that the sequence (uy)g>o is bounded in H, hence
we can extracts a weakly converging subsequence ur — @ in H. By the compactness of the
embedding H < L? (see e.g. [11, Theorem 7.1]), up to extracting a further subsequence we can
assume that up — @ almost everywhere. To complete the proof of the theorem it remains to
show that, up to extracting a further subsequence, up — @ strongly in H.

14



By Remark 5 we have
1
0 < Q(u) < liminf Q(uy) = liminf (J(uk) — = {J (ug), uk>> =c (39)
k—o0 k—o0 2

Thus necessarily ¢ > 0. In other words the Palais-Smale condition is vacantly true when ¢ < 0
because no sequence can satisfy (15).

Let us now consider the case ¢ = 0. Clearly (39) implies Q(ug) — Q(@) = 0. We now claim
that . s
ubez — @Pez™ in L'(I) for0<p<2. (40)

Indeed, up to extracting a further subsequence, from (37) and (39) we get

1 1,2 1
uPestidy < 7/ uzre2kdr = O <> ,
/{luk|>L} ’ L2 J{jup >y L

and (40) follows from Lemma A.9 in the appendix. Then, also considering that Q (@) = 0, hence
u =0, we get

lim |Jug|% = 2 lim <J(uk) + A/ (e%ui - 1) dx) = 2)\/ (e%m _ 1) de =0,  (41)
k—o0 k—o0 I I

so that uip — 0 is H and the Palais-Smale condition holds in the case ¢ = 0 as well.

The last case is when ¢ € (0,7). We will need the following result which is analogue to
Lemma 3.3 in [3].

Lemma 3.1 Consider a bounded sequence (ux) C H such that uy converges weakly and almost
everywhere to a function u € H. Further assume that:

1. there exists ¢ € (0, 7] such that J(ux) — ¢;
2. |[ullf =\ [, UZS%U’QCZI;
3. supy, [; uie%“zdx < 005
4. eitheru %0 or c < .
Then

. 14,2 1,2
lim [ uiex%dr = [ u?e2" du.
k—o0 I I

Proof. We assume u # 0 (if w = 0 and ¢ < 7 the existence of ¢ > 0 in (42) below is obvious).
We then have @Q(u) > 0. On the other hand from assumption 2 we get

A 1,2
T = 5lulfy + Q) = § [ wed i = Q) > 0

We also know from the weak convergence of uy to u in H, the weakly lower semicontinuity of
the norm and (40) that
J(u) < lim J(ug) = ¢,
k—o0

15



where the inequality is strict, unless ux, — w strongly in A (in which case the proof is complete).
Then one can choose € > 0 so that
1+ 2 < 1
7r c—J(u)

(42)
Notice now that if we set 8 = )\fI (e%“2 — 1) dx, then

lim |Jug||% = 2¢+ 2.

k—o00

Then multiplying (42) by 3||ux||% we have for k large enough

-1
1+E 9 5 1+2€ . 9 C"l_ﬁ ||u||%‘1
<p= ! <emiw -\ e my)
g Ikl < 2= =5 Jim el < =750 e+ )

By Lemma 2.6 below applied to vy := Huuﬁ’ we get that the sequence exp(pmv?) is bounded in

(1+¢)

LY(I), hence e = “ is bounded in L.

Now we have that
/ u%e%“idx = / (u%e_%“z) e 2 Yidy
{lug|>K} {luk|>K}

< 0(1)/ e
{lux[>K}

with o(1) — 0 as K — oo, and we conclude with Lemma A.9. (]

‘We now claim
a2 = /\/fﬂe%mdx. (43)
I

First we show that @ #Z 0. So for the sake of contradiction, we assume that @ = 0. By Lemma
3.1

. 1,2
lim [ uie2%dx = 0.
k—o00 I

Therefore, also using (40), we obtain limg_,o, Q(ug) = 0. It follows that
. . 1, .,
0<c=lim J(ug) = lim | Q(ug) + =(J (ug),ur) ) =0,
k—o0 k—o0 2
contradiction, hence @ # 0.

Fix now ¢ € C§°(I) N H. We have (J'(ux),p) — 0 as k — oo, since (uy) is a Palais-Smale
sequence. But, by weak convergence we have that

(ug, ) — (U, 0)H-

Now (40) implies
12 ~ 12 00
pugezkdr — | puez" dx, for every ¢ € C§°(I).
I I
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Thus we have

(@, 0)n = )\/Icpﬂe%’?dx.
By density and the fact that iie2™ € LP for all p > 1, we have that
(G, 0) g :)\/Iu e3% dy,
hence (43) is proven. Therefore, we are under the assumptions of Lemma 3.1, which yields

% < T inf g%
— 00

= 2lim inf {J(uk) + /\/ (e%ui - 1) dx}
k—oo I

A 1
= 2liminf {/u e2vidy + - (J' (u ),uk>] (44)
k—o0 2 I 2
:)\/uge; % dx
I
= [l

By Hilbert space theory the convergence of the norms implies that u; — u strongly in H, and
the Palais-Smale condition is proven.

4 Proof of Theorem 1.3
We start by proving the last claim of Theorem 1.3.

Proposition 4.1 Let u be a non-negative non-trivial solution to (12) for some A € R. Then
A< ().

Proof. Let ¢1 > 0 be as in Lemma A.8. Then using ¢; as a test function in (12) (compare to
(14)) yields

/\1(1)/u4p1daj = )\/wme%‘"'de > )\/wpldaj.
I I 1

Hence A < A1. Using u as test function in (12) gives at once A > 0. O
The rest of the section is devoted to the proof of the existence part of Theorem 1.3.

Define the Nehari manifold
N(J) = {u e H\{0}; (J'(u),u) = 0} .
Since, according to (35)-(36), J(u) = Q(u) > 0 for u € N(J), we have

Lemma 4.2 We have a(J) > 0.
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Proof. Assume that a(J) = 0, then there exists a sequence (uy) C N(J) such that
J(ug) = Qug) -0 as k — oo,

From (37) we infer

sup/u%e%“%dx < 00, (45)
E>0J1

which, again using the fact that wp € N(J), implies that |jug|g is bounded. Thus, up to
extracting a subsequence, we have that wu; weakly converges to a function w € H. From the
weak lower semicontinuity of @ we then get

0 < I(u) < liminf Q(ug) =0,
k—o0

thus I(u) = 0 and (36) implies « = 0. On the other hand, we have from (40) with @ replaced
by u (which holds with the same proof thanks to (45))

lim [Jug% = 2 lim {J(uk) + A/ (e%“i - 1) dx} —0, (46)
k—oo k—o0 I
therefore we have strong convergence of uy to 0.
Now, if we let v = Huuﬁ and up to a subsequence we assume vy — v weakly in H and

almost everywhere, we have

1= ||}, = kli_)rgo)\/le%“%v,%dx = )\/Iv2d:c <A\ /11)2(11’ <1, (47)

where in the third equality is justified as follows: From the Sobolev imbedding vy — v in all
LP(I) for every p € [1,00), while from (46) and Theorem 1.1 we have et € LY(I) for any
q € [1,00) and k > ko(q), hence from Hélder’s inequality we have the desired limit. The last
inequality in (47) follows from the Poincaré inequality.

Clearly (47) is a contradiction, hence a(J) > 0. O

Lemma 4.3 For every u € H \ {0} there exists a unique t = t(u) > 0 such that tu € N(J).
Moreover, if

lull? < A/u%%"%zx, (48)
1
then t(u) < 1 and t(u) =1 if and only if u € N(J).
Proof. Fix u € H\ {0} and for ¢ € (0,00) define the function

J(t) =22 (nun% -2 udx> ,

which can also be written as

f(t) =12 (nun%, =y u2dx) —en [ (e ) ae

Notice that tu € N(J) if and only if f(¢) = 0.

18



From the inequality
w2 (eét%ﬁ _ 1) > 24

we infer
f(t) <t? (||u||%1 - )\/qux) - t4)\/u4dw,
hence ' :
Jm f(t) = —oo.
Now notice that the function ¢ — (e%f?"2 — 1) is monotone decreasing on (0,00), and by

Lemma 2.3 we have ((5“2 — 1) € LP(I) for all p € [1,00), so that
u? (eéuz - 1) e LN(I).
Then by the dominated convergence theorem we get

%in(l) u? (e%t2“2 — 1) dx = 0.
—0Jr

So one has
ﬂwzﬁom@—x/ﬁm)+dw ast 0.
I

Hence, f(t) > 0 for ¢ small, since for A < A;(1)

Il — A/Iu%zx >0

(compare the proof of Lemma A.8). Therefore there exists ¢ = ¢(u) such that f(t) = 0, i.e.
tu € N(J). The uniqueness of such ¢ follows noticing that the function

142, 2
t»—)/uQezt“dx
I

is increasing. Keeping this in mind, if we assume (48), then f(1) < 0, hence f(t) < 0 for all
t > 1. This implies at once that ¢(u) <1 and t(u) =1 if and only if u € N(J). O

Lemma 4.4 We have a(J) < .

Proof. Take w € H such that ||w||g = 1 and let ¢t = ¢(w) be given as in Lemma 4.3 so that
tw € N(J). Then

2, t

a(d) < J(tw) < 5 ully = &

1
Now using the monotonicity of ¢ — [, w2e2””"’ dz we have

20,1112
)\/wQea(J)w2dx < )\/wQe%tgw?dx = Pl iz =1.
I I

$+2
Thus
sup A w2ed(Ne? gy <1,
lwlg=1 JI
and Theorem 1.1 implies that a(J) < 7. O
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Lemma 4.5 Let u € N(J) be such that J'(u) # 0, then J(u) > a(J).

Proof. We choose h € H such that (J'(u),h) = 1, and for « € R we consider the path
ot(a) = au — th, t € R. Remember that by Lemma 2.5 J € C'(H). By the chain rule

d
57 (01(@)) = =(J'(au(a)), h),
therefore, if we let « — 1 and t — 0 we find
d /
Saoda)| =Tk =1
t=0,a=1

Hence, there exist, § > 0 and € > 0 such that for a € [1 —¢,1 +¢] and ¢ € (0, ]
J(ot(a)) < J(oo(a)) = J (). (49)

Now we consider the function f defined by
(@) = ()l = A [ aula)el= @ dz,
I

which is continuous with respect to ¢ and « by Lemma 2.4. Notice that since u € N(J) we have

fola) = a? /UQ (e%UZ _ 6%a21ﬂ) da
1

and fp(1) = 0. Since the function o — uQ(e%“2 - e%azuz) is decreasing, by continiuity we can

find &1 € (0,¢) and 1 € (0,9) such that
fi(l—e1) >0, fi(l+e1)<0 fortel0,d].

Then if we fix ¢t € (0,01] we can find oy € [1 —e1,14¢1] such that fi(ay) =0, i.e. oi(ar) € N(J),
and from (49) we get
a(J) < J(ot(ar)) < J(oqu).

Since J
dEJ(aU) = fo(a),

and fo(a) >0 for a < 1 and fy(a) < 0 for a > 1, we get
J(au) < J(u) for a € R,

and we conclude that
a(J) < J(op(ay)) < J(agu) < J(u).

O
Proof of Theorem 1.8 (completed). To complete the proof it is enough to show the existence of

ug € N(J) such that J(ug) = a(J). We consider then a minimizing sequence (ug) C N(J).
We assume that uj, changes sign. Then since ux € N(J) we have

el < g3 = A /I e de = \ /I g P30l d,
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where we used (62), hence by Lemma 4.3 there exists t; = t(|ug|) < 1 such that tx|ug| € N(J),
whence

J(telurl) = Qtrluk|) < Qlur]) = Q(ur) = J(u),
where the inequality in the middle depends on the monotonicity of (). Hence up to replacing
up with tg|ug| we can assume that the minimizing sequence (still denoted by (uy)) is made of

non-negative functions.
Since J(ug) = Q(ug) < C we infer from (37)

1,2
/u%eiukdx <C
I

and for ug € N(J) we get
[ukl[m < C.

Thus up to a subsequence u; weakly converges to a function ug € H, and up to a subsequence
the convergence is also almost everywhere.

We claim that ug Z 0. Indeed if ug = 0, then from (40), we have that (e%“% - 1) — 0 in
LY(I). Thus

77 = 2 lim. [J(uk) + A/I (e%“i - 1) dm] = 2a(J).

lim
k—o0
Then according to Theorem 1.1, since a(J) < 7 we have that e2"t is bounded in LP for some p >

1, hence weakly converging in LP(I) to ¢34, From the compactness of the Sobolev embeddings
(see [11, Theorem 7.1]), up to a subsequence u; — u3 strongly in L¥ (I), hence

. 12 1,2
lim [ uiede = [ ude2“odx =0,
k—o0 I I

and with Lemma 4.2 and (35) one gets
0<a(J)= lim J(ug) = lim Q(ug) =0,
k—o0 k—o00

which is a contradiction.
Next we claim that

1,2
luo||% < )\/ugeiuodx.
I
So we assume by contradiction that this is not the case, i.e.
1,2
luoll?; > )\/ugeiuodx.
I
Then from Lemma 3.1, Lemma 4.4 and the weak convergence, we have that
. . 1,2 1,2
lluol|? < lim inf ||jug|% = hmmf)\/uieﬂkdx = A/u%e?“ﬂdx,
k—oo k—oo I I
again leading to a contradiction.

From Lemma 4.3, we have that there exists 0 < ¢ < 1 such that tug € N(J). Taking Remark 5
into account we get

a(J) < J(tug) = Q(tuo) < Q(up) < likminf Qug) = a(J).
—00
It follows that ¢ = 1, since otherwise the second inequality above would be strict. Then ug €

N(J) and J(up) = a(J). By Lemma 4.5 we have J'(ug) =0 O
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5 Proof of Theorem 1.5

1
For u € H2*(R) we set |u|* : R — R, to be its non-increasing symmetric rearrangement, whose
definition we shall now recall. For a measeurable set A C R, we define

A" ={z € R: 22| < |A]}.

The set A* is symmetric (with respect to 0) and |A*| = |A|. For a non-negative measurable
function f, such that
HzxeR: f(x) >t} <oo foreveryt >0,

we define the symmetric non-increasing rearrangement of f by

fW@:iA Nivers oy (2)d

Notice that f* is even, i.e. f*(z) = f*(—z) and non-increasing (on [0, 00)).
We will state here the two properties that we shall use in the proof of Theorem 1.5.

Proposition 5.1 Given a measurable function F' : R — R and a non-negative measurable

function f: R — R it holds
/ F(f)dx = / F(f*)dx.
R R

The following Pélya-Szego type inequality can be found e.g. in [17] (Inequality (3.6)) or [26].

Theorem 5.2 Let u € H?(R) for 0 < s < 1. Then

/| ol dm</| Youldz.

Now given u € H3? (R), from Proposition 5.1 we get

[ (e 1) o= [ (0 =1) o oo =l

and according to Theorem 5.2

1,y = Nl By + [ 1) Pl < ey + [ 1AV e =l

Therefore in the rest of the proof of (19) we may assume that u € H %’Q(R) is even, non-increasing
on [0, 00), and ||u|| <1
2(R)
We write

/R(emZ_1)dx:/R\I (e”"z—l)der/l(e”Q—l)dx:; 0+ D,

where I = (—1/2,1/2). We start by bounding (I). By monotone convergence

> k;’U’Qk



Since u is even and non-increasing, for x # 0 we have

o)< [ " ey < 1L (50)
2|z| J | 2|z|

hence for k > 2 we bound

* 1 ||u||2[’§
2k 1—k 2k (R)
der <2 T —dr = ————.
/Icu v Hu|| 2(R)/; xk * (k—=1)

It follows that )
(rl[ull72)

i/ kL% <i L2
2 fpe TR T AR

Thus, since [|u|z2r) <1 we estimate

k
o (7ul2: )
< 2 Z ( ®) <
(I) = 7T||U||L2(R) I+ ot (k + 1)'I€ = C

We shall now bound (I7). We define the function v : R — R as follows

o(z) = { u(zx) — u(%) if |z <

0 if |z| >

N[—= N

Then with (50) and the estimate 2a < a® + 1, we find
u? <0+ 2vu(d) +u(d)?
< 0%+ 2v|ul r2®) + HUH%Q(R)
<0 o ulagey + 1+ [ulfemy (51
<0? (14 [ull2m)) +2.

Now, recalling that v is decreasing we have

vxr)—v 2 ul\r) —u 2 um—ulQ
/R(() (g))dy_/f(() (y))der/c(() (22))dy

(x —y) (x—y)? (z—y)
w(z) — uly))?
S/R(((j:y;?y))dy<oo fora.e.xEIZ[—%;%},

the last inequality coming from Proposition A.1 and Fubini’s theorem. Similarly for a.e. = € I¢

v(z) — v(y))? u(%) —u(y))?
/R(() gg)) dy:/l((g) )(Qy)) dy
(
)

(x—y



Integrating with respect to z we obtain

(1)~ oly)?
dd
- ol = g [ [ SR dyda
(u(z) —u(y))*
,I

< [ L

— (- >4u||L2(R),

where C is as in Proposition A.1 below. Thus

1 1
H(=A)50) 22y < (=A) 5 ulZegy < 1 ulZe

Therefore, if we set w =wv, /1 + ||u\|%2(R), we have

1
I(=)iwlZam) < (14 fulZa) (1= lul2m) < 1.

hence, using the Moser-Trudinger inequality on the interval I = (—1/2,1/2) (Theorem 1.1), one

has
/ ™ dy < C,
I

2 2
/e” dxge%/em” dr < C,
I I

which completes the proof of (19).

and using (51)

It remains to prove (20). Given g > 2 consider the function

1 5 1 1
— . ==, r=—_—.
2 /f|x|X{z€]R.r<|a:|<5}a 7 ged

Notice that || f[|72) = (2¢)~". Fix a smooth even function ¢ : R — [0, 1] with ¢» =1 in [—3. 3]
and supp(¢)) C (—=1,1). For z € R we set

u(x) = Y(@)(Fs * (),

f=1q=

where Fi(x) = (27r|33\)_% is as in Lemma 2.1. Clearly v = 0 in R\ I, and u is non-negative and
4

even everywhere.

In the rest of the proof s = ;. Notice that (—A)*(Fs * f) = f. This follows easily from
Lemma 2.1 and the properties of the Fourier transform, see e.g. [19, Corollary 5.10]. Then we
compute

(=A)u=f+ (=AY -D(Fs= )] = f +v, (52)
and set g(z,y) = (¢ — 1)(z)Fy(z — y). Notice that g is smooth in R x (—1,1). We write

o(z) = (~A)° /R 9z, 9)f(4)dy

= / (=Az)°g(z,y) f(y)dy,
{r<lyl<d}
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where we used Proposition A.7 and Fubini’s theorem. With Jensen’s inequality

2
/ (D)9, y) f(y)dy
{r<|y|<d}

v 2 :/ dl‘
[0llZ2(r) ;
<26-0) [ g / (=g, ) dady -
{r<lyl<6} R (53)
UL / (~A2) gz, y) 2 d
yl€[r,0]
<C(Bg ") =0(¢g?
where we used that
/ [(— g(z,y)|* dz < co.
slelrna

This in turn can be seen noticing that (—A;)®g(x, y) is smooth, hence bounded on [—R, R] X [r, ]
for every R, and for |z| large and r < |y| <4, using Proposition A.7

(—A.)g(z,y) C/ )~ (W) ~VE(—y)

‘Z _ $|1+25

_"/} S B s
_ c/ z_xfw)dz‘ (—AVFy( —y)

1
= O(|z|~*7?%) uniformly for |y| < 3

where we also used that (—A)*F, = 0 away from the origin, see Lemma 2.1. Actually, with the
same estimates we get

) )
[ wPde <2607 ey [ s [(-Au)gten) e
) 6 (2,y)€[—4,0]2
2 2 _ -3
< O fIfagay = Ola ™).

Therefore, using Holder’s inequality and that supp(f) C [—4d, d] we get

0
1 -
Ay ullag = 115 + ol +2 [ fode = 540G, wsq=o. (54

We now estimate u. For 0 < x < r, with the change of variable § = \/g we have

1
ue) = 261\/?/ ( —oy Vo +w)y> !

1 )
q\ﬁ/ <y—1 \/g2+1>dy

5 )
1 : :
- 1og(vg2—1+@)‘ +1ong72+1+ﬂ)’
qv2m @ Vi
1
= —— 40,
7oz HOl)
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Similarly for r < z < § we write

o) < 7 / W /W]
:q\/zﬂ /\}\/1_7+10g\/3,7_+y‘\/>]

= v [7e(3) ro]

since fo \/17~2 < 0.
When ¢ < z < 1 similar to the previous computation, and recalling that 0 < < 1,
/ / =0(q ).
q\/27r Vi -y q\/27r NE \/17
Thus
u(x) = # +0(q™) forO<z<r
u(z) < q\;% log (g) +0(gY) forr<z<d (55)
u(z) = O(¢ 1) for 6 <o < 1.

Of course the same bounds hold for z < 0 since u is even. We now want to estimate ||u||2L2(R).

We have i, )
2. _ -1y _ -2
/0 udx—r(Qﬁ—&-O(q )) O(qg™ ).

For z € [r,d] we have from (55)

Then, since

) )
/ log? () dr ==z (log2 (i) + 2log (> + 2) <26 =0(¢Y),
we bound 5
/ uwlde = O(q?)
Finally, still using (55),
1
/ u’dr = O(q™?)
é
Also considering (54), we conclude
ullFegy = 2lulltego = 0@, u ||25 2®) 27] +0(g7?). (56)
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Setting w = wq := uHuH;%’Q(R), and using (55) and (56), we conclude

/R w|2 (eww2 _ 1) dx > /T (q—i—ﬁO(l))g <€q+0(1) — 1) dr

T

> Crq2el = Cq2 ™! — o0,

as ¢ — oo for any a > 2. O

A Some useful results

We define

WHP(R) := {u eLP(R): [u]ﬁ,s,p(R) ::/R A dedy < oo}. (57)

Proposition A.1 For s € (0,1) we have, [u]y2.sr) < 00 if and only if (=A)2u € L*(R), and
in this case

[ulws2r) = Csll(=A)2ul[ 12 (w),
where [u]y2.r) is as in (57) and Cy depends only on s. In particular H*?(R) = W*2(R).

Proof. See e.g. Proposition 4.4 in [11]. O

Define the bilinear form

[ @) a0 0w,
Bs(u,v)—/R/R dxdy, for u,v € H*(R),

‘m 7y|1+2$

where the double integral is well defined thanks to Holder’s inequality and Proposition A.1.
The following simple and well-known existence result proves useful. A proof can be found
(in a more general setting) in [13].

Theorem A.2 Given s € (0,1), f € L*(I) and g : R — R such that
(9(x) — 9())?
there exists a unique function u € ﬁst(I) + g solving the problem
Bs(u,v) = / fodz  for every v € H>2(I). (59)
R
Moreover such u satisfies (—A)*u = %f in I in the sense of distributions, i.e.

/ u(—A)pdr = %/ fedx  for every ¢ € C°(I), (60)
R R

where Cs is the constant in Proposition A.7.

The following version of the maximum principle is a special case of Theorem 4.1 in [13].
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Proposition A.3 Letu € ffs’2(1)+g solve (59) for some f € L*(I) with f > 0 and g satisfying
(58) and g > 0 in I°. Then u > 0.

Proof. From Proposition A.1 it easily follows v := min{u,0} € H*2(I). Then according to (59)
we have

0> By(u,v) = /R/R (ut(x) +v(z) — ut(y) — v(y))(v(z) — v(y))dmdy

o= y¥
_ 2
[ [ ey,
rRJr [Tyt
where we used that v = 0. It follows at once that v = 0, hence u > 0. O

Proposition A.4 Let u € H**(I) be as in Theorem A.2 (with g = 0), where we further assume
feL>(). Then
()] < C|If[|goe(ry (dist(z, O1))*

for every x € I. In particular u is bounded in I and continuous at OI.

Proof. This proof is inspired from [27], where a much stronger result is proven, i.e. u/(dist(-,01))* €
C(I) for some a > 0.
To prove the proposition we assume as usual that I = (—1,1) and recall that

[ =]z forxze(-1,1)
w(w) := { 0 for |z| > 1

belongs to H*2(I) and solves (—A)*w = , for a positive constant 7, in the sense of Theorem
A.2, ie. (59) holds with u = w and f = 75 (see e.g. [14]). Then

AW _ (AU _ (<A w

Vs N ||f||L°°(I) - Vs
and Proposition A.3 gives at once
_Hf”LOO(I)wSuS ”fHLOC(I)w 7
Vs Vs
We conclude noticing that 0 < w(z) < 2°(dist(x, 91))*. O

The following density result is known for an arbitrary domain in R™. On the other hand,
its proof is quite complex in such a generality, hence we provide a short elementary proof which
fits the case of an interval.

Lemma A.5 For s € (0,1) and p € [1,00) the sets C°(I) (I € R is a bounded interval) is
dense in H*P(I).

Proof. Without loss of generality we consider I = (—1,1). Given u € ﬁs’p(I) and A > 1, set
uy(x) := u(Azx). We claim that uy — w in H%P(I) as A — 1. Indeed

[Jux — “”?]s,p(R) = [Ju— “/\HIL)p(R) + AT fa — f”ip(R)v
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where f = (—A)2u and fy(x) := f(Az). Since f € LP(R) it follows that ||\*fy — flry — 0
as A — 1, since this is obviously true for f € C°(R) with compact support, and for a general
f € LP(R) it can be proven by approximation in the following standard way. Given € > 0 choose
f- € C°(R) with compact support and || f. — f|| rr®) < €. Then by the Minkowski inequality

A fx = flloeey S NN = N feallorw) + 1N fer = fellor@®) + I1fe = flir )
S—l S
<eXNT P+ N fex = fellrw) + &

and it suffices to let A — 1 and & — 0. Similarly [ju — u>\||]£p(R) —0as A— 1.

Now given § > 0 fix A > 1 such that [Ju —ul|gsp@r) < § and let p be a mollifying kernel, i.e.
a smooth non-negative function supported in I with f] pdr = 1. Also set p.(x) := e 1p(e12).
Then noticing that uy is supported in [-A~!, A™1] € I, for ¢ > 0 sufficiently small we have that
pe xuy € CX(I). To conclude the proof notice that

Pe * Uy —> Uy in ffs’p(f) as e — 0,

since , , '
(=A)2(pe ¥ up) = pe * (=A)2uy — (—=A)3uy  in LP(R) as e — 0,

and use the Minkowski inequality to conclude that p. xuy — u in ﬁs’p(l) ase —0and A | 1.
O

Proposition A.6 Let I € R be a bounded interval and s € (0,1). Let u € Ls(R) satisfy
(=AYu>0inlI (ie. (u,(=A)p) >0 for every ¢ € CX(I) with ¢ >0), u >0 in I and

lim inf > 0. 1
) 20 oy

Then uw >0 in I. More precisely, either u >0 in I, oru=0 in R.

Proof. This is a special case of Proposition 2.17 in [29]. O

Remark 6 The statement of Proposition 2.17 in [29] is slightly different, since it assumes u to
be lower-semicontinuous in I. On the other hand, lower semicontinuity inside I already follows
from [29, Prop. 2.15]. What really matters is condition (61). That an assumption of this kind
(possibly weaker) is needed follows for instance from the example of Lemma 3.2.4 in [1].

The following way of computing the fractional Laplacian of a sufficiently regular function is
often used.

Proposition A.7 For an interval I C R, let s € (0,3) and u € Ly(R) N C%*(I) for some o €
(25,1], or s € [,1) and u € Ly(R)NCY(I) for some a € (2s—1,1] . Then ((—A)*u)|; € CO(I)
and

At — ey, [ M@ =) u(w) —uly)
R |2 _y|1+25 =0 J\| g |z —y[1+2s
for every x € I. This means that
Su, )y = Cy x) P.V. dydx for every p € C°(I).
| |1+25
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Proof. See e.g. [29, Prop. 2.4] O

Lemma A.8 Let o1 € H = fI%’Q(I) be an eigenfunction corresponding to the first eigenvalue

A () of(—A)% on I. Then o1 does not change sign and the corresping eigenspace has dimension
1.

Proof. Recall that the first eigenvalue A;(I) can be characterised by minimizing the following
functional

el
F =
()= T 2
that is,
M) = in F(u).
1= e T

On the other hand using Proposition A.1 we get that for any v € H

oty = [ [ O gy > [ [ IO gy g, o)

hence, F(|u]) < F(u), and F(u) = F(|u|) if and only if w is non-negative or non-positive.
Therefore if F(p1) = A1, then ¢ does not change sign. Any other eigenfunction corresponding
to A1 must also have fixed sign, hence it cannot be orthogonal to 1, therefore it is a multiple
of p1. (]

Lemma A.9 Consider a sequence (fi,) C L'(I) with fi, — f a.e. and with

/ frdx = o(1), (63)
{fu>L}

with o(1) — 0 as L — oo uniformly with respect to k. Then fi — f in L'(I).
Proof. From the dominated convergence theorem
min{ f, L} — min{f, L} in L'(I),

and the convergence of fj to f in L' follows at once from (63) and the triangle inequality. [
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