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BLOWUP FOR FRACTIONAL NLS

THOMAS BOULENGER, DOMINIK HIMMELSBACH, AND ENNO LENZMANN

ABSTRACT. We consider fractional NLS with focusing power-type nonlinearity
iou = (—A)%u — |ul**u, (t,z) e R x RV,

where 1/2 < s < land 0 < 0 < o0 for s = N/2 and 0 < o < 2s/(N — 2s) for
s < N/2. We prove a general criterion for blowup of radial solutions in RV with
N > 2 for L2-supercritical and L2-critical powers o > 2s/N. In addition, we study
the case of fractional NLS posed on a bounded star-shaped domain Q c R¥ in
any dimension N > 1 and subject to exterior Dirichlet conditions. In this setting,
we prove a general blowup result without imposing any symmetry assumption on
u(t, x).

For the blowup proof in RN, we derive a localized virial estimate for fractional
NLS in RY, which uses Balakrishnan’s formula for the fractional Laplacian (=A)*
from semigroup theory. In the setting of bounded domains, we use a Pohozaev-type
estimate for the fractional Laplacian to prove blowup.

1. Introduction and Main Results

In this paper, we derive general criteria for blowup of solutions u = wu(t,z) for
fractional NLS with focusing power-type nonlinearity given by

(1.1) idu = (—A)*u — [u|*®u, (t,x)eR xR,

Here the integer N > 1 denotes the space dimension, (—A)® stands for the fractional
Laplacian with power s € (0,1), defined by its symbol |£|?* in Fourier space, and o > 0
is a given exponent. The evolution problem (1.1) can be seen as a canonical model for
a nonlocal dispersive PDE with focusing nonlinearity that can exhibit solitary waves,
turbulence phenomena, and blowup of solutions (i.e. singularity formation). We refer
to [3, 31, 18, 21, 15, 4, 5, 20] for a (non-exhaustive) list of studies of fractional NLS in
mathematics, numerics, and physics.

Although problem (1.1) bears a strong resemblance to the well-studied classical NLS
(corresponding to s = 1), a general existence theorem for blowup solutions of problem
(1.1) has remained a challenging open problem so far. To the best of the authors’
knowledge, the cases that have been successfully addressed by now are: i) fractional NLS
with nonlocal Hartree-type nonlinearities and radial data [11, 4], and ii) a perturbative
construction of minimal mass blowup solutions for the so-called focusing half-wave
equation in N = 1 dimension [21]. Despite these efforts, the existence of blowup
solutions for the model case of fractional NLS with power-type nonlinearity has mainly
remained elusive up to now, but it has been strongly supported by numerical evidence
[20]. In the present paper, we derive general blowup results for (1.1) in both the L2-
supercritical and L2-critical cases where o > 2s/N and ¢ = 2s/N, respectively. In
what follows, we shall discuss blowup for the fractional NLS (1.1) posed on all of R
as well as on bounded domains. We treat these two cases separately as follows.

1.1. Radial Blowup in R™. We consider the initial-value problem
i0u = (—A)%u — |u|*u,
w(0,2) = up(z) € H¥(RN), u:[0,T) x RN — C.
1

(INLS)
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Recall that we assume that s € (0,1), 0 > 0, and N > 1 denotes the space dimension. In
what follows, we shall assume that we are given a sufficiently regular solution u(t). More
precisely, that u € C([0,T); H2$(R")) for reasons explained below. Let us mention that
the local well-posedness theory for the range of s € (0,1), N > 1, and exponents o > 0
considered below is not completely settled yet; see, e. g., [29, 15] for local well-posedness
results for non-radial and radial data, respectively.

The evolution problem (fNLS) shares many obvious similarities with the classical
nonlinear Schrédinger equation. In particular, we have the formal conservation laws
for the energy and the L%-mass given by

1

(1.2) E[u]=§JRN\(—A)S/2u|2dz— !

20 + 2

f 2742 dz, M[u]=j luf? de.
RN RN

In view of these conserved quantities and scaling properties of (fNLS), it is convenient
to introduce the scaling index defined as

N
1. .

Reflecting the scaling properties of (fNLS) and the conservation of M|u], we refer to
the cases s, < 0, s, = 0, and s, > 0 as L?-subcritical, L?-critical, and L2-supercritical,
respectively. Furthermore, in analogy to classical NLS, we can use (formally at least)
the conserved quantities F[u] and M[u] together with a sharp Gagliardo-Nirenberg
inequality (B.1) to conclude that H®-valued solutions u(t) are always a-priori bounded
in the L2-subcritical case s. < 0. Thus we can expect that H*-valued solutions u(t)
may blowup in finite (or infinite) time only if s, > 0 holds. Moreover, guided by a
further analogy to classical NLS, we expect that sufficient criteria for blowup of wu(t)
can be found in terms of quantities of ground states Q € H*(R™) that optimize the
Gagliardo-Nirenberg inequality (B.1) and satisfy

(1.4) (-AQ+Q—-Q* ™ =0 inRY

Al

in the energy-subcritical case s, < s. In the energy-critical case s = s, (which needs
N > 25s), the relevant object Q € H*(R") is the ground state, which is the optimizer
for the Sobolev inequality (B.3) normalized such that it holds

(1.5) (—A)*Q—QV2 =0 inRV.

Uniqueness (modulo symmetries) of ground states @ € H*(RY) for equation (1.4) and
all s < s, and any N > 1 was recently shown in [9, 10], whereas uniqueness (modulo
symmetries) of ground states Q € H*(RN) for (1.5) is a classical fact due to Lieb [22].

Our first main result indeed establishes a sufficient criterion for blowup of radial
solutions for 0 < s, < s in terms of the corresponding ground state Q).

Theorem 1. Let N > 2, s € (%,1), 0 < s. < s with 0 < 2s. Assume that u €
C([O, T); H? (RN)) is a radial solution of (INLS). Furthermore, we suppose that either

E[Uo] < 0,
or, if E[ug] = 0, we assume that
{ Eluo]*Muol ™ < E[QJM[QI"™.
I(=A)uo| 5 uol 2% > I(=2)"*Ql55 Q17
Then the following conclusions hold.

(i) L?-Supercritical Case: If 0 < s. < s, then u(t) blows up in finite time in the
sense that T < +00 must hold.
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(i) L*-Critical Case: If s, = 0, then u(t) either blows up in finite time in the
sense that T < 400 must hold, or u(t) blows up infinite time such that

I(=A)2u(t)| 2 = Ct5 for all t > t,,
with some constants C > 0 and ty, > 0 that depend only on ug, s, N.

Remarks. 1) The condition o < 2s is technical; see the proof of Theorem 1 for details.

2) In the energy-critical case s = s, it may happen that Q ¢ L?*(R") and thus
M[Q] = +o0; see Section B below. In this case, we use the convention (+00)° = 1.
Hence the second blowup condition above becomes E[ug] < E[Q] and ||(—A)*?uq] 2> >
[(=A)*2Q| 1> when s = s,.

3) In the L2-critical case s, = 0, the second blowup condition stated above is void,
since we then get M[ug] < M[Q] and MJug] > M[Q], which is impossible. Thus for
s¢ = 0 the only admissible condition is Eug] < 0.

4) We prefer to work with strong H2-valued solutions u(¢) of (fNLS), since we do not
a have full-fledged local well-posedness theory for (fNLS) at our disposal, which would
allow us to cover the case of H*®-valued solutions u(t) by approximation arguments in
the estimates derived below.

5) Note that we exclude the half-wave case s = 1/2, which is due to the lack of
control for the pointwise decay of a radial function u € H'/2(RY) with N > 2. See also
the remark following Theorem 2 below about the half-wave case on bounded domains.

6) The condition s. < s will be needed at a certain step in the proof below. How-
ever, the rest of the arguments carry over to negative energy solutions in the energy-
supercritical range s. > s in a verbatim way.

7) We refer to [16] for the idea of using the scale-invariant quantity F[ug]% M [ug]®~*®e
for blowup for classical NLS. See also [14].

8) We refer to the recent work [7] for a Kenig-Merle-type analysis of the energy-
critical case s, = s, where also a conditional result on the existence of type II blowup
is given.

Comments on the Proof of Theorem 1. By integrating (fNLS) against i(z -V +
V - 2)u(t) on RN, we make the observation that any sufficiently regular and spatially
localized solution u = u(t, ) of (INLS) satisfies the virial identity

(1.6) % (2 Im j u(t)z - Vu(t) dz) = 40N E[ug] — 2(cN — 25)[(—A)*2u(t)|2..
RN

This law can be regarded as a differential expression reflecting the scaling properties
of (fNLS), similar to the celebrated Pohozaev identities that occur in nonlinear elliptic
PDE used to rule out nontrivial solutions in supercritical cases.! However, the virial
identity per se does not offer enough information to deduce singularity formation for
solutions with negative energy E[uo] < 0 in the L2-critical and L2-supercritical cases
when o > 2s/N. So far two methods have successfully been used to prove blowup
results.

Coupling to a Variance Law. For classical NLS (i.e. when s = 1) we have the Variance-
Virial Law, which can be expressed as

(1.7) %% (fRN 2 Plu(t)]? dm) — 2Tm (JRN a(t)e - Vult) dm) :

provided that { |2|?|ug|? dz < +o0 holds. By combining (1.6) and (1.7), we obtain
Glassey’s celebrated blowup result for classical NLS with negative energy Elug] < 0
and finite variance (see, e.g. [30] for a textbook discussion). However, this argument
breaks down for s # 1, since identity (1.7) fails in this case, as one readily checks

1Actually, we will exploit this connection for (fNLS) on a bounded domain; see Theorem 2 below.
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by dimensional analysis. Rather, it turns out that the suitable generalization of the
variance for fractional NLS is given by the nonnegative quantity

(1.8) VE [u(t)] = J a(t)z - (—A) " Czu(t) de = H:r(fA)$u(t)H2L2.
RN

Given any sufficiently regular and spatially localized solution u(t) of the free fractional

Schrodinger equation i0;u = (—A)®u, a calculation yields the equation

(1.9) L dyop@)] = 2 ( J a(t)z - Vu(t) dm) .
2s dt RN

However, the use of V(*)[u(t)] brings in serious complications in the nonlinear setting
when s # 1. First of all, the identity (1.9) breaks down and the correct equation acquires
highly nontrivial error terms due to the nonlinearity. In particular, for s € (0, 1), these
error terms seem very hard to control for local nonlinearities with f(u) = —|u|>**u being
the model case, even in the class of radial solutions. So far, the only known cases where
the application of V(*)[u(#)] has turned out to be successful to prove blowup results for
fractional NLS deal with radial solutions and focusing Hartree-type nonlinearities, e. g.,
fu) = —(|z|77 * [u|*)u with v > 1; see [11, 12, 4, 6]. See also [2], where a localized
version of V(®)[u(t)] is used to show blowup for biharmonic NLS (corresponding to
s = 2) with local nonlinearities by using some smoothing properties of (—A)? when
s> 1.

Localized Virial Law. Another method for proving blowup results, and which by-passes
the use of a variance-type quantity, is to replace the unbounded function = by a suitable
cutoff function ¢g such that Vg (z) = x for |z| < R and Vyg(x) = const for |z| » R.
To the best of our knowledge, the approach goes to Ogawa and Tsutsumi [25], where
blowup for radial solutions (with infinite variance) of L2-supercritical focusing classical
NLS is proved. (See also [24] for a use of localized virial identities to show blowup for
the Zakharov system.)

In fact, it is the strategy of localized virial identities that we implement for fractional
NLS to prove Theorem 1. However, when one tries to directly apply the arguments in
[25] to study the time evolution of M, , [u(t)] for fractional NLS, one encounters severe
difficulties due to the nonlocal nature of (—A)®. In particular, the nonnegativity of
certain error terms due to the localization, which are pivotal in the arguments of [25],
seem to be elusive. To overcome this difficulty, we employ the representation formula
sinms foc 1 —A

(1.10) (—A)* = T

dm,
T

valid for all s € (0,1), which is also known as Balakrishnan’s formula used in semigroup
theory (see, eg., [1, 26]). In fact, by means of (1.10), we are able to derive to the
differential estimate

(1.11) @ Mafu(t)) < 40N Blug] — 251(~2)2u(t) 3

+on(1) - (1+(=8) a7,

for any sufficiently regular and radial solution u(¢,z) of (fNLS) in dimensions N > 2
and s € (1/2,1). Here § = oN —2s > 0 is a positive constant when s. > 0, and
the error term og(1) tends to 0 as R — oo uniformly in ¢t. With the help of the key
estimate (1.11), we can then apply a standard comparison ODE argument to show that
u(t) cannot exist for all times ¢ > 0 under the assumptions of Theorem 1. For the
L2-critical case s, = 0 and hence § = 0, the differential estimate (1.11) needs to be
refined and leads only to the weaker conclusion as stated in Theorem 1 (ii).
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Finally, let us also mention that the strategy of the proof of Theorem 1 can be carried
over to radial solutions u(t) of fractional NLS of the form

i0u = Lu + f(u),

where f(u) is a local or Hartree-type nonlinearity that satisfies appropriate conditions
(e.g. focusing and L2-supercritical or L2-critical). Moreover, the dispersive symbol L
can be of the form L = (—A)* + (—A)®2 with s1,s2 € (1/2,1) or L = (—A + 1)® with
se€(1/2,1).

1.2. Blowup on Bounded Domains. As our second main result, we establish a
general blowup result for fractional NLS that are posed on a bounded domain Q <
RY with N > 1. [In particular, the following discussion can be applied to the one-
dimensional case N = 1 when Q = (a,b) < R is a bounded open interval] Here
the fractional Laplacian (—A)® on Q will be supplemented with the so-called exterior
Dirichlet condition on RV\). In fact, this is a natural choice in view of applications in
physics and probability. (Another non-equivalent definition of the fractional Laplacian
would be A* = (—A|pi)® by using the spectral calculus for the Dirichlet Laplacian
(—A)|pir on 2. We hope to discuss the setting with A* in future work.)

Let © < RN with N > 1 be a smooth bounded domain. We consider the fractional
NLS with focusing power-type nonlinearity posed on Q < R given by the initial-value
problem

i0iu = (—A)%u — |u|*u, for zx € Q and t € [0,7),
(fNLSgq) (0, 2) = uo(z), for x € Q and t = 0,
u(t,xr) =0, for x € RM\Q and ¢ > 0.

To give a proper definition of the fractional Laplacian (—A)® on Q appearing above,
we collect some functional analytic facts from the literature concerning the fractional
Laplacian (—A)® on © with exterior Dirichlet conditions. For any s > 0, we introduce
the space of H*-functions in R" that vanish outside the set 2, which we denote by

(1.12) Hy(Q) = {ue H(RY) :u(z) =0 for a.e. v € RM\Q}.
It can be shown that

(1.13) Qu,v) := Jﬂﬂ(—A)sv dx

is a closed nonnegative symmetric quadratic form with form domain H§(Q) < L2(Q).
By standard operator theory, there is a unique self-adjoint operator L = L* > 0 such
that Q(u,v) = (u, Lv) for all u,v € H§(Q), where {f,g) = §, fgdx denotes the inner
product on L?(€2). For notational simplicity, we shall often write L = (—A)® in the
following (and we thus skip the dependence of L on the domain ). Furthermore, let
us denote the operator domain of (—A)® by

(1.14) D((—A)*) = {ue HI(Q) : (—A)*ue LX)},

endowed with the operator norm ||u|\%(<7A)S> = HuHig(m + H(—A)suH%Q(Q). Further-
more, by standard theory, it follows that the spectrum of L is discrete and given by
a nondecreasing sequence of eigenvalues 0 < A\; < A2 < A3 < ... such that \y — 4+
as k — oo. In particular, the resolvent L~! is a compact operator on L2(f2). Since
L is self-adjoint, it follows from Stone’s theorem that L generates a unitary group of
isometries {e""*} g on any of the Hilbert spaces X € {L%(Q), H5(2), D(L)}. Hence
we say that v € C([0,T); X) is a solution of (fNLSg) if u(t) solves the corresponding
integral equation

(1.15) u(t) = e "y + iL e =L (|u(s)|*u(s)) ds  for t € [0,T).
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As in the case RV, we shall not study the local well-posedness theory for (fNLSq) in
the spaces D(LY?) = H§(Q) or D(L) = D((—A)®).

Whereas the characterization of the form domain D(LY?) = Hg(Q) is simple, the
study of the operator domain D(L) = D((—A)®) turns out to be rather intricate. In
her recent work [13], Grubb has proven (by partly building upon work of Hérmander
[17]) that the operator domain is given by

D((-A)") = H*) (@),
where HY (")(Q) denotes the so-called p-transmission Sobolev space introduced by
Hoérmander, indexed by p € C and v € R satisfying v > Rep — 1/2. But we will
not be concerned with the fine properties of the spaces HY ) as provided in [13]; in
particular, we only need the embedding HQS(QS) () = HY(Q) when s > 1/2.
Let us now assume that u € C([0,T); D((—A)®)) is a solution of (fNLSgq). A well-
defined calculation using the regularity of u(t) then yields conservation of energy?

(1.16) Eglu(t)] = %L a(t)(—A)*u(t) do — 201+ 5 L u(t)|27+2 da,
and L2-mass given by
(1.17) Molu(t)] = L lu(t)[? da.

We can now state the following blowup result concerning problem (f{NLSg) for star-
shaped (in particular, convex) domains .

Theorem 2. Let N > 1, s € (1/2,1), and 0 < s. < s. Assume that Q = RY
is a bounded and star-shaped domain with smooth boundary 0. Suppose that u €
C([0,T); D((—A)*)) is a solution of (fNLSq) with negative energy

EQ [Ug] < 0.
Then u(t) blows up in finite time in the sense that T < 400 must hold.

Remarks. 1) In contrast to Theorem 1, we do not impose a symmetry condition on
u(t). In addition, the one-dimensional case N = 1 when 2 = (a,b) is a bounded open
interval is covered.

2) The proof of Theorem 2 extends formally (at least) to the half-wave case s = 1/2
and leads to an infinite-time blowup result with exponential growth. However, a delicate
domain/regularity issue of D((—A)®) for s = 1/2 prevents us from doing so. For more
details, see the remark following the proof of Theorem 2 below.

Comments on the Proof of Theorem 2. The proof of Theorem 2 uses the time
evolution of the full virial
Molu(t)] = 2Im | @(t)(z - Vu(t)) de.
Q

Since x is a bounded function on €2, there is no need to introduce a cutoff function and,
moreover, we do not have to use spatial decay estimates for u(t) (and hence impose
radiality), since Q is bounded. However, the study of the time derivative of Mq[u(t)]
will involve a boundary term, whose sign will turn out to be favorable if ) is star-
shaped. This is a similar observation used in [19] where blowup for classical NLS posed
on domains is proved. A delicate point in the argument is to have the right substitute
for an integration by parts formula for the nonlocal operator (—A)® on Q. To handle
this, we make use of a recent idea developed by X. Ros-Oton and J. Serra [27], where
a Pohozaev identity for the fractional Laplacian on bounded domains was derived.

2Formally, the conservation of energy also holds for solutions u € C([0, T); H§(€2)). However, since
we do not study the local well-posedness and approximation theory here, we rather prefer to work with
operator domain-valued solutions u € C([0,T); D((—A)#)).
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Notation and Conventions. We write X < Y to denote that X < CY with some
constant C' > 0 that only depends on the fixed quantities ug, N, s, o, and some fixed
cutoff function. Moreover, we employ the notation X = O(Y) by which we mean that
|X| <Y holds. We use the standard convention by summing over repeated indices,

N
€8 TilYi = Dy Tili

Acknowledgments. The authors gratefully acknowledge financial support by the
Swiss National Science Foundation (SNF) through Grant No. 200021-149233. E. L. also
thanks G. Grubb for a helpful correspondence about her results in [13].

2. Localized Virial Estimate for Fractional NLS

In this section, we derive localized virial estimates for radial solutions of fractional
NLS. First, we derive a general virial formula for solutions u(t, z) that are not neces-
sarily radial. Then, we sharpen the estimates in the class of radial solutions.

2.1. A General Virial Identity. Let N > 1, s € [1/2,1), and 0 > 0. Throughout
the rest of this section, we assume that

we O([0,T); H*(RY) n L*T2(RY))

is a solution of (f{NLS). Note that, at this point, we do not impose any symmetry
assumption on the solution u(t, ). Note also that for u(t) € H2*(R"), conservation of
energy F[u] and M[u] follows directly by integrating the equation against dyu(t) and
u(t), respectively. There is no need for an approximation argument in order to have
well-defined pairings.

Of course, if the exponent ¢ is not H2*-supercritical (in particular if s. < s),
the condition u € C([0,T); L?>**2(RY)) is superfluous by Sobolev embeddings. Fur-
thermore, we remark the following localized virial identities could be extended to
u € C([0,T); H¥(RY)), provided we have a decent local well-posedness theory in
H*(RY). However, as pointed out in the introduction, we prefer to work with strong
H?valued solutions for (fNLS) in order to guarantee that the following calculations
are well-defined a-priori.

Let us assume that ¢ : RY — R is a real-valued function with Vo € W3®(RY). We
define the localized virial of u = u(¢, ) to be the quantity given by

(2.1) My[u(t)] :=2Im | @(t)Ve - Vu(t)ds = QImJ u(t) Op Ok u(t) da.
RN RN

Recall that we use the convention by summing over repeated indices from 1 to N. By

applying Lemma A.1, we obtain the bound

Mo [u@®)]] € CUIVelL=, [Aple) [ul)[F.-

Hence the quantity M, [u(t)] is well-defined, since u(t) € H*(RY) with some s > 1/2
by assumption.

To study the time evolution of M [u(t)], we shall need the following auxiliary func-
tion Uy, = um (t, ) that is defined as

1 LAk N
2.2 m(t) = cs———u(t) = ¢, F | ———2 th 0,
(2.2) Uy (T) ciAeru() c <\§|2+m> with m >
where the constant
sin s
(2.3) Cs 1=

m
turns out to be a convenient normalization factor. By the smoothing properties of
(—A +m)~!, we clearly have that u,, (t) € H**2(RY) holds for any ¢ € [0,T) whenever
u(t) e H*(RVN).
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Lemma 2.1. For any t € [0,T), we have the identity

d *© _
@Mw[“(t)] = L m?® x {4 0kum (05,0) Orum — (A%@)|up |*} dzdm
o 20 2042
e I )

where Uy, = um (¢, x) is defined in (2.2) above.

Remarks. 1) If we make formal substitution and take the unbounded function Vo (z) =
x, we have 02¢ = 1 and A%p = 0. By applying the identity

o0
f msJ (V|2 d i = 5]} (—A) 2l
0 RN

for any u € H*(RN) (see (2.12) below), we find the formal virial identity (1.6) by an
elementary calculation.
2) From the proof given below and Lemma A.2, we deduce the bound

00
J m® {4 Okum(é’iltp)(}‘lum — (A2g0)\um|2} dx dm
0 RN

S V2l I(=2)2ulfs + [A%0] 1= | Ap|

with some constant C' > 0 depending only on |V|ws.o.

3) The usage of the auxiliary function u,, and Balakrshinan’s representation formula
(2.5) for (—A)*® is partly inspired by the joint work [21] of the third author. In [21],
the use of u,, turns out to be helpful to show certain coercivity properties for the
perturbative construction of minimal mass blowup solutions for the cubic half-wave
equation in N = 1 dimension.

ulie < Clul,

Proof of Lemma 2.1. Define the (formally) self-adjoint differential operator
Iy :=—i(V-Vp+ Ve V),
which acts on functions according to
Lof ==i(V-((Ve)f) + (Ve) - (V).
We readily check that

M [u(t)] = <u(t), Tpu(t)).
By taking the time derivative and using the equation satisfied by u(t), we get

(2.4) %Mw[U(t)] = Cult), [(=A)*, i Ju(t)) + (u(t), [~ |ul*? il Ju(t)),

where we recall that [X,Y] = XY — Y X denotes the commutator of X and Y.

By our regularity assumption on u(t), we have (—A)*u(t) € L2(RY) and Tyu(t) €
H?»~1RN) c L2(RY) for s > 1/2. In particular, the terms above are well-defined
a-priori. Next, we discuss the terms on the right side of (2.4) separately as follows. For
notational ease, we simply write u instead of u(t) and u(t, z) in what follows.

Step 1 (Dispersive Term). For s € (0,1), we have the formula

sinws [* —-A
2.5 —A)® = Tl — 4
(25) (o) = T [ e o am,

which follows from spectral calculus applied to the self-adjoint operator —A and the
formula z°® = “”‘% S;O ms~1 24 dm valid for any real number z > 0 and s € (0,1). In
semigroup theory, the formula (2.5) usually goes by the name Balakrishnan’s formula.
Next, we note the formal identity

A m 1 1 1
(2.6) [mB] = [“*mﬁ] = [mB] =i A Bl
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for operators A > 0 and B, where m > 0 is any positive real number. By combining
(2.5) and (2.6) with A = —A, we obtain the formal commutator identity

(2.7) [(-A)",B] = Si“ffs) fo [~ Bl dm

for any operator B. Next, we apply this identity to B = iI', and we use that
(28) [—A,’L.Fy;] = _461@(621@)&1 - A2§07

which follows from a direct calculation using the Leibniz rule.
Let us now apply the formal identities above to the situation at hand. Indeed, let
us first assume that « € C®(RY) holds. We claim that

o0
(29)  (u,[(=A)%,iTy]uy = J msf {4 O (020) Oty — (Azgp)\um|2} dx dm,
0 RN

where u,, = cs(—A +m) "'y with m > 0 and the constant ¢, > 0 is defined in (2.3).
Now, for u € C(RY), we can readily apply formula (2.5) (where the m-integral is a
convergent Bochner integral) to express (—A)®u. Furthermore, it is legitimate to use
(2.7) with (2.8) and, by Fubini’s theorem, we arrive at (2.9) provided that u € C*(RY).
As a next step, we extend the identity (2.9) to any u € H2*(R™) by the the following
approximation argument. Let u, € C%(R™) be a sequence such that u,, — u strongly in
H?%(RYN). We easily see that (uy, [(—A)*, il uny — (u, [(—A)%,i,]u), which yields
the left-hand side of (2.9). Next, we claim that
(2.10) lim Glun,un] = Glu,u],

n—0o0

where we define the bilinear form
0
G[f,g] == j m® f Or frn(02,0)01gm dz dm
0 RN

with f, = cs(—A +m)~! and g, = cs(—A + m)~lg. Since u, — u strongly in
H?3(RY), the convergence (2.10) clearly follows if we can show that

(2.11) IGLf 9l = (=22 f| 2| (—2)* g 2.

To prove (2.11), we first note that, by using Plancherel’s and Fubini’s theorem,

[ [ o aran = [ (225 [T B P R a

= JRN (sl€l**=) 1€ F()I d€ = s|(=A)2 f3

(2.12)

for arbitrary f € H*(RY). Next, we introduce the bilinear form
HIf.g) = GU) + s | TV g with = essooup,cam (0]
R

where | A| denotes the operator norm of a matrix A € RV*¥. Thus from (2.12) and by
using the pointwise lower bound 0y, f,,, (03,0)01 frm = —1|V fm|*> we obtain that

HU0) = [ o [ 1V Ff? i+ sl )1
On the other hand, we have p < [|02,¢|| L~ and thus
H[f, f1 < [0fel = (=) f |7
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Since H|[f, g] is positive semidefinite, we have the Cauchy-Schwarz inequality |H[f, ]| <

VH[f, f1A/H|g,g]- Consequently, we deduce

GLf 9]l < VHLS. [IVHIg, 9] + ps|(=2)2 fll2 | (=2)*g | 2
S R elee (=) f ]2 (=A)*2g] 1,

which is the desired bound (2.11).
To complete the proof of (2.9) for u € H*(R™), we need to show that

(2.13) lim K[up, u,] = K[u,u]

n—oo

for the bilinear form
0
K[f» g] = J m® J (AQ@)fmgm dx dm.
0 RN

Indeed, by following the arguments in the proof of Lemma A.2, we obtain

[KLf,9]l < 18205 | Apl 7] e gl 22,

from which we readily deduce that (2.13) holds.

[In fact, the previous arguments allow us to extend identity (2.9) to any u € H*(RY).
However, as previously remarked, the extension of the identity in Lemma 2.1 to H*-
valued solutions u(t) would require an approximation argument by H2*-valued solutions
u(t), which we do not study here.]

Step 2 (Nonlinear Term). This part of the proof is analogous to the classical
NLS. In fact, an integration by parts yields

<u, [—\u\zc’, iF¢]u> = — <u, [|u\2", Ve-V+V- ch]u>

20
-9 2 . 20y _ _
| 1uPe- i) - -2

f (D) uf2+2,
RN

where we also made use of the identity V(|u[?*2) = ZELV(Ju|?7)|ul.
This completes the proof of Lemma 2.1. |

2.2. Localized Virial Estimate for Radial Solutions. We now apply the previous
formula for M [u(t)] when ¢(x) is a suitable approximation of the unbounded function
a(z) = 3|z/* and hence Va(z) = x. This choice will yield a localized virial identity
that will be used to prove blowup for radial solutions of fractional NLS.

Let ¢ : RV — R be as above. In addition, we assume that ¢ = () is radial and

satisfies

(2.14) () = {r2/2 for r

<
and ©"(r)<1forr=0.
const. for r > @)

For R > 0 given, we define the rescaled function ¢z : RN — R by setting

.
(2.15) or(r) == R%p (E) .
We readily verify the inequalities

" PR(r) , :
(2.16) 1—¢R(r)=0, 1- " >0, N—Apgr(r)=0 forallr=0.

Indeed, this first inequality follows from ¢ (r) = ¢”(r/R) < 1. We obtain the second
inequality by integrating the first inequality on [0, 7] and using that ¢/;(0) = 0. Finally,
we find that N — Apg(r) = 1 — ¢%(r) + (N = 1){1 — 2o (r)} = 0 holds thanks to the
first two inequalities in (2.16).
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For later use, we record the following properties of g, which can be easily checked:
r\ T z forr<R
Vr(r) = R<P( ) {O for r > 10R
(2.17) IVipr|re S R277 for 0<j<4;
(e <10R)  forj=12
(R<|z| <10R} for3<j<4’

J]

supp (V/pr) © {

For the time evolution of the localized virial M, [u(t)] with ¢r as above, we have
the following estimate.

Lemma 2.2 (Localized Radial Virial Estimate). Let N > 2, s € (1/2,1), and assume

in addition that u(t,x) is a radial solution of ({NLS). We then have

d S

M [u()] < 40N E[ug] — 2(0N — 25)[(=A)*u(t) |72
+C- (R72s + CR*J(Nfl)Jrss||(7A)s/2u(t)||([/<{2/8)+5) 7

for any 0 < e < (2s —1)o/s. Here C = C(|luglp2, N,e,s,0) > 0 is some constant that
only depends on ||ug| 2, N,e,s and o.

Remark. Note that we assume the strict inequality s > 1/2 here. In the limiting
case s = 1/2, the radial Sobolev inequality (2.18) below fails to hold, which is however
needed in the proof to control the error induced by the nonlinearity.

Proof. As usual, we shall often omit the time variable ¢ in the argument of u(¢,z) in
the following due to notational convenience. First, we recall the Hessian of a radial
function f : RY — C can be written as

xwk) (7rf wkzz TRl oo ¢

Thus, we can rewrite the first term on the right-hand s1de in Lemma 2.1 as follows.
@ Q0
4J m? f mwgzwﬂﬁzum dx dm = 4J mS J (6$¢R)|Vum‘2 dx dm.
0 RN N n

Recalling (2.12) and inequality (2.16), we deduce that

4J j 6kum(6kl<p1?)é’lum dx dm

— 45 (—A)2u(t \\L2—4f j ) (V|2 da dim

< 4s)(=A)u(t) 7.

Moreover, from Lemma A.2 we have the bound

J J 20R) [tm|? dx dm

where we also used the properties of px and the conservation of L2-mass of u(t).
For the last term on right-hand side in Lemma 2.1, we recall that Apgr(r) — N =0
on {r < R} and we thus obtain that

2
7 P as - -
RN

< [A%0r[1- |A¢RIL [ulZ. < BT,

20N

o+1
20

o1

o+1 [uf*** da

J (Apr — N)|u|**2 da.
|z|=R
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Next, we recall from [8] the fractional radial Sobolev (generalized Strauss) inequality

(218) supaf ¥~ Ju(z)| < C(N, )| (~4)2ul 2

for all radial functions w e H”‘(RN) provided that 1/2 < a < N/2. Now, let 0 < ¢ <
(25 — 1)o/s and set a = 3 + e5=, which implies that 1/2 < o < s < N/2. From the

interpolation inequality |(—A)*/2uf 2 < Julz™*|(—A)2ul3h < [(—A)*/2u]F2 and
estimate (2.18), we deduce

7 —o0(N g N .
fl ‘ u|27+2 do < ”"HL2||“||Lx(m>R < O(N, 0, ) R275 =) | (- A)*/24) 25
z|=R A
< C(N7a75)R72J(%*Q)H(_A)s/2 H2cm/s
= C(N7a7E)R—J(N—1)+Es”(7A)s/2uH (o/s)+

In summary, we have shown that

d 20N
= —A)¥/? 2 2
Malu(t)] < 48] (=) u(t) 2 — 2

+C- (R—Qs + CR*G(N71)+53H(7A)s/2u(t)H202/S)+s)
= 40N E[ug] — 2(oN — 25)[[(—A)*u(t)| 2.
+C- (R—2s + CR_O(N_1)+65H(*A)sﬂu(t)HfQ/SH—E) ’

lu(t, z)|?7 2 da
N

for any 0 < ¢ < (2s — 1)o/s with some constant C' = C(|ug| 2, N,¢,s,0) > 0. Note
that we used the conservation of energy E[u(t)] in the last step. The proof of Lemma
2.2 is now complete. |

For the proof of Theorem 1 (ii) below (which deals with the L2-critical case), we
shall need the following refined version of Lemma 2.2 involving the nonnegative radial
functions

(2.19) Y1r(r) :=1—2pr(r) =0 and ¢y r(r) := N — Apg(r) = 0.

Lemma 2.3 (A Refined Version of Lemma 2.2). Under the hypotheses of Lemma 2.2
and o = 2s/N, we have that

d m 2 )
@Mgoa[u(t)] —4 1/)1,1?, —c(n) Q’R} |Vt | dedm
]RN
+O((1+n R‘23+7,(1+R‘ +R™Y),

for every n >0 and R > 0, where c¢(n) = n/(N + 2s) and B = 2s/(N — 2s).

Proof. For notational convenience, we write ¢1 = ¢ g and 12 = ¥ g in the following.
Inspecting the proof of Lemma 2.2, we immediately get

2.20) %M@a[u(t)] = 8sE[uo] — 4 Jw m® f 1 [V ? i dm

+

+2 2s
N+2J ol ¥42 do + O(R2).

We divide the rest of the proof into following steps.

Step 1 (Control of Nonlinearity). Recall that suppys < {|z| = R}. We apply
N
the radial Sobolev inequality (2.18) to the radial function ¥3°u € H*(R™) and use that
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|u|r2 < 1, which together yields

s N
[l — | wf
RN z|>R
(221) S RO H@A)S/?(w;%u)niﬁi

|) ‘“|2d$ Wz UHLT“ :|>R) H“HLZ

2s

< l(=A)2 (W u)|2e + O PR, f= s,

where in the last step we used Young’s inequality ab < nad 4+ 1P/ with 1/p+1/g=1
such that ¢ = N/2s, 8 = p/q, and n > 0 is an arbitrary number. For notational
N

convenience, let us define x := ¢5°. From the identity (2.12) we recall that
(2.22) Sl (—A)/2 ()22 = f:o we [ 190 P dedm,
where we denote

(xt)m = csﬁ(xw

for m > 0 and ¢, as in (2.3) above. To estimate the right-hand side of (2.22), we
split the m-integral in the regions {0 < m < 1} (low frequencies) and {m > 1} (high
frequencies).

To estimate the contribution in the low-frequency region, we notice that

1
0 RN

where we make use of the bounds H%WHL2_,L2 <m~Y2 and |x||p= < 1. To control
the right-hand side of (2.22) in the high frequency region {m > 1}, we need a more
elaborate argument worked out in the next step.

2

1
(2.23) (xu)| dxdm| < f m* 7 xul2: dm < 1,
0

—A+m

Step 2 (Control of High Frequenmes m > 1). By using the commutator identity

7A+7n ’ X] 7A+'m [A X] A+m , wWe conclude

[A, x]um

V(xt)m = V(xum) +csV [ﬁ,x] u = XV, + VXU, + ﬁ

with ¢s = 4/sin(7s)/m defined in (2.3). Thus we get
@ 2
J m J drdm| <
1 RN
<[ e { IVx3-

< [ 1Ot + 8 ) i <

j 15 (VX V|2 + [ Axti [22) dm

2
_ dm
—A +m LZ}
VX 18X
1-—s 2—s '

A +m [A X] Um,

2

ul 4+ [AxEe u
L2

_v
—A+m

where we used that [A, x] = 4(Vx) -V + Ax as well as the estimates HﬁHLzHLz <

m~2 and | —L—|>—z> < m~! and conservation of mass in the last line. Similarly,
A+m
we get
2 [VXIZ-
|V XU, |* dzdm| < ————.
N 1—s

N
Recalling that x = 5° with ¥, = N — Apg, the properties (2.17) are seen to imply
that |[Vx|lre < R~ and |Ax|z= < R™2. Thus we can summarize the estimates found
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above and (2.23) to conclude that

0
(2.24) s[(=A)*2 (xu)|2, = L m?® J;KN | Vup|? dedm + O(1+ R™2 + R™).

Step 3 (Conclusion). If we now combine (2.24) with (2.21), we obtain

J w2|u|N+2da:* f SJ X2Vt dz dm
RN
n PR 491+ R?+R™).

By inserting this back into (2.20) and setting c¢(n) = 7/(N + 2s), we complete the proof
of Lemma 2.3. |

3. Radial Blowup in R": Proof of Theorem 1

In this section, we prove Theorem 1. We discuss the cases (i) and (ii) as follows.

3.1. Proof of Theorem 1, Case (i). Let N > 2 and s € (1/2,1). We consider the
L2-supercritical case when 0 < s, < s and we impose the extra (technical) condition
that o < 2s holds (see below for details on this condition). Furthermore, we suppose
that

ue C([0,T); H*(RY))
is a radial solution of (fNLS). Let ¢g(r) with R > 0 be a radial cutoff function on RY
as introduced in Subsection 2.2 above. For notational convenience, we shall write

Melu(t)] := Mep[u(t)]
for the localized virial of u(t). We organize the rest of the proof as follows.

Case 1: Efug] < 0. Let us define § := o N — 2s > 0. From Lemma 2.2 with e > 0
sufficiently small and fixed, we deduce the inequality (with or(l) — 0 as R — 4+
uniformly in ¢):

(3.1)

%MR[uun < 40N Bluo] - 28)(~A)"2u(t) 32 + or(1) - (1 + |(~4)2u(®)| )
< 20N E[ug] — 8] (—A)*?u(t)|2. for all t € [0,T),

provided that R » 1 is taken sufficiently large. In the last step, we used that E[ug] < 0,
Young’s inequality, and that 0/s+¢ < 2 when € > 0 is sufficiently small. [At this point,
the condition o < 2s is needed.]

With estimate (3.1) at hand, we can now adapt the strategy of Ogawa-Tstutsumi [25]
to the setting of fractional NLS with focusing L?-supercritical nonlinearity. Suppose
u(t) exists for all times ¢ > 0, i.e., we can take T' = +00. From (3.1) and Efuo] < 0 it
follows that d Mg[u(t)] < —c w1th some constant ¢ > 0. By integrating this bound, we
conclude that Mg[u(t)] < 0 for all ¢ > t; with some time sufficiently large time ¢; » 1.
Thus, if we integrate (3.1) on [1517 t], we obtain

(3.2) Mplu(t)] < -0 H(—A)‘("/2 (M)|22d7 <0 forallt >

ty
On the other hand, we use Lemma A.1 and L2-mass conservation to find that
IMelu®)]l < Cler) (I9172u®)3: + 11912u(®)] 12)

(3.3)
< Clen) (I-A)2u®)l}5 + 1A u)] ),
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1-1/2s

where we also used the interpolation estimate [|V|Y?u|rz < [[(—A)%2u| /s " |ul ;2

for s > 1/2. Next, we claim the lower bound

(3.4) H(—A)s/zu(t)HLz >1 forallt=0.

1/2s
L

Indeed, suppose this bound was not true. Thus we have that ||(—A)*2u(t)|z> — 0
for some sequence of times ¢, € [0,00). However, by L2-mass conservation and the
Gagliardo-Nirenberg inequality, this implies that |u(tr)|20+2 — 0 as well. Hence we
get Efu(ty)] — 0, which is a contradiction to Eu(t)] = Efug] < 0. Thus we deduce
that (3.4) holds.

If we now combine the lower bound (3.4) with (3.3), we find

(3.5) IMe[u®)]] 5 Cler)l(=A)u@)] 5.
Thus we conclude from (3.2) that

(3.6) Mpglu(t)] < fC’(goR)L IMg[u(r)]|? dr for allt = t;.

By using this nonlinear integral inequality, a straightforward argument yields the bound
Mg[u(®)] € —C(pr)|t — t«|1 72 for s > 1/2 with some finite t, < +00. Therefore we
have Mpg[u(t)] » —oo as ¢ T t,. Hence the solution u(t) cannot exist for all times ¢ > 0
and consequently we must have that T < +00 holds.

Case 2: E[ug]| = 0. Suppose that E[up] = 0 and that we have

{ Elug]® M[ug]*~*e < E[Q]**M[Q]*—*,
=AY uolsluolis > 1A QI Q15"

Se Sc
L2 L2

(3.7)

Recall our convention that for the energy-critical case s, = s, we set M[Q]* % =
(M[Q])° = 1 although, the ground state @ may fail to be in L?(RY) for s = s.; see
Section B below.

From the conservation of energy and L?-mass combined with Gagliardo-Nirenberg
inequality (B.1) (when s, < s) or Sobolev’s inequality (B.3) (when s. = s) we get

(3.8)  Elu] = %H(—A)S/ZUG)HE S lu(®)[75% = F>I(=2)"2u(t)] 12),

20+ 2
where the function F': [0,00) — R is defined as
2
Y C’N,a,s 2 (5—s.), 24205 . Se oN
3.9 Fly) == - ———(M E e s th 242026 = ==
(39 F@)= % - S (Mg Sy, with 24207 = T8,

where Cn,»,s > 0 denotes the optimal constant for the Gagliardo-Nirenberg inequality
(B.1) if s, < s or Sobolev’s inequality (B.3) if s, = s. We readily verify that F'(y) has
a unique global maximum

S
3.10 F max) = 2 ;
(3.10) (Yimax) = 3 Yimax

which is attained at

1 _s—se . 2s(o + 1) k
3.11 max = (KN.g.s)% M Zse th Knyos=|—5— .
BI) o= (v )5 MLl 5 with Koy = (5750
Next, by Proposition B.1, we have
S Se s—5c Sc -F sc s—sc
Ko = I(-8)2QU351QU55" = (3)* ElQ1* M[QI

Thus condition (3.7) tells us that
E[UO] < F(ymax) and ||(_A)s/2u0HL2 > Ymax-
By continuity in time, we deduce that

(3.12) [(=A)2u(t)| 2 > ymax for all t € [0,T).
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Indeed, suppose this bound was not true. Then, by continuity, there is some time t, €
(0,T) such that |(—A)*?u(ts)|r> = Ymax. But this contradicts (3.8), since E[ug] <
F(Ymax). Therefore the lower bound (3.12) holds.

Next, we pick > 0 sufficiently small to ensure that

Eluo)* Muo]** < (1 —n)* E[Q]** M[Q]™*.
From estimate (3.12) we obtain by an elementary calculation that
20(1 — )| (=A)*?u(t)|2: = 40 NE[uo] for all t € [0,T),

where we recall that 6 = 0N — 2s > 0. By inserting this bound into the differential
inequality from Lemma 2.2, we get

%Mg[u(t)] < 40N E[ug] — 26“(—A)5/2u(t)H2Lg
(313) or(1)- (14 1(-2)"u()[7277)
< = (00 +0r(1)) | (=8)u(D)32 +or(1),

with og(1) — 0 as R — oo uniformly in ¢, where we have chosen £ > 0 small enough
such that o/s+¢e < 2 (which is possible, since o < 2s by assumption). Choosing R » 1
sufficiently large and using (3.12) again, we thus conclude

(3.14) %MR[u(t)] < —%”

Suppose now that T = +00 holds. Since ||(—=A)*2u(t)|r2 > Ymax > 0 for all t > 0,
we see from (3.14) that Mg[u(t)] < 0 for all ¢ > ¢; with some sufficiently large time
t; » 1. Hence, by integrating on [t1,t], we obtain

I(=A)*2u(t)|2.  for all t € [0,T).

oy

Malu) < -5 | 1

(=A)*2u(r)|22dr <0 forall t >t.
By following exactly the steps after (3.2) above, we deduce that u(t) cannot exist for
all times ¢ > 0.

The proof of Theorem 1, Case (i) is now complete.

3.2. Proof of Theorem 1, Case (ii). Let N > 2, s € (1/2,1), and we consider the
L2-critical exponent o = 2s/N. We assume that

ue C([0,T); H*(RY))
is a radial solution of (fNLS) with negative energy
E[UO] < 0.

Let ¢g(r) be a radial cutoff function as introduced in Subsection 2.2 above. Recall
the definitions of the functions 1 g(r) and 12 g(r) in (2.19), depending on the function
@r(r). Furthermore, as in Lemma 2.3, we set ¢(n) = n/(N + 2s) for n > 0. As shown
in Section B below, we can choose ¢r(r) and n > 0 sufficiently small such that

U r(r) = e(n) (b2 p(r) % >0 forall 7 >0,
and for all R > 0.

Thus if we choose 1 « 1 sufficiently small and then R » 1 sufficiently large, we can

apply Lemma 2.3 to deduce that
d

(3.15) aMR[u(t)] < 4sE[ug] for t € [0,T),
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where we write M, [u(t)] = Mg[u(t)] for notational convenience. Next, we suppose
that w(t) exists for all times ¢t > 0, i.e., we can take T' = +c0. From (3.15) we infer
that

(3.16) Mg[u(t)] < —ct for ¢ = to,

with some sufficiently large time ¢y > 0 and some constant ¢ > 0 depending only on s
and Eug] < 0. On the other hand, if we invoke Lemma A.1, we see that

MLl < Cler) (1917 2u@)3 + fu(t) |1 1191V2u(b) |12

(3.17)
< Cler) (IIVI"2u(®) 32 +1) < Cler) (I(-2)"2u®)}5 +1),

where we also used the conservation of L2-mass of u(t) together with the interpolation
estimate ||V|Y2ul 2 < H(fA)S/2uH2/225HquLZl/2S for s > 1/2. By combining (3.17) and
(3.16), we finally get

(3.18) [(=A)2u(t)| 2 = Ct° for t > t,

with some sufficiently large time ¢, > 0 and some constant C' > 0 depending only on
ug, S, and N.
The proof of Theorem 1 is now complete. |

4. Blowup on Bounded Domains: Proof of Theorem 2

Let N > 1, s € (1/2,1), and 0 < s, < s. Suppose that @ = R is a bounded
and star-shaped domain with smooth boundary 0Q. Without loss of generality we can
assume that € is star-shaped with respect to the origin 0 € 2, i.e., we have ax € ) for
any z € Q and any « € [0,1]. In the following, we assume that

we C([0,T); D((—A)*))
solves problem (fNLSq).

4.1. Virial Law on Q. We define the virial of u(t) as
Mo[u(t)] 1= 2ImJ T(t) (@ - Vult)) da.
Q

To see that Mq[u(t)] is well-defined, we recall that D((—A)%) = H;*¥(Q) and the
inclusion Hs(zs)(ﬁ) c Hs(l)(ﬁ) (since s > 1/2) from [13, Example 7.2 and Eqn. (1.31)].
Moreover, we have the equality® H*(Q) = H}(Q) by [13, Theorem 5.4] using that
s—1€(=1/2,1/2). Thus u(t) € D((—A)#®) implies that u(t) € H}(£2), whence it follows
u(t) € H3 () by Poincaré’s inequality, since 2 is bounded.
We now establish the following key inequality for the time evolution of the virial on
Q.
Lemma 4.1. For any t € [0,T), we have
d
EMQ[u(t)] < 40NEgq[ug] —2(cN — 25)] w(t)(—A)u(t) de.
Q

Proof. For notational convenience, we denote Mq(t) := Mgq[u(t)] in the following.
Furthermore, we write (f, g) = SQ fgdx for the inner product in L?(2).

3For 0 < s < 1, the spaces H§(Q) introduced in [13] coincide with the space H(S2) defined in
(1.12).
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Step 1. First, we show that t — Mq(t) is of class C! and calculate its derivative.

Indeed, let h # 0 and assume t,t + h € [0,7). We find that

Ma(t + h) — Mq(t)

=2Im{u(t + h) —u(t),z- Vu(t + h)) + 2Im u(t), z - V(u(t + h) — u(t)))

=2Im{u(t + h) —u(t),z - Vu(t + h)y — 2Im{x - Vu(t),u(t + h) — u(t))

— 2N Im {u(t), u(t + h) —u(t)),

where we used the identity -V f = V- (zf) — Nf and we integrated by parts recalling
that u(t),u(t + h) € D((—A)*) <« H}(Q) for s > 1/2. Since u € CO([0,T); HE(Q)) N
CY([0,T); L*(R2)), we can take the limit +[Mq(t+h) —Mq(t)] as h — 0 to deduce that
Mq(t) belongs to C! with its derivative given by

(4.1) %MQ( t) = 4Im<{Qpu(t), z - Vu(t)y + 2N Im (Qyu(t), u(t)) =: (I) + (I1),
using that Im{f, g) = —Im g, f).

Step 2. We analyze the term (I) as follows. Using that d;u = —i(—A)%u + i|u|?>7u,
we get

(I) :4Ref

Q

= 4Ref (=A)*a(t) (x - Vu(t)) dz — 2-[ z - (Ju(@®))?*°V(Ju(t)]?)) dz.
Q Q

(=A)*@(t) (x - Vu(t)) dr — 4Re JQ |u(t)|2"ﬂ(t) (z-Vu(t))dz

Here we also used the simple fact that (—A)su = (—A)°u. Next, we apply the
Pohozaev-type estimate in Lemma A.3 and use that |u|?? V|u|? = U}_IV(MQ"”) and
integrate by parts to find that

(4.2) (I) < (4s— QN)J w(t)(—A)*u(t) dx + 71 Ju( |20+2 di.

Q

Next, for the second term on the right-hand side in (4.1), a direct calculation shows

(II) = 2N (JQ w(—A)*Tuds — L lu(t)|?°+2 dx) .

Going back to (4.1), we conclude that

%Mn[u(t)] = (I)+ (IT) < 4s L w(t)(—A)*a(t) de — jfi 2 L u(8)[2+ da

= 40N Egq[u(t)] — 2(¢N — QS)J a(t)(—A)°u(t) dx,
Q
where the last step follows from conservation of energy. This completes the proof of
Lemma 4.1. |

4.2. Proof of Theorem 2. With Lemma 4.1 at hand, we can now follow the arguments
used in the proof of Theorem 1 above. For the reader’s convenience, we provide the
details adapted to the case of a bounded domain.

Let 6 = oN — 2s > 0. Suppose that Eq[ug] < 0 and assume that 7' = 400 holds,
i.e., the solution u(t) exists for all times ¢ > 0. By integrating the inequality in Lemma
4.1, we deduce that Mq[u(t)] < 0 for all ¢ > ¢, with some sufficiently large time ¢; > 0
and that

(4.3) 6f J u(s)drds <0 forallt >
t1
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Now, let R > 0 be a sufficiently large radius such that Q — Br(0). Take a function
¢ € CP(RYN) with supp ¢ = Bagr(0) and Vp(z) = z on Bg(0). Since u(t) € HS(S)
(i.e., u(t) € H*(RN) with u = 0 on RV\Q), we find
Malu(t)] = 2Im | @(t)(z - Vu(t))dx = QImf u(t) (Ve - Vu(t)) de.
Q RN
Applying Lemma A.1 and using that |[u(t)|r2@y) = [u(t)]r2(0) < 1 by L?(Q)-mass
conservation, we get

Malu®]] < Co) (1Y) s, + 191V |12

< ) (V2 n) +1) < Ce) (1(-2)2ut)] Lign, +1)

< C(p) ((L a(t) (—A)*u(t) da:) - + 1) ,
1-1/2s

using the interpolation estimate [|V|Y2u|p2 < [[(=A)*?u| 5 |ul 2 /=" for s = 1/2, as
well as [[(—A)*/2u|2, = §o u(—A)%udx for u e H§(Q). Next, by adapting the arguments
using energy considerations given in the proof of Theorem 1, we get the uniform lower
bound

(4.4) JQ u(t)(—A)’u(t)de 21 forallt>0.

1/2s
2

Hence, we conclude that

N)‘,_‘

s

(4.5) Malu(@®)]] < Cle) (L u(t)(—A)u(t) dfr) ;
for any ¢t > 0. Thus by going back to (4.3), we obtain

(4.6) Ma[u(®)] S =C(p) | [Ma[u(r)]|**dr for all t > t;.

t1
Since 2s > 1, this integral inequality implies that Mq[u(t)] £ —C(p)[t — t|' 72 tends
to —oo as t /" ty with some finite ¢, < +00. Therefore, the solution w(t) fails to exist
for all times ¢t > 0 and hence T' < +00 must hold.
The proof of Theorem 2 is now complete. |

Remark. For the half-wave case s = 1/2 and 0 < s < s, the arguments in the proof
of Theorem 2 formally yield the following result: If u € C([0,T); D((—A)?)) solves
(fNLSq) with negative energy Eqlug] < 0, then u(t) either blows up in finite time or
u(t) blows up in infinite time such that

H|V|1/2u(t)”L2(Q) 2 e fort >0,
with some constant a > 0. However, we have D((—A)Y?)) = H21/2(1)(§) and it is only
known that H21/2(1)(§) c Hy5(Q) for any € € (0, 1]; see [13, Theorem 5.4]. Therefore,

it is not guaranteed that the pairing <(—A)1/ 2u,z - Vu) appearing above is well-defined
for u € D((—=A)'?).

Appendix A. Various Estimates

Lemma A.1. Let N > 1 and suppose ¢ : RN — R is such that Vo € WH®(RN).
Then, for all we HY2(RN), it holds that

J u(x)Vo(z) - Vu(z) de
RN

with some constant C' > 0 that depends only on |[Ve|wr« and N.

< € (IV12ul3s + Jul 21V 2ul2 )
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Proof. By writing V = |V|1/2%|V\1/2 and using the Cauchy-Schwarz inequality, we

estimate
- [(er o %\vw@]

< IV 2Vl s |~ V]2

J u(x)Ve(z) - Vu(z) dx
]:RN

(A.1)

V|
S IVI2(Vo)u) 2V ul g2,

L2

where in the last step we used the fact that the Riesz projector V/|V| is a bounded
operator on L?(RY). Now we claim that

(A.2) IIV12((V o))z < 19elwroe (IIV12ul e + fulz2)

Indeed, this estimate can be deduced from adapting the proof of [23, Theorem 7.16] as
follows. We note

Vo(z)u(z) — Vo(y)uly)|?
IV (Tl = (const) - [ T é)_y']wf PO gy
RN xRN
WPV Vo(e) — V()P lu(@)P
ﬂ \z— e e |:c— [N+ d dy
RN xRN RN xRN
wlz 2

HWHL ‘ [ul@) = w4, 4y + |920[3.0 ﬁw D) ddy

] ]

lz—y|<1
+IVel2- ﬂ qu( ) da dy
|z— m>1

< IVelivne (111202 + Jul?s )

whence (A.2) follows by taking the square root. If we insert (A.2) back into (A.1), we
finish the proof. |

Lemma A.2. Let N > 1, s € (0,1), and suppose ¢ : RN — R with Ap € W2 (RY).
Then, for all u e L?>(RN), we have

(80P o ] 5 8%l 18012 s

Remark. A direct application of Holder’s inequality together with (2.12) yields the
bound

A2 ] < 1A%l

However, such a bound in terms of the negative order Sobolev norm |ul| ;7.—; would be
of no use to us.

Proof. We extend the proof in [21, Lemma B.3] to N > 1 and s € (0,1). Thus we split
the m-integral into S(/]\ oo+ S;O ... with a parameter A > 0 to be determined below.
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First, we integrate by parts in x twice and use Hélder’s inequality to find that

A
J m® (A20)|up | dz dm

RN

(AP) {(Athy Uiy + Uy (ATi) + 2V, - Vi } dw dm
RN

S HASDHLOCJ m® (| A 2 | 2 + [Vim[72) dm
0

A
( f m“dm> < Al ul32 A%,

Here, we have also used the bounds

—1/2

|Aumlzz < Julze,  |Vumlze € m™ 2 ulzz,  Jum|ce € m™ ulze,

which are immediate consequences of the definition u,, = ¢, (—A +m)~lu (as in (2.2),
(2.3) above) and Plancherel’s identity. Furthermore, we find that

00 o0
w | <A2so>|um\2dxdm| < 1A% (f |22 dm)
RN A

o0
< 1A2%] o Jul2s ( jA dem) < 1A2%0] o Jul224.

In summary, we have shown that

(A2 dadm| 5 (gl A + |A%1 L A)

for arbitrary A > 0. By minimizing the right-hand side with respect to A, we are led

2
to the choice A = 1? HHAA;"“”LLO? , which yields the desired bound. |

The next result provides a Pohozaev-type estimate for (—A)® (with exterior Dirichlet
conditions) on bounded and star-shaped domains .

Lemma A.3 (Pohozaev-Type Estimate). Let N > 1 and s € (0,1). Suppose that
Q c RY is a bounded domain that is star-shaped with respect to the origin 0 € Q. Then,
for all w e HE(Q) with (—A)*u e L2(S2), we have the inequality

Re L(az Vu)(—A)Tds < (25 - N) L w(—A)T da.

Remark. The idea of the proof goes back to Ros-Oton and Serra [27], where in fact
an identity is shown for u that satisfy additional regularity conditions. In that case,
the boundary term (given by the one-sided derivative %| r—1+1x below) can be worked
out explicitly. In our setting, we do not need this explicit form and we can allow for
less strict regularity assumptions on wu.

Proof. We adapt the arguments in [27]; see also [28]. For A > 1, we set uy(z) = u(Az).
Since in particular u € H!(2), we can show that

Uy —u
A—1
see, e. g., the proof of [28, Lemma 4.2]. Since we also have (—A)*u € L2(Q), we deduce

J ux(—A)’udz

Al1JQ

(A.3) — z-Vu weakly in L2(Q) as A | 1,

(A4) J;Z(x -Vu)(—A)*ude = %
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Using that uy,u € H*(RY) with uy = 0 on RV\Q, we find

fﬂ ux(—A)udr = J]RN ux(—A)’udr = J (=A)*2uy(-A)*udx

RN

25— N o
=A f w 5Wy gy Ay,
]RN

where y = vz, w(z) = (—A)*?u(x), and wy(z) = w(Az). If we take real parts, we

thus obtain
Ref (z - Vu)(=A)udx = da Re {)\255N J wAﬁl/ﬁdy}

Q ,\u RN
Lyx

dA
Alan

—(28_ >ReJ- wwdx+
RN
:(28_ >Re£2u ud:v+1%

I\ = RCJ WAWT /) dy.
RN

Now the Cauchy-Schwarz inequality yields I < |wa |2 |wi/x|r2 = |w[3. = I1. There-
fore,

I,
AL

where

d
— I, <0
dA |y

This completes the proof of Lemma A.3. |

Appendix B. Ground States and Cutoff Functions

B.1. Pohozaev Identities for Ground States. Let N > 1, s € (0,1) and o > 0.

Recall the definition of the scaling index s. = % — 2. In the energy-subcritical case

se < s, we have the following Gagliardo-Nirenberg inequality
(B.1) 0252, < O e |(=2)*ull 2

valid for all u € H*(RY). Here Ci s > 0 denotes the best constant. From [9, 10],
we recall existence and uniqueness (modulo symmetries) of optimizers Q € H*(RN) for
(B.1), which we refer to as ground states. Moreover as shown in [9, 10], we can choose
Q = Q(]z|) > 0 to be radially symmetric, strictly positive, and strictly decreasing in
|z|. The function @ is smooth and it can be rescaled to solve the equation

(B.2) (~A¥Q+Q—-Q* =0 inRV.

We have the following identities for the ground state Q.

20+2—
UHL2 >

Proposition B.1. It holds that

Knas = [(=8)2QI55 Q5™ = (3¢) ~ EIQIF M[Q)F*,

2s(c + 1)\ >
Kngs= 220120
Noos (UNCN,U,S)

where

Proof. By integrating equation (B.2) against @ and z - VQ (where standard arguments
show that z - VQ € H*(R™), see [10]), we obtain the Pohozaev identities

I(=2)*2Q|7= + 1QIZ> — HQ\QL‘Zifz =0,

25 — s N -
(257) 1821 - 10l + 55 Q152 o

2+2
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Here we used that (z-VQ, (—A)*Q) = (25%) [(=A4)*Q|3- and (2-VQ, Q) = =5 [Q|3..
By using the two Pohozaev identities above together with the fact that @ turns (B.1)
into an equality, the rest of the proof follows from straightforward calculations. |

Finally, we consider the energy-critical case s, = s, i.e., we have 0 = g4 := %,
which requires that we are in space dimension N > 2s. In this case, we are lead to the
Sobolev inequality

(B.3) lul 35522 < Cnoll(=2)*2u] 5%+

valid for all u € H* (RY), where Cy,, > 0 denotes the best constant. Existence and
uniqueness (modulo symmetries) of optimizers for (B.3) are classical facts; see, e. g, [22]
via the equivalent problem of optimizing the weak Young inequality. In fact, the set of
optimizers Q € H*(RN) for (B.3) are known in closed form and are given by

1
N =)

with parameters A € C\{0}, 1 > 0, and a € RY. Without loss of generality we can take
a = 0 and choose A real-valued and positive and pick pu > 0, so that Q(z) = Q(|z|) > 0
is radial and positive optimizer of (B.3) which solves

N-—2s
2

N+2

(B.4) (-AP*Q— Q%= =0 inRV.
Note that @ € L2(RY) if and only if N > 4s.

Proposition B.2. For the Sobolev optimizer Q € HS (RN) as above, we have

N-—2s
s s s\ "3 s . 1 4
Ko = [-)2Ql5 = (5) 7 BlQF vt Ko = (5=) -
Proof. If we integrate (B.4) against @, we find |(—A)*2Q|2, = HQHQLZf:fg with o, =
2s/(N — 2s). Since @ also optimizes (B.3), we obtain the desired result by a straight-

forward calculation. [ |

B.2. Cutoff Function for L2-Critical Case. To construct a suitable virial function
@(r) for the L2-critical case, we can adapt the choice made in [25] used for classical
NLS. Let g € W3*(RY) be a radial function such that

. for 0 <r <1,
7‘—(7"—1)3 forl<r<1+l/\/§’

(B.5) 9(r) = g(r) smooth and ¢'(r) <0 for 1 +1/v/3 <r <10,
0 for r = 10.

We define the radial function ¢(r) by setting

(B.6) wm:fE@Ma

0

It is elementary to check that ¢(r) defined above satisfies assumption (2.14). Recall
that we set pr(r) = R%p(r/R) for R > 0 given. Furthermore, recall the definitions
of the nonnegative functions 1 z(r) = 1 — 02¢gr(r) and ¥ g(r) = N — Apg(r) from
(2.19). Let ¢(n) = n/(N + 2s) for n > 0. We claim that if n > 0 sufficiently small and
any R > 0, we have

(B.7) P1.r(r) — c(n) (o r(r)% >0 for all 7 > 0.

To prove (B.7), we argue as follows. First, by scaling, we can assume R = 1 without
loss of generality. Let us put ¢1(r) = ¢1,r=1(r) and ¥2(r) = 2 r=1(r). Note that
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P1,r(r) = Yo r(r) =0 for 0 < 7 < R and hence (B.7) is trivially true in that region.
Next, we observe that

Oi(r) =1, |a(r) =|N —Ap(r)| < C forr>1+1/V3,

with some constant C' > 0. Thus we can choose 1 > 0 sufficiently small such that (B.7)
holds for r = 1 + 1/4/3. Finally, a computation yields that

Yi(r) =3(r — 1), |a(r)|2 = [N — Ap(r)|% < C(r—1)% forl<r<1+1/4/3,

with some constant C' > 0. Since N/s > 2, we deduce that (B.7) holds in the region
1 <7 <1+ 1/4/3 too, provided that > 0 is sufficiently small.
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