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NUMERICAL SOLUTION OF ELLIPTIC DIFFUSION PROBLEMS ON
RANDOM DOMAINS

HELMUT HARBRECHT, MICHAEL PETERS, AND MARKUS SIEBENMORGEN

ABSTRACT. In this article, we provide regularity results for the solution to elliptic diffusion
problems on random domains. Especially, based on the decay of the Karhunen-Loeéve expansion
of the domain perturbation field, we establish decay rates for the derivatives of the random
solution that are independent of the stochastic dimension. By taking into account only univariate
derivatives, these regularity results can considerably be sharpened. For the implementation of a
related approximation scheme, like quasi-Monte Carlo quadrature, stochastic collocation, etc.,
we propose parametric finite elements to compute the solution of the diffusion problem on each
particular realization of the domain generated by the perturbation field. This simplifies the
implementation and yields a non-intrusive approach. Having this machinery at hand, we can
easily transfer it to stochastic interface problems. The theoretical findings are complemented
by numerical examples for both, stochastic interface problems and boundary value problems on

random domains.

1. INTRODUCTION

Many problems in science and engineering lead to boundary value problems for an unknown func-
tion. In general, the numerical simulation is well understood provided that the input parame-
ters are given exactly. Often, however, the input parameters are not known exactly. Especially,
the treatment of uncertainties in the computational domain has become of growing interest, see
e.g. [6, 19, 34, 37]. Here, we consider the elliptic diffusion equation

(1) —div (aVu(w)) = f in D(w), u(w)=0on dD(w),

as a model problem where the underlying domain D C R? or respectively its boundary 0D are
random. For example, one might think of tolerances in the shape of products fabricated by line
production or shapes which stem from inverse problems, like e.g. tomography. Besides the ficti-
tious domain approach considered in [6], one might essentially distinguish two approaches: the
perturbation method and the domain mapping method.

The perturbation method starts with a prescribed perturbation field
V(w): Dot — RY

at the boundary 0D, and uses a shape Taylor expansion with respect to this perturbation field
to represent the solution to (1), cf. [15, 19]. Whereas, the domain mapping method requires that

the perturbation field is also known in the interior of the domain D¢, i.e.
V(w): Dyt — R%.

This research has been supported by the Swiss National Science Foundation (SNSF) through the project

“Rapid Solution of Boundary Value Problems on Stochastic Domains”.
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Then, the problem may be transformed to the nominal, fixed domain D,.¢. This yields a partial
differential equation with correlated stochastic diffusion matrix and right hand side, cf. [7, 28, 34,

37).

The major drawback of the perturbation method is that it is only feasible for relatively small
perturbations. Thus, in order to treat larger perturbations, the domain mapping method is the
method of choice. Nevertheless, it might in practice be much easier to obtain measurements from
the outside of a workpiece to estimate the perturbation field V(w) rather than from its interior. If
no information of the vector field inside the domain is available, it has to be extended appropriately,

e.g. by the Laplacian, as proposed in [28, 37].

We would like to point out that the two approaches are in fact not comparable at all. In the
perturbation method, we use a problem description in terms of Fulerian coordinates, which means
that we keep the points fixed and perturb just the domain’s boundary. When considering the
domain mapping method, we change to Lagrangian coordinates, which means that we keep track of
the movement of each point. The correspondence between those two approaches can be expressed
in terms of the local shape derivative du[V(w)] and the material derivative 4[V(w)] of a given
function w which differ by a transport term, cf. [33]:

W[V (w)] = 6u[V(w)] + (Vau, V(w)).

In this article, we focus on the domain mapping method. In [7], it is shown for a specific class of
variation fields that the solution to (1) provides analytic regularity with respect to the stochastic
parameter. We will generalize the result from [7] to arbitrary domain perturbation fields which
are described by their mean E[V]: Dyt — R%, E[V](x) = [E[v1](x),...,E[vg](x)]" and their

(matrix-valued) covariance function

Covii(x,x") -+ Covyq(x,x")
COV[V]: Dref X Dref — RdXd, COV[V] (X, X/) =

Covgi(x,x") -+ Covgga(x,x)

Taking the Karhunen-Lo¢ve expansion of V(w) as the starting point, we show decay rates for the
derivatives of the solution to (1) with respect to the stochastic parameter. Given that the Karhunen-
Loeve expansion decays fast enough, our results imply the dimension independent convergence of
the quasi-Monte Carlo method based on the Halton sequence, cf. [14, 17, 35]. Moreover, our results
are convenient for the convergence theory of the anisotropic sparse collocation, cf. [29], and best
N-term approximations, cf. [9]. The decay estimates can yet be sharpened in case of univariate
derivatives, as they enter the error estimates in the stochastic collocation, cf. [3]. Although the
presented results allow for a broad variety of methods for the stochastic approximation, we employ
the quasi-Monte Carlo method in our numerical examples for the sake of simplicity.

For the spatial approximation, we propose to use parametric finite elements. Then, we are able to
approximate the mean and the variance of the solution to (1) by computing each sample on the
particular realization D(w;) = V(Dyef,w;) of the stochastic domain rather than on the reference
domain D,e¢. This yields a non-intrusive approach to solve the problem under consideration. In fact,
any available finite element solver can be employed to compute the particular samples. Following
this approach rather than mapping the diffusion problem always to the reference domain, we can

easily treat also stochastic interface problems, cf. [15].
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The rest of this article is organized as follows. In Section 2, we introduce some basic definitions
and notation. Section 3 is dedicated to the vector-valued Karhunen-Loéve decomposition. Although
this is a straightforward adaption of the state of the art literature [30], we think that it is useful to
explicitly introduce the related spaces, norms and operators. In Section 4, we present the essential
contribution of this article: the regularity of the solution to the model problem defined in Section 2
with respect to the Karhunen-Loeve expansion of the perturbation field. The results from Section 4
can considerably be sharpened if only univariate derivatives are taken into account. This topic is
discussed separately in Section 5. Section 6 introduces parametric finite elements which are the
basic ingredient for the numerical realization of our approach. In Section 7, we extend our approach
to stochastic interface problems. Finally, Section 8 provides numerical examples to validate and

quantify the theoretical findings.

In the following, in order to avoid the repeated use of generic but unspecified constants, by C' < D
we mean that C' can be bounded by a multiple of D, independently of parameters which C' and D
may depend on. Obviously, C' 2 D is defined as D < Ciand C < D as C < D and C 2 D.

2. PROBLEM FORMULATION

Let Dyt C R? for d € N (of special interest are the cases d = 2, 3) denote a domain with Lipschitz
continuous boundary D, and let (Q, F,P) be a complete probability space with o-field F C 29
and probability measure P. In order to guarantee that L2(f2) exhibits an orthonormal basis, we
further assume that € is a separable set. Let V: Dyer x © — R? be an invertible vector field of class
C?,i.e. V is twice continuously differentiable with respect to x for almost every w € Q. Moreover, we
impose the uniformity condition ||V (w)||c2p;ra) ||V_1(w)||cz(m;]Rd) < C for some C € (0,00)
and almost every w € Q.! Thus, V defines a family of domains D(w) := V (Dyef, w).

For the subsequent analysis, we restrict ourselves to the case of the Poisson equation, i.e. a =1,
(2) —Au(x,w) = f(x) in D(w), u(x,w) =0 on I'(w).

This considerably simplifies the analysis and the extension to non-constant diffusion coefficients
is straightforward, cf. Remark 4.8. In order to guarantee solvability for almost every w € 2, we
consider the right hand side to be defined on the hold-all domain

(3) D= U D(w).

weN
From the uniformity condition, we infer for almost every w € € and every x € D that the singular-
values of the vector field V’s Jacobian J(w, x) satisfy

(4) 0 <o <min{o(J(x,w))} <max{o(J(x,w))} <7 < 0.
In particular, we assume without loss of generality that o < 1 and & > 1.
IRegard that for the analysis it is sufficient to assume that V is a C'-diffeomorphism and satisfies the

uniformity in C!(Dyer; RY). Nevertheless, in order to obtain H2-regularity of the model problem, we make

this stronger assumption.
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2.1. Reformulation on the reference domain. In the sequel, we consider the spaces H} (D(w))
and H{(Dret) to be equipped with the norms || - | g1 (p(wy) = IV - lL2(D(w)re) and || - |z (p,.) ==
IV - || L2(D,.sre), Tespectively. Furthermore, we assume that the related dual spaces H ’1(D(w))
and H (D) are defined with respect to these norms. The main tool we use in the convergence
analysis for the model problem (2) is the one-to-one correspondence between the problem which
is pulled back to the reference domain D, and the problem on the actual realization D(w). The
equivalence between those two problems is described by the vector field V(x,w). For an arbitrary
function v on D(w), we denote the transported function by 6(x,w) := (v o V)(x,w). According to
the chain rule, we have for v € C*(D(w))

(5) (Vo) (V(x,w)) = J(x,w) TVo(x,w).

For given w € 2, the variational formulation for the model problem (2) is given as follows: Find
u(w) € H} (D(w)) such that

(6) /D(w) (Vu, Vo) dx = /D(w) fvdx  for all v € Hj (D(w)).
Thus, with

(7) A(x,w) = (J(x,w)TJ(X,w))_ldet J(x,w)

and

(8) Fret(%,w) := f(x,w) det I(x,w),

we obtain the following variational formulation with respect to the reference domain: Find 4(w) €
H} (Dyef) such that

(9) /D<A(w)Vﬂ(w),V@(w)>dx:/Dfref(w)f)(w) dx for all ¥(w) € Hy(Dyet).

ref ref

Here and afterwards, (-,-) denotes the canonical inner product for R?.

Remark 2.1. Since V is assumed to be a C?-diffeomorphism, we have for almost every w € Q
that

V3iev=Ild = JJ=1 = detJ l'detJ=1 forallx.

Herein, T € R¥*? denotes the identity matriz. Especially, we infer detJ~!,detJ # 0. The con-
tinuity of J,J71 and of the determinant function imply now that either detJ~',detJ > 0 or
det J=1 detJ < 0 for all x. Therefore, without loss of generality, we will assume the positiveness

of the determinants.
Notice that equation (9) contains for fixed v € H}(D(w)) the related transported test function
O(w).
The connection between the spaces H} (Dyer) and Hj (D(w)) is given by the following
Lemma 2.2. The spaces H}(D:er) and Hj(D(w)) are isomorphic by the isomorphism
E: Hy(Dret) = Hy(D(w)), v voV(w)
The inverse mapping is given by

E7' Hy(D(w)) = Hy(Dyrer), v+ vo V(w).
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Proof. The proof of this lemma is a consequence of the chain rule (5) and the ellipticity assumption

(4). O O

This lemma implies that the space of test functions is not dependent on w € € at all: Obviously,
we have Hj (D(w)) = {€(v) : v € Hj(Dyer)}. Thus, for an arbitrary function £(v) € Hj (D(w)) it
holds 5/(;) =EW)oV =v0oV 1oV =1v € H} (D) independent of w € Q. In particular, the
solutions u to (6) and @ to (9) satisfy

(10) (w)=uoV(w) and wu(w)=1aoV(w) ™"

3. KARHUNEN-LOEVE EXPANSION

In order to make the stochastic vector field V(x,w) feasible for computations, we consider here its
Karhunen-Loéve expansion, cf. [27]. This section shall give a brief overview of the relevant facts
concerning the Karhunen-Loeéve expansion of vector valued random fields. Especially, we introduce
here the related function spaces which are used in the rest of this article. For further details on the

Karhunen-Loeéve expansion in general and also on computational aspects, we refer to [11, 12, 18, 30].

Let D C R? always denote a domain. Then, we define L?(D;R?) to be the Hilbert space which
consists of all equivalence classes of square integrable functions v: D — R equipped with the
inner product

(0, V) p2(piray = / (u,v)dx for all u,v € L*(D;R%).
D
We assume that the vector field V satisfies
V(x,w) = [v1(x,w), ..., v4(x,w)]T € LE(Q L*(D; RY)).

Here and in the sequel, given a Banach space B and 1 < p < oo, the Lebesgue-Bochner space
LE(9; B) consists of all strongly measurable functions v : @ — B whose norm

([mewm%deQ”i p <o

esssup [[v(-,w)| 5, p=00
weN

HUHLg(Q;B) =

is finite. If B = H is a separable Hilbert space and p = 2, then the Lebesgue-Bochner space is
isomorphic to the tensor product space L2(Q2) ® H equipped with the inner product

(wo)szon = [ ()00, 0) 0P,
of. 2, 26].
The mean of V is given by E[V](x) = [E[v1](x), ..., E[vg)(x)]" with
HM@%ZLm&wmmm,i:LL“J.

From the theory of Bochner integrals, see e.g. [26], it follows that E[v;](x) € L?*(D) and thus
E[V](x) € L?*(D;R%). Furthermore, the (matrix-valued) covariance function of V is given by
Cov[V](x,y) = [Cov; ;(x, y)];-{j:1 with

Covi j(x,y) = E[(vi(x,w) — E[v;] (%)) (v;(y, w) — E[v;](y))].
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We have Cov; j(x,y) € L?(Dx D) which also follows from the properties of the Bochner integral and
the application of the Cauchy-Schwarz inequality. We therefore conclude Cov[V](x,y) € L?(D x

D; R4 where we endowed the space R4*? with the inner product
d
A:B:= ) ai;b; for ABeRY™ with A =[a;;]},,, B=[bi;]¢;_.
i,j=1

This particularly induces the inner product on L?(D x D;R?*9) given by

(A, B)2(pxpraxa) = / / A :Bdxdy for A,B € L?(D x D;R*™*%),
D JD

Now, we shall introduce the operator

(11) S: Li(Q) — L*(D;RY), (SX)(x) ::/Q(V(x,w)—E[V](x))X(w)d]P’(w)
and its adjoint
(12) S IADiRY) = LA(Q), (S*u)(w) = /D (V(x,w) — E[V](x))Tu(x) dx.

Then, there holds the following

Lemma 3.1. The operators S and 8* given by (11) and (12), respectively, are bounded with
Hilbert-Schmidt norms ||S|lus = |S*lus = [V — E[V]|lL2(;12(Dre))- Moreover, the covariance

operator
¢ (DR PR, (@)= [ CorfVIxy)v(y) dy = (S5

D
is a non-negative, symmetric, trace class operator with trace |V — E[V]

2
”LS(Q;LZ(D;W)) '

Proof. The statement on the norms of S and §* follows by the application of Parseval’s identity,
see last part of the proof. Moreover, we have for all u € L?(D;R?) that

(88 u)(x) = A (V(X,w) 7E[V](x)) /D (V(y’w) *E[V](y))Tu(y) dy dP(w)
= [ ([ (Ve ~EIVI0) (Vi) - BVIE) dB(e) iy ay

— /D Cov[V](x,y)u(y) dy = (Cu)(x).

In particular, C is non-negative and symmetric according to
(Cu, u)L2(D;Rd) = (S*u75*u)L]§(Q) = ”S*u”%?(ﬂ) Z 0.

Finally, to show that C is of trace class, let {¢}, }x be an arbitrary orthonormal basis in L2(D;R?).
We thus have

Z(Csok,@k)LZ(D;Rd) = Z ||5*<Pk||i§(ﬂ) = /ﬂ Z(S*‘Pk)2 dP(w)
k k

k
:/sz:(/D(V(x,w)—E[V](x))Tcpkdx>2d]P’(w)
- /Q /D (V(x,w) — E[V](x), V(x,0) — E[V](x)) dx dP(w)

= ||V - E[V] ”%H%(Q;LZ(D;RUI))?
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where we employed Parseval’s identity in the second last step. (I O
Trace class operators are especially compact, see e.g. [23, 31], and exhibit hence a spectral decom-
position.

Theorem 3.2. Let C: L*(D;RY) — L?(D;R%) be the covariance operator related to V(x,w) €
L2(Q; L2(D;RY)). Then, there exists an orthonormal set {p,}, and a sequence Ay > Ay > ... >0
such that Coy, = Apepy, for all k =1,2,.... Furthermore, it holds

Cu= Z Ae(W, 0) 2Dy for allu € L*(D;R%).
k

Proof. For a proof of this theorem, we refer to [2]. O O

We have now all prerequisites at hand to define the Karhunen-Loeéve decomposition of the vector
field V(x,w) € LE(Q; L*(D;RY)).

Definition 3.3. Let V(x,w) be a vector field in L(%; L*(D;R?)). The expansion

(13) V(x,w) = E[V](x) + ) orepp () Xu(w)
k

with o, = Vg and X = S*py./ok, where {(Ak, pi)}k is the sequence of eigenpairs of the under-

lying covariance operator C = §S8*, is called Karhunen-Loéve expansion of V(x,w).

The space L2(D; ]Rd) served as pivot space for our considerations in the preceding derivation of the

Karhunen-Loeéve expansion. In order to control the error of truncating the expansion after M € N

terms, i.e.
M 0 1
(14) Hv<x,w>Em<x>Zam(x))@(w) (2 a)
k=1 L2(Q;L2(D;RY)) k=M+1

one has to study the decay of the singular values oy, in the representation (13). The particular rate
of decay is known to depend on the spatial regularity of V(x,w). To that end, we consider the
Sobolev space HP(D;R?) for p > 0. The related inner product is given by

(ll, W)HP(D;]Rd) = Z / <aau7 8aw> dx
laf<p P
for p € N and

o« — 9« 2
(ll7 W)HT’(D;]Rd) = (l,l7 W)HLpJ (D;R%) + Z / / || u<x> d«:ZS(y)”Q dx dy
la|=p] D JD ”X - y||2

for p = |p] + s with s € (0,1). Its dual space with respect to the L2-duality pairing ist denoted as
H~?(D;R%).

For given V(x,w) € LZ(Q; HP(D;R?)), it obviously holds
Cov; j(x,y) € H?(D)® H?(D) fori,j=1,....,d,

cf. [12]. Therefore, the following theorem is a straightforward modification of [12, Theorem 3.3] for

the vector valued case.

Theorem 3.4. Let V(x,w) € L} (Q; HP?(D; Rd)). Then, the eigenvalues of the covariance operator
C: H?(D;R%) — H?(D;R?) decay like A\, < (k/d)=2"/% as k — oc.
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We may summarize the results of this section as follows. If the mean E[V](x) and the covariance
function Cov[V](x,y) as well as the distribution of V(x,w) are known or appropriately estimated,
cf. [30], we are able to reconstruct the vector field V(x,w) from its Karhunen-Loeéve expansion. In
the following, in order to make the Karhunen-Loeve expansion feasible for numerical computations,

we make some common assumptions:
Assumption 3.5.

(1) The random variables {Xy}i are centered and take values in [—1,1], i.e. Xi(w) € [—1,1]
for all k and almost every w € €.

(2) The random variables { Xy }r are independent and identically distributed.

(3) The sequence {7V} = {||U}€90k||wl,oo(D;Rd)}k is at least in £*(N). We denote its norm by

Cy = ZZL V-

Here and hereafter, we shall equip the space W1 (D; R?) with the equivalent norm IVllwi.o(Diray =
max { ||v]| o (p:ra): |V || Lo (p;raxa) }, where v/ denotes the Jacobian of v and [|v/|| e p.raxa) =
essSupyep ||V (x)||2. Herein, || - |2 corresponds to the usual 2-norm of matrices, i.e. the largest

singular value.

4. REGULARITY OF THE SOLUTION

In this section, we assume that the vector field V(x,y) is given by a finite rank Karhunen-Logve

expansion, i.e.
M

V(x,y) = EV]I(x) + Y orpr(x)ys,
k=1
otherwise it has to be truncated appropriately. Nevertheless, we provide in this section estimates

which are independent of M € N. Thus, we explicitly allow M to become arbitrarily large.

For the rest of this article, we will refer to the randomness only via the coordinates y € O :=
[~1,1]M, where y = [y1,...,ynr]. Notice that due to the independence of the random variables,
the related push-forward measure Px := P o X! where X(w) := [X;(w), ... Xar(w)] is of product
structure. Furthermore, we always think of the spaces LP(0O) for p € [1,00] to be equipped with
the measure Px. Moreover, we set v = [yg]} .

Without loss of generality, we may assume that E[V](x) = x is the identity mapping. Otherwise,
we replace Dyt by

Diet = E[V](Dyet) and @, := /det(E[V]~1) ¢, o E[V] .

Therefore, we obtain

M M
(15) V(x,y)=x+ Z orpr(X)yr and J(x,y) =1+ Z o1 (X) Yk
k=1 k=1

In the subsequent regularity results, we shall refer to the following Lebesgue-Bochner spaces. We
define the space L™ (D;LOO(DrCf;Rd)) as the set of all strongly measurable functions V: O —
L% (Dyet; R?) with finite norm

IVl := esssup [[V(y)[[ o (D,o;r4)-
yed



NUMERICAL SOLUTION OF ELLIPTIC DIFFUSION PROBLEMS ON RANDOM DOMAINS 9

Furthermore, the space L™ (D; L°(Dyet; Rdx‘i)) consists of all strongly measurable functions M: O —
L% (Dyop; R™*4) with finite norm

[IMI[[l 4 g = esssup [VI(Y) || Lo (D, oA x4 -
yed

We start by providing bounds on the derivatives of (J(x,y)TJ(x,y))

Lemma 4.1. Let J: Dyos x O — RY*? be defined as in (15). Then, it holds for the derivatives of

(Jxy)I(xy))
under the conditions of Assumption 3.5.8 that

2(1 + c7)>'°".

llog @) |0 < o % (23

Proof. We define B(x,y) := J(x,y)7J(x,y) and A(x,y) := (B(x,y))il. Expanding the expres-
sion for B(x,y) yields

M

B(x,y) —I+Zak LX)+ QL)) Uk + > Tkow P (%) Pl (X)Yr Y-
k,k'=1

Thus, the first order derivatives of B(x,y) are given by

M

(16) 0y, B(x,y) = 0:(#;(x) + @i(X)T) + > 030k (0} (%) 5 (%) + @4 (%) T} (%)) ys
k=1

and the second order derivatives according to

(17) 9y,04,B(x,y) = 010, (¢i(x) T} (x) + ¢} (x) T} (x)).

Obviously, all higher order derivatives with respect to y vanish.

The ellipticity assumption (4) now yields the following bounds:

_ 1 1
o’ < 1Bl gxq < o’ and = < |HA|||d><d = 52
respectively. Furthermore, we derive from (16) that
M
k=1

and from (17) that ||8,,8,,B|| . ; < 277;. Thus, we have

214 cy)y™, if|a]=1,2

(18) llo5B] .
0, if |af > 2.

ded

Since A = voB is a composite function with v(z) = 271, we may employ Fad di Bruno’s formula,

cf. [10], which is a generalization of the chain rule, to compute its derivatives. For n = |a| Faa di
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Bruno’s formula formally yields?

- n B n 8ﬁj < k;
(19) OgAy) = Y (-1)TAR Y)Y ] m

r=1 P(e,r) j=1

Here, the set P(a, ) contains restricted integer partitions of a multiindex « into r non-vanishing
multiindices, i.e.

<Hawy:{«h4%%”w%mﬂﬁ)e@%xNyW:E:MQ:xLE:m:n
i=1 i=1
and 31 <s<n:k=0and 8, =0forall1 <i<mn-—s,

ki>0f0ralln—s+1§z'§nand0<,8n_s+1<...<Ign}.

Herein, for multiindices 3, 8" € N}/, the relation 8 < 3’ means either |3| < |3'| or, if |3] = |8'],
it denotes the lexicographical order which means that it holds that g = B1,...,8: = B;, and
Brt1 < By for some 0 < k < m.

Taking the norm in (19), we derive the estimate

A A ma JB\H
o All,.. < S rANL S ar ] Aoy e
r=1 Pa,y) j=1 7
n 1 r+1 n (2(1+C.y)’7ﬂj>kj
< "N — [ [ RS 2R S
- Tz::lr <2> P(za;r)a j=1 k(851

n r+1
— (%) eure) X a H

P(a,r) Jj= 1
From [10] we know that
S o]t - S
' ’
P(a,r) Jj=1 ('6
where S, , are the Stirling numbers of the second kind, cf. [1]. Thus, we obtain

o 1+c) v (2(1 4 ¢y) la| m
105 Al = T 3o () s = T (H52) T S omse
r=1

[ g

The term b(n) := S _o7!Sn, coincides with the n-th ordered Bell number. The ordered Bell
numbers satisfy the recurrence relation

(20) Bw—i@ymwmmV

r=0

2With “formally” we mean that we ignore here the fact that the product of matrices is in general not
Abelian. Nevertheless, a differentiation yields exactly the appearing products in a permuted order. The

formal representation is justified since we only consider the norm of the representation in the sequel.
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see [13], and may be estimated as follows?, cf. [4],

~ n!
(21) ) < o

This finally proves the assertion. [ O

The next lemma bounds the derivatives of det J(x,y).

Lemma 4.2. Let J: O — L>®(Dyer; R*) be defined as in (15). Then, it holds for the derivatives
of det J(x,y) under the conditions of Assumption 3.5.8 that

AN
195 det 3| o (0,10 (,,p)) < Cacrled'T («7) 7

with the modified sequence Yy, = yk'1¢ [c. for arbitrary e > 0 with a normalization constant c. > 0
and a constant Cqer depending on the modified sequence and the dimension d.

Proof. We start from the identity

(22) det exp(M) = exp(tr M),

which holds for any matrix M € R4*4_ cf. [22]. From this, we derive
(23) det M = exp(trlog M),

where the matrix logarithm exists, whenever M is non-singular, cf. [22]. Now, the derivatives of
the Jacobian J(x,y) with respect to y; satisfy |||8 viJ|ded <.

Faa di Bruno’s formula yields formally with 95 trlog J(x,y) = tr 95 log J(x,y) that

n n B x kj
9% trlog J(x,y) = tr (Z(—l)”(r— DIGy)™ Y a!HW)

P(a,r) j=1
Taking into account that | tr M| < d max{c (M)}, we obtain

105 trlog I|| L 0.1 (b,ry)
; k

DT =D >« 'Hk,

r=1 Plar)  j=1

<d

dxd

Furthermore, we may estimate

n n 5,-.] kj

1 —r 83’
D=0 =0 Y a!HW

r=1 Plaor)  g=1 9 xd

. ||
<SS =Dy 3 @ H” '”d”éﬂa'—”’(i) v

P(a,r) j=1

3A more rigorous bound on the ordered Bell numbers is provided by [36]. There, it is shown that

n!

b(n) = 2(log 2)7+1

+ 0((0.16)"n).

Nevertheless, for our purposes, the bound from [4] is sufficient.
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The last inequality holds due to the fact that all derivatives of J vanish for [3;| > 1. Thus, only if
B; =0 or B, = e;, where e; is the i-th unit vector, the related summand does not vanish. Due to

the definition of P(c,7), this choice of 3; is only possible if r = |a|. Thus, we arrive at

lex|
1
(24) H@;‘trlogJHLm(D;Lm(Drd))d|a|'< ) ¥

By spending a convergent series, i.e. {c./k'*¢}s, with normalization constant c., we have by
Lemma, .1 from the Appendix that

lex]
(07 | agi 84
(25) ||8y trlogJHLw(D L% (Drer) < déa! (J) 2%
with ¢ =1/(1 — ¢.).
The combination of (23) and (25) provides

oy detJHLOO(D;LOO(D = |05 exp (trlogJ)

ref)) HL°C(‘:“L°°(Dref))

i i J trlog J)

Zexp(trlog.] Z 'H PRI(EAT

r=1 P(a,r) J=1

L (8;L°°(Dryer))

} n(déﬁ()lﬁ\ﬁ)
< ||detJ||L°°(D;L°°(Dref))Z Z H kil (B;1)ks

r=1 P(a,r) j=1
n

lex| n
agi0 4 T 1
= ||detJ||Loo(D Loo(Dref))< ) E (de) E a! I | ok
it

r=1 Pla,r)  j=1

Now, the application of Lemma .3 from the Appendix gives us

Hay dOtJHL"C(D;LOO(Dref))

o] \a| o) +7—1
SHdetJHLOC(D;LOC(DrCf ( ) az(d ( r—1 >

It holds by the ellipticity assumption (4) that
(26) ot < det J(x,y) < o
for almost every y € O. Noticing in addition that

Xn:(dé)r:!(lali r) - Z (dc)r Z <a| +r>  ctogtial

r=1 r=1

we end up with the assertion due to

fe% T 4 . dezo
||8y detJHLO‘:(D;LOC(Drci)) < e o g “T

g g

The application of the Leibniz rule now yields a regularity estimate for the diffusion matrix A(x,y).
Theorem 4.3. The derivatives of the diffusion matriz A(x,y) defined in (7) satisfy

4(1 +c.7)>|a|’?a7

15 Al = Cactial + 00 (M5

where 7 is the modified sequence from the previous Lemma.
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Proof. The Leibniz rule for 93 A(x,y) reads as

Ay = (2‘) 0 (I(x,y)TI(x,y)) 102 det I(x,y).

a’'<a

Inserting the results of Lemma 4.1 and Lemma 4.2 yields

1155 Afll g

’

¢ le’| la—a
« i |’7a 2(1 + C'Y) i |—d 4 ~a—a'
< Z (a’) | |.—g2 <02 log 2 o — &' |17 Ces s 0%

a’'<a

—d ||

a® (4(1+ cy) - «a

< = = "‘E Mo = a|!.
_02<0210g2) 7 a/<a<a/>|a|a o

Now, we employ the combinatorial identity

= ()= (5)

la|=j

and obtain

> (j) |a'|!|a—a'|!=§ﬂ(|a|—j>! > (Z)

a'<a 7=0 a'<a
le!|=5
lo| lal ||
= illlal =) ( . ) =lally 1= (ja| + 1)
=0 J =0
g 0

In order to prove regularity results for the right hand side frof in (9), we have to assume that f is

a smooth function.

Lemma 4.4. Let f € C°°(D) be analytic, i.e. ||0g f| Lo (p;re) < alp~leles for all o € N and
some p € (0,1], and let Assumption 8.5.3 be satisfied. Then, the derivatives off = foV are
bounded by

o d || o
Hay fHL‘X’(D;LDC(Dref)) = a!cf<plog2> v

Proof. In view of (15), differentiation of V(x,y) yields 9y, V(x,y) = os¢;(x). Thus, all higher
order derivatives with respect to an arbitrary direction y; vanish. The norm of the first order

derivatives is bounded by H|8yVH| 0 <

The rest of the proof is also based on the application of Faa di Bruno’s formula. Nevertheless, we
have this time to consider the multivariate case. To that end, we define the set P(a, &) given by

Pla, ) := {((kl,ﬂl),...,(kn,ﬁn)) e (NfxN{O": > |kilBi =, > ki =a,
i=1 i=1
and 31 <s<n:lkj|=|8, =0forall 1 <i<n-—s,

|ki|#Oforalln—s—i—l§i§nand0-<ﬂn_s+1-<~---<ﬂn}
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with n = |a|. The application of the multivariate Faa di Bruno formula yields now

H yf ret))
o’ ) ” e °(Dre
S Y s wff 19 e
1<|a’|<n Pla,a’) j=1
< a'lp™
— Cf"ya Z a/!p_‘a/ Z o! H k ' l)\k E

1<|a’|<n Pla,a’) j=1

From [10], we know that

2 2 el g =4S

la/|=r P(a,a’) j=1
where again S, , is the Stirling number of the second kind. Thus, we obtain

o N n d r N d la|] n
195 Fl| o (02 (D, < €57 Zl(p) TS < e <p> ZHS”’T'

r=0

Analogously to the proof of Lemma 4.1, we finally arrive at the assertion. O O

Now, in complete analogy to Theorem 4.3, we have the following regularity result for the right
hand side fef.

Theorem 4.5. The derivatives of the right hand side fret(X,y) defined in (8) satisfy

. . 4d ‘a‘~a
P e e I

where 7 is the modified sequence from Lemma 4.2.
Finally, we establish the dependency between the solution @ to (9) and the data fef.

Lemma 4.6. Let 4(y) be the solution to (9) and fref € LOO(D; LOO(Dref))‘ Then, there holds

_2
R o
(28) )l (Dyer) < ;CDHfref||L°°(D;L°°(Dref))

with a constant cp only dependent on Dot for almost every y € O.

Proof. The bilinear form
(AV -,V )p2(p,rd): Hy(Dret) X Hy(Dyrer) = R
is coercive and bounded according to (4) and (26). It holds
a” .2 N N
?Hu”Hl(Dref) < (AVU,VU)LZ(DM;W)

and

O g N
(AVU7VU)L2(Dref;R"') < ;Hu”Hl(Dref)||U||H1(Dref)
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for all 4,9 € H'(Dyet) and almost every y € O. The assertion follows now by the application of

the Lax-Milgram Lemma and the observation that

| fretll oo (@51 (Dyer)) < V| Dret|epl| fretll oo (05150 (Drer)) »

where cp denotes the Poincaré constant of Dyer. O O

Combining the constants provided by Theorem 4.3 and Theorem 4.5 leads to the modified sequence

4de? 451+ cy)
{uetr = {2Cdet maX< ; i ) ~k} .
aplog2’ otlog?2 5

Notice that we ignore here the fact that the constant C’detﬁd/ o2 in the estimate for the diffusion
matrix and the constant Cgea® in the estimate for the right hand side do only occur with multi-
plicity 1. Moreover, we introduce the additional factor 2 in order to obtain the factor |a|! in the
derivatives instead of the factor (|a| 4 1)!. Nevertheless, for the sake of readability, we also insert

them into the sequence {fix }-

Theorem 4.7. The derivatives of the solution u to (9) satisfy under the assumptions of Lemma 4.1
and 4.5 that

462 [ee|+1
1088 | . < s (ad max {1, cch}> ,

where cp denotes the constant from the previous theorem.

Proof. Differentiating the variational formulation (9) with respect to y leads to

(8? (AY) V(). V"@) Py~ O It ) 0) 2y
The isomorphism of the spaces H} (Dyer) and H{ (D(y)) from Lemma 2.2 allows us to consider the
test functions v to be independent of y. Furthermore, the application of the Leibniz rule for the

expression 0% (A(y)Vxi(y)) results in
0% (A(Y)Vxi(y) = > (“) 05 Aly)g = Vyily).

a’'<a @

Thus, rearranging the preceding expression and using the linearity of the gradient, we arrive at

/ A(y)Vx0yu(y)Vxv dx
Dyt

fo 87 o o -
= /; ) 8y fref(y)l) dx — Z < /> /D f (9y A(Y)any U(y)va dx.

ata'<a o
By choosing v = dgi(y) and by employing the estimates from Theorem 4.3 and Theorem 4.5, it
follows that

Qd o 2
?Hay u(y)HHl(Drcf)

< /D 02 fret(y)0a(y) dx — (;‘)

ref a;éa’ Sa

/ 82~ A(y) V0 i(y)Vxi(y) dx

ref

< laleseon |05 s o,

5 (5] e g

| ?a(Y)HHl(Dref)'
ata'<a
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From this, we obtain

" C C a IR
H@f,‘u(y)HHl(Dref) < Z|a||ﬂa+z (a/> |a — a"!ua @ Ha;z U(Y)HHl(Dref)
aFa'<a
by setting
452
C:= s max{1,cfcp}.

The proof is now by induction on |e|. The induction hypothesis is given by

”a}c’!ﬂ(y) ||H1(Dref) S |a|!,u°‘C|a|+1.

For || = 0, we conclude just the stability estimate (28), where the right hand side of the inequality

is scaled by the factor 4. Therefore, let the assertion hold for all || < n —1 for some n > 1. Then,

we have

Ha;Ql(Y)HHl(D

ref )

C C ’ ’ ’
Z|a|!”‘a + < Z (a,) la — Oé/|!/J/a_a |a/““a ole’l+1
(87

ata'<a

IN

C C 8 ’ "14+1
< Z|a|!u°‘+zu°‘ Z <a’> la — o/|!C1]
aZa'<a
=g+ Cn S 5 (2] - et
1 ! 1 L o ! ! .

la/|=3

Again, we make use of the combinatorial identity (27) and obtain the estimate

o C e C an_l ‘a| Y o
195 4 11,y < 1™ + e Z(j. (Jeo| = j)gtcte

§=0
c c LS

_ o o |a’|

=7 ol p™ + y ||l C]E:O C

Cle
c-1
Now, the application of Lemma .4 from the Appendix gives us

C Clel

2C—-17

= ot + Slajuc

clel

Since C > 1, we conclude

c
4
This completes the proof. O

A Cled
1054 112,y < 7l '™ + C— ol lp™ < C1H o,

O

Taking into account the additional factor provided by the theorem, we end up with the sequence

85>
{/ffk}k = —Clet max{l, CfCD} max

od

4de? 451+ cy) -
aplog2’  gtlog?2 X

which yields in view of Theorem 4.7 that

1084 11 p,.,y < Clexl!n®
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with a constant C' > 0 independent of the dimension M. Moreover, we observe u; ~ vyik'*e.
Therefore, we obtain for v, < k=279 the analyticity of @ by Lemma .1 from the Appendix for any
€ < 6.

Remark 4.8. The discussion in this section only refers to the case of the Poisson equation. Of
course, the analysis presented here straightforwardly applies also to the more general diffusion
problem

—div (a(x)Vu(x,y)) = f(x) forx € D(y).

In this case, one has to impose the restriction that a(x) is an analytic function which is bounded
from above and below away from 0. Then, an estimate analogous to Lemma 4.4 applies for &(X,y).
The proof of a related Theorem 4.3 for &(x,y)A(x,y) then involves an additional application of
the Leibniz rule.

Remark 4.9. We can obtain similar approximation results for the moments of 4, i.e. for 4P with
p € N, possibly with worse constants. To that end, one has to bound the derivatives of uP with
respect to y, too. This is also achieved by the application of Faa di Bruno’s formula. For an idea
of the related proofs, we refer to [17] where this topic is discussed in case of a stochastic diffusion

coefficient.

5. DECAY OF THE UNIVARIATE DERIVATIVES

The results from the preceding section can be considerably sharpened if we only consider univariate
derivatives ) @ of the solution @ to (9). The major obstruction in deriving estimates without powers
of the term |a|! in the estimates is the knowledge of proper bounds on the term |a|!/a!. To that
end, we have only Lemma .1 at hand which tells us, that we have to spend a convergent series in
order to bound the term |ca|!/a!. The situation changes if one only considers univariate derivatives

since then |a|! = a! holds. This gives rise to a separate discussion of this situation.

We begin by sharpening the result on the derivatives of the Jacobian’s determinant.

Lemma 5.1. For the univariate derivatives of det J(x,y) it holds under the condition of Assump-
tion 3.5.3 that

o a(2d\"
195 et I o 0 1.0 ey < O‘!Ud(o) L

Proof. The univariate Faa di Bruno formula, cf. [10], yields

|0y, det J||L°<>(D;L°<>(D,.ef))

89 trlog J)

Lo (0;L°° (Dref))

with

P(a,r) == {(kl,...,ka) e Nj : Zkz =r, sz7 = a}.
i=1 i=1
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It holds by estimate (24) that
< 83 tr logJ

Za:exp(trlogJ a'H G0e

r=1 P(a,r) Jj=1

Lo°(0O;L>°(Dyet))

o (dj!(L) '] ;
<Z||exp trlOgJ)HLOC(D L% (Drer)) Z H( )

!
P(a,r) j=1 k (‘7
<r(3) e ¥ oy
- g ’ . k]' ’
r=1P(a,r) 7j=1
Now, the assertion is easily obtained from the identity, cf. [10],
a—1
!
X - (00
P(a,r) j=1
and the estimate
* ol _
y o <a 1) < 2%l
rt \r—1
r=1
O O

The sharpened estimate for the Jacobian’s determinant yields together with Lemma 4.1 an im-

proved estimate for the univariate derivatives of the diffusion matrix A(x,y).

Theorem 5.2. It holds for the univariate derivatives of the diffusion matriz A(x,y) that

7 (20 t)) o
|||8 A|ded a+1)'7 ( o2log?2 > v

Proof. The Leibniz rule for 0y A(x,y) yields

@

Iy A(x,y) = Z (i) Dy, (I(x,y) I(x, y))_lazj‘;r det J(x,y).

r=0
Inserting the estimates from Lemmata 4.1 and 5.1 yields

oAl 1 < Z() 2 (g;;g;))r(a—r)!ad<2j>a_rﬁr

7 (2d(1+cy)\ " = [a 7 (2d(1 +cy)\
<2 (22T ) L o —7)! = D= | Z——22 ) A2,
_02< 02108 2 ) Vi ;) . rla—r)l=(a+ )02< 521082 ) o

In complete analogy to the previous theorem, we obtain a bound for the univariate derivatives of
the right hand side fief-

Theorem 5.3. It holds for the univariate derivatives of the right hand side fref(X,y) that

105,y < (o e (2 )

The results provided by Theorem 5.2 and Theorem 5.3 are sufficient to show that the solution @ to
(9) exhibits an analytic expansion into the complex plane with respect to each particular direction
yi. For a proof of this statement, see [3, Lemma 3.2]. This shows the applicability of the stochastic

collocation method, cf. [3].
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6. CURVED DOMAINS AND PARAMETRIC FINITE ELEMENTS

For the analysis of the regularity in the preceding section, we have exploited that there exists a one-
to-one correspondence between the deterministic problem on the random domain and the random
problem on the reference domain. For the computations, in contrast to [7, 37], we do however not
ailm at mapping the equation to the reference domain D,¢f but rather to solve the equation on
each particular realization D(y;) = V(Dyet,y:) for a suitable set of samples {y;}Y, C O. A first
step towards this approach is made by [28], where a random boundary variation is assumed and
a mesh on the realization D(y;) is generated via the solution of the Laplacian. Here, under the
assumption that the random domain is obtained by a sufficiently smooth mapping V (y;), we will

employ parametric finite elements to map the mesh on Dyer onto a mesh on D(y;).

(0,1)

Kj

(0,0) (1,0)
FI1GURE 1. Construction of parametric finite elements.

We assume that the domain D,..f is given as a collection of simplicial smooth patches. More precisely,
let A denote the reference simplex in R%. We assume that the domain D is partitioned into K
patches

K
(29) Dref = U 70,5, T0,j = HJ(A)7 .7 = 1727 B '7K7
j=1

where each k;: A — 79 ; defines a diffeomorphism of A onto 79 ;. Thus, we have especially that

sup{||ci(s)x|2:s € A, ||x|2 =1
p{llx}(s)x2 ]2 }<pj forall j—1.... K.

30 L% <
(30) 1nf{||f£j(s)x||2 is €N x| =1}

where n;- denotes as before the Jacobian of ;. Since there are only finitely many patches, we may
set p 1= maxj{zl p;- The intersection 79 ; N7 ;7, j # j', of any two patches 7 ; and 79 ;- is supposed

to be either (), or a common lower dimensional face.

A mesh on level ¢ on D, is now obtained by regular subdivisions of depth ¢ of the reference
simplex into 2% sub-simplices. This generates the 2¢¢ elements {7¢,;};- In order to ensure that the
triangulation 7, := {7y ;}; on the level £ forms a regular mesh on D¢, the parametrizations {r;};
are assumed to be C° compatible in the following sense: there exists a bijective, affine mapping
2 : A — A such that for all x = k;(s) on a common interface of 79 ; and 79 ;- it holds that
Kj(s) = (kj o B)(s). In other words, the diffeomorphisms x; and k; coincide at the common
interface except for orientation. An illustration of such a triangulation is found in Figure 1. Notice
that in our construction the local element mappings A — 74 ; satisfy the same bound (30) by
definition. Therefore, especially the uniformity condition for (iso-) parametric finite elements is

fulfilled, cf. [5, 24].
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Finally, we define the finite element ansatz functions via the parametrizations {;}; in the usual
fashion, i.e. by lifting Lagrangian finite elements from A to the domain D¢ by using the mappings
rj. To that end, we define on the ¢-th subdivision A, of the reference domain the standard
Lagrangian piecewise polynomial continuous finite elements ®¢ = {¢y; : i € Zy}, where Z, denotes
an appropriate index set. The corresponding finite element space is then given by

Vae=span{ps; : j € It} = {ue C(A) : u|, € 1L, for all T € Az}

with dim VA, =~ 2¢d and II,, denoting the space of polynomials of degree at most n. Continuous
basis functions whose support overlaps with several patches are obtained by gluing across patch
boundaries, using the C° inter-patch compatibility. This yields a (nested) sequence of finite element
spaces

Viet,0 = {v € C(Dret) : V|;(2n) = ¢ o0 Hjl,sﬁ €EVau, j=1,...,K} C H (Dyer)

with dim V}ef)g
Bernstein type estimates for all 0 < s <t <3/2,t<¢g<n+1

2¢d Tt is well known that the spaces Viet,e satisfy the following Jackson and

2

(31) odnt = vl o) S A Nl o., @€ HUDwr),

and

(32) [vell e (Dreey S 15 Nvell o (Drerys V2 € Viet e

uniformly in ¢, where we set hy := 27¢. Note that, by construction, hy scales like the mesh size

maxy{diam 77 1 }, i.e. it holds hy ~ maxy{diam 7} uniformly in ¢ € N due to (30).

We can employ the same argumentation to map the finite elements from the reference domain D¢
to the particular realization D(y) = V(Dyet,y) for y € O. The ellipticity condition (4) on the
Jacobian J(x,w) of the random vector field guarantees that (30) is satisfied with p = 7/g. Also
the Jackson and Bernstein type estimates (31) and (32) are still valid, where the only limitation
is imposed by the smoothness of V(x,y). If for example V(x,y) is of class C2, then we have the
restriction ¢ < 2 such that

inf  |Ju — vl ge <RI |
et | el oy S e lull Bapiyy)

for all 0 < ¢ < 3/2, ¢t < q <2 where Vi(y) :={poV(y) ™ : ¢ € Vier,e} C H(D(y)).

The one-to-one correspondence between the solution u,(y) € Vo(y) to (6) and the solution u,(y) €
Viet.¢ to (9) is given by the following

Theorem 6.1. Let uy(y) € Vi(y) be the Galerkin solution to (6) and te(y) € Vier,e the Galerkin
solution to (9), respectively. Then, it holds

de(y) =uroV(y) and ue(y)=1deoV(y) "

Proof. The proof is a straightforward consequence of the construction of the spaces Vy(y) and the
equivalence of the problems (6) and (9), see also (10). O O

Remark 6.2. The H?-regularity of the mapped problem, i.e. on D(y), follows from the H?-
reqularity of the problem on the reference domain Dies if the vector field V(x,y) is at least a
C?-diffeomorphism. Especially, if V(x,y) = x + Vo(x,y) is a perturbation of the identity as
in (15) and Vo(x,y) is of class C2, then V(x,y)~ ! is also a C?-diffeomorphism provided that
Vol 9l (Do) < 1/2, f. [32).
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7. STOCHASTIC INTERFACE PROBLEMS

As a special case of a diffusion problem on a random domain, we shall focus on the stochastic

interface problem as already discussed in e.g. [15].

Dt (y

FIGURE 2. Visualization of the domain D and the random interface I'(y).

7.1. Problem formulation. Let the hold-all D C R?, cf. (3), be a simply-connected and convex
domain with Lipschitz continuous boundary 0D. Inscribed into D, we have a randomly varying
inclusion D~ (y) € D for y € O with a C?-smooth boundary I'(y) := D~ (y). The complement of

D~ (y) will be denoted by DT (y) := D\ D~ (y). A visualization of this setup is found in Figure 2.
For given y € O, we can state the stochastic elliptic interface problem as follows:

(33) — div (a(x,y)Vu(x,y)) = f(x) n D\T(y),
(34) [ux,y)] =0 onT(y),
(35) loxfimy] =0 ot
(36) u(x,y) =0 on 9D.

Here, n denotes the outward normal vector on I'(y). Furthermore, the diffusion coefficient is given
by

a(x,y) = XD+(y)(X)Oé+(X) + XDf(y)(x)of(x) forx € D,
where x p- (y) is the characteristic function of D~ (y) and at, a™ are smooth deterministic functions
with

0<a<a (x),at(x)<a< oo foralmost every x € D.
By [u(x,y)] := ut(x,y) — v~ (x,y), we denote the jump of the solution u across I'(y), where
u” (X,y) := ulp-(y) and ut (x,y) := u| p+(y), respectively. Analogously, we define the jump of the

CO-normal deera 1ve acCross F(y) via
I 9 7y 9 I 9 )

Remark 7.1. This formulation of the stochastic interface problem also covers the case of elliptic
equations on stochastic domains. For example, for a*(x) =0 and a™(x) = 1 (perfect insulation),
we have the Poisson equation on D~ (y) with homogeneous Neumann data on T'(y) while, for
at(x) = oo and a~(x) = 1 (perfect conduction), we have the Poisson equation on D~ (y) with

homogeneous Dirichlet data on T'(y).
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7.2. Modeling the stochastic interface. Instead of solving the stochastic interface problem by a
perturbation method by means of shape sensitivity analysis as in [15, 19], we propose here to apply
the domain mapping approach. To that end, let I';e; C D denote a reference interface of class C?
and co-dimension 1 which separates the interior domain D_; and the outer domain D;f. We assume
that I'(y) is prescribed by the application of a vector field V: D x O — D, i.e. ['(y) = V(Tyet, y),
which is a uniform C?-diffeomorphism in the sense of Section 2. Furthermore, let the Jacobian of
V satisfy the ellipticity condition (4).

As an example, we can consider here an extension of the vector field in [15], which only prescribes
the perturbation at the boundary: If T'ef is of class C?3, then its outward normal n is of class C2.
Thus, given a stochastic field x: Ty x O — R which satisfies |k(x,y)] < E < 1 almost surely,
we can define V(x,y) := x + x(x,y)n(x) for x € T',f. A suitable extension of this vector field to
the whole domain D is given by V(x,y) := x + k(Px,y)n(Px)B(||x — Px||2), where Px is the
orthogonal projection of x onto I'ief and B: [0,00) — [0,1] is a smooth blending function with
B(0) =1 and B(t) = 0 for all t > ¢ for some constant ¢ € (0,00). Notice that, if I'ef is of class C3,
the orthogonal projection P onto I'yer and thus V(x,y) is at least of class C?, cf. [21].

7.3. Reformulation for the reference interface. For y € O, the variational formulation of the
interface problem (33)—(36) is given as follows: Find u € H}(D) such that

/ a(Vu, Voydx = / fvdx for all v € Hy(D).
D= (y)uD*(y) D

As in Section 2, we can reformulate this variational formulation relative to the reference interface.

As we have for the transported coefficient

éé(xa y) = XV(D,.J;{;Y) (V(Xa y))d+ (X7 Y> + XV(DY;WY) (V(X7 y))d_ (X, Y)
= Xp+ ()6t (x,¥) + xp- (X)67 (x,),

we obtain the following variational formulation with the definition (7) of the diffusion matrix
A(x,y): Find 4(y) € H(D) such that

(37 | AV, Vo) dx= [fodetaly)dx

for all v € H} (D). Since &(x,y) is a smooth function with respect to y, the regularity results from

Section 4 remain valid here.

7.4. Finite element approximation for the stochastic interface problem. The application
of parametric finite elements yields especially an interface-resolved triangulation for the discretiza-
tion of the interface stochastic problem (33)—(36). By “interface-resolved” we mean that the vertices
of elements around the interface lie exactly on the interface, cf. [8, 25]. Thus, the approximation
error for a particular realization u(y;) of the solution u(y) to the stochastic interface problem
(33)—(36) can be quantified by the following theorem adopted from [25, Theorem 4.1].

Theorem 7.2. Fory € O, let {T¢}es0 be a family of interface resolved triangulations for V(D,y)
and {Vi(y)}eso the associated finite element spaces. Let uy(y) be the finite element solution corre-
sponding to the realization u(y) of the solution to the elliptic problem (33)—(36). Then, for s = 0,1,
there holds that

(38) lu(y) = we) s oy S B 1) 2Dy yyomz D+ () -
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where H? (D_(y)) U H? (D"'(y)) is the broken Sobolev space equipped by the norm

I 2= oy = /I s o) + - B iy

In view of Theorem 6.1, the statement of the previous theorem is also valid for the realization of

the solution which is pulled back to the domain D relative to the reference interface I'yef.

8. NUMERICAL EXAMPLES

In this section, we consider two examples for boundary value problems on random domains. On
the one hand, we consider a stochastic interface problem, and on the other hand, we consider
the Laplace equation on a random domain. In both examples, we employ the pivoted Cholesky
decomposition, cf. [16, 18], in order to approximate the Karhunen-Loéve expansion of V. The
spatial discretization is performed by using piecewise linear parametric finite elements on the
mapped domain V(Dyef,y;) for each sample y;. It would of course be also possible to perform the
computations on the reference domain. In this case, the diffusion matrix A has to be computed

from Karhunen-Loeve expansion of V for each particular sample.

For the stochastic approximation, we employ a quasi-Monte Carlo quadrature based on N Halton
points {&,}V,, i.e.

Blil(0) ~ (Qu)(x) 1= - > u(x.£)

Following our results, this quadrature method converges independent of the dimension if v, <
k=4=¢, cf. [17, 35]. Then, for all § > 0, there exists a constant such that the quasi-Monte Carlo
quadrature based on N points for approximating the mean of the solution @ to (9) satisfies

IE[0] — Qitll 1 (pyory S N°1

with a constant only dependent on ¢ which grows for § — 0. Moreover, a similar result is valid for
the variance of 4, cf. [17].

All computations have been carried out on a computing server consisting of four nodes* with up
to 64 threads.

8.1. The stochastic interface problem. We consider the stochastic interface problem from [15]
where the hold-all is given as D = [—1,1]? and the reference interface is given as I'yes = {x € D :
x|l = 0.5}. Thus, the outward normal is n(x) = [cos(f), sin(#)]T where x = r[cos(6), sin(0)]T is

the representation of x in polar coordinates. The random field under consideration reads

5
1 .
k(0 ,w) = 0 ,;_0 cos(k0) Xap(w) + sin(kf) Xag41(w).
Here, X1, ..., X1 are independent, uniformly distributed random variables with variance 1, i.e. their

range is [—v/3,v/3]. We extend this random field onto D as described in Subsection 7.2 by using

4Bach node consists of two quad-core Intel(R) Xeon(R) X5550 CPUs with a clock rate of 2.67GHz
(hyperthreading enabled) and 48GB of main memory.
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FIGURE 3. Mean (left) and variance (right) of the solution @ to the stochastic
interface problem.

the appropriately scaled quadratic B-spline as blending function, i.e. B(x) = $Ba(3[|x — Px||2).
This yields the covariance

cos(fx) cos(fy) cos(bx) sin(by)

Cov[V](x,y) = Bx) B(y) Covn(b, by) sin(fx) cos(fy) sin(fyx) sin(fy)

with s
1
Cov,(0x,0y) = 900 kz_ocos(kex) cos(kby) + sin(kbx) sin(kby ).
Furthermore, we set E[V](x) := x. A visualization of the reference interface with a particular

displacement field V(x,y;) — x and the resulting perturbed interface is found in Figure 4. Finally,
the diffusion coefficient is chosen as a~(x) = 2, a™(x) = 1 and the right hand side is chosen as

flx)=1.

FIGURE 4. Realization of the displacement (left) and the related mapped interface (right).

A visualization of the mean and the variance computed by N = 108 quasi-Monte Carlo samples
and 1048576 finite elements (level 8) is shown in Figure 3. This approximation serves as a reference
solution in order to examine the convergence behavior of the quasi-Monte Carlo method. As a
comparison and in order to validate the reference solution, we have also computed the approximate
mean and variance on each level by the Monte Carlo method. According to [17, 35] and our
regularity results, the Quasi-Monte Carlo method with N Halton points converges with the rate
N°—1 for any 6 > 0. In our experiments, we thus apply N, = 2¢/(1=9) Halton points on the finite
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element level £ = 1,...,7 for the choices § = 0.5,0.4,0.3,0.2. For the Monte Carlo method, we
averaged five approximations each of which being computed with N, = 22¢ samples. Figure 5
depicts the error of the solution’s mean measured in the H'-norm on the right hand side and the
error of the solutions variance measured in the W1 !-norm on the left hand side. As can be seen, the
error of the solution’s mean provides the expected linear rate of convergence for each of the choices
of §. For the solution’s variance, we observe a certain offset for the choices 6 = 0.3 and § = 0.2
until the asymptotic rate of convergence is achieved. The choices § = 0.5 and é = 0.4 as well as the
Monte Carlo approximation yield even better rates of convergence than the expected linear rate. At
least the error for the solution’s mean seems to be dominated by the finite element discretization.
Therefore, we found it instructive to present also the respective errors measured in the L?-norm.
They are plotted in Figure 6. Here, the error is dominated by the stochastic discretization and we

can observe that the rate of convergence increases as ¢ increases even for the solution’s mean.

: o
L _2 N L
1072l —=-MC \ 1 —=—MC
——QMC (5=0.5) ——QMC (5=0.5)
——QMC (5=0.4) 1075l - QMC (5-0.4)
—e-QMC (3=0.3) -e-QMC (3=0.3)
—--QMC (5=0.2) -e-QMC (3=0.2)
5|L= = ~Asymptotics 2! o|L= = ~Asymptotics 2!
107 T T L L L L 107 T T L L L L
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
Level Level
FIGURE 5. Error in the mean measured in H* (left) and in the variance measured
in Wbt (right).
107" - 10°
1072k 107"k
L £ 107
L L
—=MC
——QMC (5=0.5)
107l ~—QMC (8-0.4) 10°
——QMC (5=0.3) i
——QMC (8=0.2) ——QMC (8=0.2) s
- - - Asymptotics 27747 _i||- - -Asymptotics 27/4”!
0 1 2 3 4 6 7 10, 1 2 3 4
Level Level

FIGURE 6. Error in the mean (left) and in the variance (right) measured in L2.

8.2. The Poisson equation on a random domain. For our second example, we consider an

infinite dimensional random field described by its mean E[V](x) = x and its covariance function

1 | 5exp(—4]x - y|3)

100 |exp(—0.1||x — 2y|12)

exp(—0.1]2x — y][3)
Sexp(—|x —yl3)

Cov[V](x,y) =
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FIGURE 7. Mean (left) and variance (right) of the solution % to the Laplace equa-
tion on the randomly varying disc.

Furthermore, we consider the random variables in the Karhunen-Loéve expansion to be uniformly
distributed. The unit disc Dyef = {x € R? : ||x||2 < 1} serves as reference domain and the load is
set to f(x) = 1. Figure 8 shows the reference domain with a particular displacement field and the
resulting perturbed domain.

\ / € T

FIGURE 8. Realization of the displacement V(x,y;) — x (left) and the related
mapped domain (right).

In Figure 7, a visualization of the mean and the variance computed by N = 10® quasi-Monte Carlo
samples 1048576 finite elements (level 9) are found. Here, the Karhunen-Logve expansion has been
truncated after M = 303 terms which yields a truncation error, cf. (14), smaller than 10~5. For the
convergence study, however, we have coupled the truncation error of the Karhunen-Loeve expansion
to the spatial discretization error of order 2~¢ on the finite element level £. It is observed that the
truncation rank M linearly grows in the level ¢, namely it holds M = 10,23, 37,49,64,79,91, 108
for {=1,2,3,4,5,6,7,8.

The number of samples of the quadrature methods under consideration has been chosen in de-
pendence on the finite element level ¢ as in the previous example. Figure 9 shows the error of
the solution’s mean and variance measured in the H'-norm and the W' !-norm, respectively. For
the mean, we observe again the expected linear rate of convergence with a slight deterioration
for § = 0.3 and § = 0.2 on level 4. For the variance, we observe linear and even better rates of
convergence except for 6 = 0.2. Again, we have also provided the respective errors with respect to
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the L2-norm. The related plots are found in Figure 10. Here, the error is also dominated by the

stochastic. For increasing values of §, we again observe successively better rates of convergence.

10° ‘ ‘ , . , . 107°
107"} \
10+
5 5
o m
- MC -=—MC
1072 ——QMC (8=0.5) ! : ¢ 1 —e—QMC (=0.5)
—-QMC (5=0. |[=—amc 6=0.4)
——QMC (5=0. ~ ~ E 107 ——QMC (5=0.3)
——QMC (5=0.2) —e-QMC (3=0.2)
||~ = ~Asymptotics 2" - - -Asymptotics 2!
10 0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8
Level Level
FIGURE 9. Error in the mean measured in H! (left) and in the variance measured
in Wbt (right).
10° ; 10°
107"
107"t
107
s S
m i
1072 —=—MC —-=—MC
——QMC (5=0.5) 1072 ——QMC (5=0.5)
——QMC (5=0.4) —e-QMC (5=0.4)
107 ——QMC (5=0.3) —-QMC (5=0.3)
——QMC (5=0.2) ; : ; —e-QMC (3=0.2)
- - - Asymptotics 27747 ~ ||~ - ~Asymptotics 27/4” S
0 1 2 3 4 5 6 7 8 0 0 1 2 3 4 5 6 7 8
Level Level

FIGURE 10. Error in the mean (left) and in the variance (right) measured in L?.

APPENDIX

Lemma .1. Let v = {y}i € (1(N) with finite support T C N and ;, > 0. Moreover, assume that
Cy = Y pez Yk < 1. Then, it holds

ZM a_ L
a!’y 1—cy

(e

and therefore there exists a constant with |a|!/aly® < ¢ for all a € N}, where we set M := |Z|
and 0° = 1.

Proof. Tt holds

ZJ‘/ —2257 =2 (Z%> —Z%—ﬁ
=0 k=1 =0

a i=0 || =i

by the multinomial theorem and the limit of the geometric series. (|
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Lemma .2. For all a, 8,7 € Ng with r > 0 it holds
a+r—1\/+r—1 <(a+/8)! a+pB+r—1
r—1 r—1 - alp! r—1 '

Proof. Tt holds

<a—|—r—1) ﬁ+r—1><(a+6)! Oz—l—ﬂ—H”—l)
r—1 (r—l - alp! ( r—1
a+r—1\B+r—-1)!  (a+8)! (a+p+r—1)!
= < r—1 )ﬂ!(r—l)! S TAB (@B =)
PN <a+r1>(5+r_1)! S(Oz+ﬁ+7‘fl)!
r—1 a!
<a+r—1> <<a+,8+r—1)
r—1 -\ B+r—-1 )

The last inequality is true due to the monotonically increasing diagonals in Pascal’s triangle. This

proves the assertion. O

Lemma .3. It holds for o € N} and r € N with r < |a] that

||

1 laf! [l +7—1
a!ZHlﬂ'Sr!< r—1 ’

Pla,r)i=1 "

Proof. From [10], we have the identity

||

DYy Hkii!:|s+(a,r)|,

P(o,r)i=1

where
sT(a,r) == {(ﬁh...,ﬁr) :|8;| # 0 and Zﬁl = a}.
i=1

To bound the cardinality of the set s™(a,r) we use the identity for the number of weak integer

compositions, see e.g. [20]: It holds

r—1

Thus, we estimate |s*(a,7)|, by the product of the number of weak compositions in each compo-
nent. This yields

M
i —1
+ < o+
s (“’”'J_!( )

The proof is now by induction on M. The induction hypothesis is given by

ﬁ a;+r—1 <@ laf +7—1
r—1 - al r—1 '

i=1

a+r—1 70171! ap+r—1
r—1 T ooy! r—1 ’

For M =1, we have
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which holds with equality. Let the induction hypothesis be valid for M — 1 and set ap_1 =

[a1,...,apr—1]. Then, we derive with the previous lemma that

ﬁ ozi—l—?”—l <|C¥]y[_1|! |a]\{_1|+7'—1 ()[M+T—1
- r—1 T oay-1! r—1 r—1

=1
< laar—1]! (Jaar—1] + aar)! <|O£M1| +op +r— 1)

~ opr—q! |OCM,1|!O4M! r—1

o' el +r =1

T al r—1 '
We therefore arrive at

, P head

T al r—1
P(a,r)i=1

Rearranging this expression yields the assertion. g

Lemma .4. Let ¢c,m € R with m > 2 and ¢ > m/(m — 1). It holds for n € N that

cc"—1

— <c".
mc—1 7
Proof. Tt holds
ezl <c"
mec—1 —
— "o <m(T =)
— mc" < (m—1)c"" +c
m <et 1
— e -
m—1 = (m—1)en1

Omitting the second summand together with the condition ¢ > m/(m —1) yields the assertion. [
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